COMP3506/7505: Regular Exercise Set 2

Prepared by Yufei Tao

Problem 1. Prove 30 /n = O(y/n).

Solution. Set ¢; = 30 and ¢2 = 1. The inequality 30/n < ¢in holds for all n > ¢o. This completes
the proof.

Problem 2. Prove \/n = O(n).

Solution. Set ¢; = 1 and ¢; = 1. The inequality v/n < c¢in holds for all n > ¢o. This completes
the proof.

Problem 3. Let f(n), g(n), and h(n) be functions of integer n. Prove: if f(n) = O(g(n)) and
g9(n) = O(h(n)), then f(n) = O(h(n)).

Solution. Since f(n) = O(g(n)), there exist constants c;, ca such that for all n > ¢, it holds that

f(n) < cig(n).

Similarly, since g(n) = O(h(n)), there exist constants ¢/, ¢}, such that for all n > ¢}, it holds that
g(n) < cih(n).
Set ¢f = ¢1¢) and ¢§ = max{cy, ¢h}. From the above, we know that for all n > ¢, it holds that
fn) < eagn) < acih(n) = clh(n).
Therefore, f(n) = O(h(n)).
Problem 4. Prove (2n + 2)% = O(n?).

Solution. Set ¢; = 43 and ¢y = 1. The inequality (2n + 2)3 < ¢1n® holds for all n > ¢y. This
completes the proof.

Problem 5. Prove or disprove: 4" = O(2").

Solution. Consider the ratio 4" /2", which equals 2". The ratio clearly goes to oo when n tends
to co. Therefore, the statement is incorrect.

Problem 6. Prove or disprove: = = O(1).

Solution. Set ¢; =1 and ¢ = 1. The inequality 1/n < ¢; - 1 holds for all n > ¢p. This completes
the proof.

Problem 7. Prove that if klogy, k = ©(n), then k = ©(n/logn).



Solution. Since klogy k = O(n), there exist constants ci,cp such that klogy k& < ¢in for all
n > co. On the other hand, klogy k = Q(n) indicates the existence of constants ¢/, ¢} such that

klogy k > ¢\ n for all n > ¢,. Therefore, for all n > max{cy, ¢}, we have:
cdin < klogy k < cin.

/o /
Set ¢5 = max{cy, ¢z, ch}.

When n > ¢, we derive from (1):

logy(cin) < log,(klogy k) < logy(cin)
= log, c| +logy n < logy k + log, logy k < log, 1 + logs n

log, k < logsy c1 +logyn < 2logy n (using n > ¢1)
2logy k > logy k + logy logy k > log, ¢ + logy n > logy n

logyn

<log, k < logyn.
Combining (1) and (2) leads to

n n
{ k< Cllong = 26110g2n

/ n

/_n
k> Cllong = Clloan

which means k = ©(n/logn).
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