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Abstract —This paper describes GL4D, an interactive system for visualizing 2-manifolds and 3-manifolds embedded in four Euclidean
dimensions and illuminated by 4D light sources. It is a tetrahedron-based rendering pipeline that projects geometry into volume
images, an exact parallel to the conventional triangle-based rendering pipeline for 3D graphics. Novel features include GPU-based
algorithms for real-time 4D occlusion handling and transparency compositing; we thus enable a previously impossible level of quality
and interactivity for exploring lit 4D objects. The 4D tetrahedrons are stored in GPU memory as vertex buffer objects, and the vertex
shader is used to perform per-vertex 4D modelview transformations and 4D-to-3D projection. The geometry shader extension is
utilized to slice the projected tetrahedrons and rasterize the slices into individual 2D layers of voxel fragments. Finally, the fragment
shader performs per-voxel operations such as lighting and alpha blending with previously computed layers. We account for 4D voxel
occlusion along the 4D-to-3D projection ray by supporting a multi-pass back-to-front fragment composition along the projection ray;
to accomplish this, we exploit a new adaptation of the dual depth peeling technique to produce correct volume image data and to
simultaneously render the resulting volume data using 3D transfer functions into the �nal 2D image. Previous CPU implementations of
the rendering of 4D-embedded 3-manifolds could not perform either the 4D depth-buffered projection or manipulation of the volume-
rendered image in real-time; in particular, the dual depth peeling algorithm is a novel GPU-based solution to the real-time 4D depth-
buffering problem. GL4D is implemented as an integrated OpenGL-style API library, so that the underlying shader operations are as
transparent as possible to the user.

Index Terms —Mathematical visualization, four-dimensional visualization, graphics hardware, interactive illumination.

1 INTRODUCTION

Visualizinggeometricobjectsembeddedin four-dimensionalspaceis
aninterestingandchallengingproblemwith a long history[1,18,25].
Sinceoureverydayphysicalworld is three-dimensional,we�nd it dif-
�cult to envisionobjectsthatarenaturallyde�ned in four dimensions.
Computergraphicsmodelingtools,which arenot constrainedby the
physicalworld, thereforeprovide a naturalapproachto renderingand
interactingwith high-dimensionalmathematicalobjectsandlearning
how to visualizetheir properties.The visualizationenvironmentwe
describein this paperprovidesinteractive computertools for inspect-
ing and exploring geometricobjectsde�ned using four-dimensional
coordinatesystemsusinggeneralizedlighting andrenderingmethods;
recentadvancesin graphicsprocessorspermit the interactive imple-
mentationboth of standardbut formerly-slow featuressuch as 4D
depthculling andnew featuressuchas4D alphablending. A basic
andfundamentalfact is that 3-manifoldsarerequiredto createplau-
sible 4D analogsof 3D lighting models,so that the renderingprob-
lemitself is supplementedby amodel-extensionproblemfor surfaces.
Thustypical examplesof interestingbasic4D objectsincludethehy-
percubeor tesseract,which is alreadya 3-manifoldandthereforedi-
rectly renderable,andthe�at torus(T2), which is a two-manifoldand
thereforemustbethickenedin somewayto turn it into arenderable3-
manifold.Amongtheotherwideclassesof interestingobjectsthatcan
be studiedwith our 4D renderingmethodsarecomplex functionsof
onecomplex variableandcomplex polynomialsurfacesin two com-
plex variables[20]. Among the spectrumof 4D visualizationtech-
niquesthat theenvironmentdescribedherecansupportat interactive
framerateswenote,for example,4D depthbuffering,4D alphablend-
ing, 3D volumeviewing of the projected4D geometrywith tunable
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transferfunctions,stereoimaging,anda full 4D diffuseplusspecular
illuminationmodel.

With themigrationfrom �x ed-pipelinerenderingto programmable
pipeline rendering[28,33], the OpenGLAPI hadundergonea radi-
cal revision,allowing theOpenGLAPI to exploit themassive parallel
�oating pointcomputationpower in theunderlyinggraphicshardware
for renderingaswell asgeneralpurposecomputation.Oneof our ob-
jectives hereis thus to proposea novel architecturaldesign,GL4D,
speci�cally to exploit programmableshadersin theGPUto ef�ciently
performhigh-qualityinteractive 4D renderingandvisualization.The
GL4Darchitectureincludesthefollowing functionalities:

� De�ning 4D geometrymodeldataandmanagingthedatatrans-
fer to thegraphicshardware;

� Performing4D modelview andprojectiontransformationsto a
virtual 3D volumetric screenthrough volumetric rasterization
with thegeometryshader[9];

� Implementationof high-quality per-voxel operatorsin 4D, in-
cludingthespeci�cationof 4D vertex normalsandlight sources
to supportlighting computationsin thefragmentshader;

� Order-independentrenderingof opaquetetrahedron-basedge-
ometry in 4D using per-voxel occlusion/visibility computation
andback-faceculling in thegeometryshader;

� Alpha-blendedtransparent4D geometryrenderingusingamulti-
slicemulti-passalphacompositionof theprojectedgeometry, ex-
tendingthedualdepthpeelingtechniqueto 4D;

� Supportfor helpful visual cuesin the 4D rendering,including
interactively controllablelighting andviewing, coloring coding
schemes,falseintersectionhighlights,andscreen-dooreffects.

A �nal designfeatureis that the applicationprogramminginterface
(API) of GL4D is constructedin thestyleof anOpenGLlibrary API,
sothat it canserve asa highly-transparentprogrammingenvironment
for developing4D visualizationapplications.

Related Work. Early researchon the visualization of high-
dimensionalgeometryincludedthework of Noll [32] andBanchoff [2,
3], who exploited 3D computergraphicsmethodsto display four-
dimensionalobjects.Methodsexploitedin avarietyof earlyworks[1,
18,19,25–27]includedwireframerepresentations,hyperplaneslicing,
color coding,view transformations,projection,andanimation.

Extendingthe methodsof 3D renderingby analogyto the fourth
dimension,Burtonetal. [10,35] andHansonandHeng[23] proposed



Fig. 1. Overview of the GL4D Architecture.

variousframeworksthatincludedlighting modelsfor thevisualization
of 4D geometries.Rendering3D geometryontoa 2D screenwasre-
placedby projecting4D geometryinto a 3D imagevolume,including
both color anddepthbuffering to supporthiddensurfaceremoval in
the4D-to-3Dprojection.HansonandHengalsoproposedathickening
mechanismin orderto convert 2D surfacesand1D curvesembedded
in four-dimensionalspaceinto renderable3-manifolds. The result-
ing volumeimagesnaturallyrequired3D volumerenderingmethods
to exposethe internalstructureof theprojected4D geometry. Alpha
blendingalongthe4D projectiondirectionwasnot implemented.An
alternative volumerenderingto exposegeometricstructureafter 4D-
to-3D projectionwassuggestedby Banks[4] , who employedprinci-
pal curveson surfaces,transparency, andscreen-dooreffectsto high-
light intersectionsin the projectedgeometry;in addition,Banks[5]
proposedageneralmechanismto computediffuseandspecularre�ec-
tion of a k-manifoldembeddedin n-space.HansonandCross[11,21]
developedtechniquesimplementing4D renderingwith the Shirley-
Tuchmanvolumemethod[34]. assumingthat the objectsin 4D are
staticandocclusion-freein the3D imagebuffer. Suchmethodscannot
providereal-timeocclusioncomputationandhavelimited interactivity
comparedto themethodsintroducedin thecurrentpaper.

Approachesto closelyrelatedproblemsincludeFeinerandBesh-
ers [17] “worlds within worlds” interfacesystemto manipulateand
explorehigh-dimensionaldataspacevia nestedcoordinatesystems.A
relatedsystemdevelopedby Miller andGavosto[30]; usedsampling
methodsto renderandvisualize4D slicesof n-dimensionaldatasuch
asfractalsandsatelliteorbits.Duf�n andBarrett[12] proposedauser
interfacedesignto carry out n-dimensionalrotation. Among other
interestingcontributionsto the �eld arethoseof Egli et al. [13], who
proposeda moving coordinateframe mechanismto generalizethe
sweepingmethodfor representinghigh-dimensionaldata,thework of
Bhaniramkaet al. [8], who exploredisosurfacingin high-dimensional
databy a marching-cube-like algorithm for hypercubes,and that of
Neophytou andMueller [31], who investigatedtheuseof splattingto
display4D datasetssuchastime-varying3D data. Recently, Hanson
and Zhang [24] proposeda multimodal user interface design that
integratesvisual representationandhapticinteraction,allowing users
to simultaneouslyseeand touch 4D geometry; this approachwas
thenextended[36] to exploit theideaof a reduced-dimensionshadow
spaceto directlymanipulatehigher-dimensionalgeometries.

Contrib utions of this paper include:
1. TheGL4D framework, a novel visualizationarchitecturefor 4D

geometrybasedonstate-of-the-artprogrammablegraphicshard-
ware. Our approachcarefully exploresandadoptsvariousfea-
tures of the GPU, including the geometryshader, to provide
the�rst completeexampleof GPU-based4D renderingmethods
supportinginteractivevisualization.

2. Thedeliveryof high-quality4D geometryvisualizationthatsup-
portsinteractive controlsfor a wide rangeof aspects.This is the
�rst environmentthatcandeliver bothhigh-qualityvoxel-based
renderingof the 3D imageandreal-time4D fragmentlighting
andblending,aswell asocclusioncomputationfor 4D geome-
try. In particular, we exploit a new conceptof transparency pro-
cessingfor 4D geometryby adoptingthedepthpeelingtechnique

to 4D andproperlyblendingprojectedfragmentsfalling into the
samevoxel. In addition,wealsosupportavarietyof visualcues,
suchasself-intersections,within theframework of GL4D.

3. An OpenGL-styleAPI library for theGL4Dimplementationthat
canserve asa transparentandgenericinterfacefor developing
4D visualizationapplications.

Paper Organization. Thepaperis organizedasfollows: After the
architectureoverview presentedin Section2, Sections3 and4 detail
theGPU-basedprocedurefor processinganinput streamof 4D tetra-
hedrons:Section3 focuseson the applicationof vertex and geom-
etry shadersfor transformationsin 4D and volumetric rasterization,
while Section4 presentsthe per-voxel processingstepsin the frag-
mentshader, including4D lighting andhiddensurfaceelimination(or
alphacompositionin caseof transparency). Section5 shows the re-
sultsof applicationsto various4D geometricmodelsandpresentsthe
library API of GL4D. Finally, Section6 presentsthe conclusionand
discussespossibledirectionsfor futurework.

2 OVERVIEW: THE GL4D ARCHITECTURE

TheGL4Dvisualizationarchitectureis arasterization-basedrendering
systemfor 4D virtual mathematicalworldsusingthetetrahedronasthe
renderingprimitive. Its designparallelstheconventionalrasterization-
basedrenderingpipeline in 3D computergraphics: In 3D computer
graphics,wehave2-simplices,i.e.,triangles,astheprimitiveelements
usedto representsurfacesin 3D thathaveuniquenormalsandrespond
to lighting models;in the4D computergraphicsworld of GL4D, we
have 3-simplices,i.e., tetrahedrons,as the building blocksof hyper-
surfaces(3-manifolds)in 4D that have uniquenormalsand respond
to lighting modelsgeneralizedto 4D virtual worlds. Tetrahedronsare
thereforetheelementaryrenderingprimitivesneededto supportlight-
ing in a4D renderingenvironment.

2.1 4D Geometr y Input for GL4D

TheGL4Darchitecturesupportsthesetetrahedron-basedinputs:

1. Tetrahedrons- Individual tetrahedronsareinput to GL4D in im-
mediatemodeusingthe obvious sequenceof glVertex calls
betweenglBegin andglEnd .

2. Hypersurfaces(Hexahedral meshes)- A retainedmodeallowsus
to directly loadhypersurfacesby meansof a hexahedralgrid of
4D verticesthroughcommandcallsin theGL4DAPI.

3. Surfacesembeddedin 4D - Wecanalsoinput lower-dimensional
geometries,suchas 2-manifolds(surfaces),throughcommand
callsin GL4D. Justaswemustthickena3D spacecurve to form
a renderabletubein 3-space,we needto thicken2-manifoldsto
allow themto interactuniquelywith 4D lights. The thickening
processin [23] is employed internally insideGL4D to build the
geometricrepresentationsin termsof 4D tetrahedrons.

2.2 Hexahedral meshes

In 3-space,we canparameterizea surfaceby a mappingfrom a uv-
parametricspaceto a 2D-grid of 3D coordinates.In 4-space,we can
alsoparameterizean intrinsic or thickened3-manifoldby a mapping



from auvw-parametricspaceto a3D-gridof 4D coordinates.Werefer
to thisgeometricasahexahedral mesh.

In GL4D, wecande�ne avectorof four parametricequations(each
for onedimensionin 4D) in termsof u, v, andw, andpasstheequations
to GL4D. GL4D canuniformly (andpossiblywith an adaptive strat-
egy) sampletheequationsandconstructahexahedralmeshinternally.
By decomposingeachcell in the hexahedralmeshinto tetrahedrons,
GL4Dtransfersthegeometrydatato thetetrahedron-basedprocessing
pipelinein theGPU.It is worthwhilenotingthatper-vertex normalsin
themeshcanbecomputedeithervia anexplicit parametricequation,
via the Gram-Schmidtprocessanda 4D crossproduct,or explicitly
input from theuser.

2.3 Overview: Tetrahedr on-Pr ocessing Pipeline

The tetrahedron-processingpipelinein GL4D is divided into the fol-
lowing threemajorcomponents;the�rst oneis ontheCPUside,while
theothertwo areon theGPUside;seealsoFigure1.

� The�rst componentis a tetrahedrontessellatoron theCPUside
to generatea tetrahedronstreamgivendifferentkindsof userin-
put, for example,hexahedralmeshesor variouskindsof 4D ge-
ometries.

� The secondcomponentin GL4D is the geometrysubsystem,
which parallelsthatin conventional3D rendering.It includes1)
a per-vertex transformationunit thatemploys thevertex shader
to transform(modelview andprojection)the4D geometryfrom
4D objectspaceto 4D eye space,and�nally projectsto the3D
volumetricscreen,and2) a 3D-rasterizationunit that employs
thegeometryshaderto voxelizetheinput tetrahedronsinto scan-
planesof voxelsin the3D projectedgeometry.

� The last componentis a GPU-basedper-fragmentprocessing
unit thatcarriesoutper-voxel computationafter3D rasterization
(or voxelization).Herewe performper-voxel operationssuchas
lighting andocclusioncomputationto createa volume-rendered
imageof the4D geometry. Wecanalsoincludevisualcuesother
thanlighting in thisper-fragmentprocessingstep;seeSection5.

3 GL4D: THE GEOMETRY SUBSYSTEM

Following theorder-independentdesignfor renderingtrianglesin con-
ventional3D graphicshardware,GL4D alsousesorder-independent
processingfor the input tetrahedrons.After tetrahedrontransferfrom
theCPUside,theGPUsideusesthevertex shaderandthegeometry
shaderto transformandvoxelize the input tetrahedrons,andthenthe
fragmentshaderprocessesindividual voxel fragments.

3.1 Vertex Shader: Transf ormation and Projection

The �rst stepon theGPU sideof GL4D is the vertex shaderfor per-
vertex transformationin 4D; the4D modelview transformationis �rst
appliedto transformeachvertex coordinatefrom object-space(input
from the 4D tetrahedrons)to eye spacein 4D, while the projection
transformationprojectstheresultanteye-spacecoordinatesto thevol-
umetricimagebuffer. Userscaninvoke variousGL4D commandsto
setup themodelview andprojectiontransformationsin 4D. Notethat
in 3D, we projectandimage3D objectson a 2D screen,whereasin
4D, we projectandimage4D objectson a volumetricscreen;later in
theGL4D pipeline,GPU-accelerated3D volumerenderingis usedto
representthecontentsof thevolumetricscreenimage.

Fig. 2. Vertex shader: per-vertex processing: 4D modelview transfor-
mation followed by 4D to 3D projection.

At theendof eachvertex shadercall, eachresultantvertex hastwo
coordinatesattached:a 4D eye coordinateafter the 4D modelview
transform,anda normalizeddevice coordinatede�ned in thespaceof
the volumetricscreen.In addition,we alsotransformthe 4D normal
vectorfrom the4D objectspaceto the4D eye space,to supportper-
voxel 4D lighting laterin thefragmentshader;seeFigure2. Notethat
we cansupportnot only orthographicprojection,but alsoperspective
projection,as demonstratedin the hypercubevisualizationexample
shown in Section5.

3.2 Geometr y shader: Rasterizing the Tetrahedr ons

In orderto supportper-voxel lighting andper-voxel hiddensurfacere-
moval (andalphacomposition)in the fragmentshader, we �rst have
to rasterizetheinput tetrahedronsinto voxel fragmentsinsidethevol-
umetricscreenbuffer. Herewe apply the geometryshaderprovided
by the programmablerenderingpipelineto carry out a per-primitive
(per-tetrahedron)3D rasterization. It is worthwhile noting that ex-
isting voxelizationmethods[14,16,29] wereoriginally designedfor
voxelizing triangle-based3D models;thesemethodsdonotapplyef�-
ciently to thevoxelizationof our volume-boundingtetrahedrons.Our
3D rasterizationof tetrahedronsis designedasfollows:

AssemblingTetrahedrons. First, sinceno renderingprimitivesin
conventionalgraphicshardwarearedesignedfor tetrahedrontransfer,
we mustadaptexisting renderingprimitivessothatthegraphicshard-
warecanproperlyassembleindividual tetrahedronsin eachgeometry
shadercall. Herewe employ thegeometry-shader-speci�c primitive,
namelyGL LINES ADJACENCYEXT; sincethis primitive typeis 4-
vertex-based,we cangroupthe four verticesof eachtetrahedroninto
a singleadjacency line primitive. In this way, theprimitive assembly
unit in thegraphicshardwarecanproperlygroupthefour correspond-
ing verticesin asinglegeometryshadercall.

BackfaceCulling. On commoditygraphicshardware,backface
culling of trianglescanbedoneby computingthecrossproductof the
two on-edgevectorsfrom the �rst vertex in a triangle(in eye space),
andthenby checkingthesignof thez-componentin theresultantvec-
tor. If the z-componenthasthe samesign asthe viewing direction's
z-component,thetriangleis back-facingandcanbeculled.

Fig. 3. Two possible vertex orderings in a tetrahedron; in the �gure , p0
is above the paper, whereas the other points are on the paper.

In 4D graphics,wecanimplementananalogousmechanismfor dis-
cardingback-facingtetrahedronsin thegeometryshader. We�rst must
ensurethat theverticesin all input tetrahedronsareorderedin a con-
sistentmanner. Notethatgivena4D tetrahedronwith thevertex input
sequence(p0; p1; p2; p3), we canhave two possiblespatialarrange-
mentsasshown in Figure3: First, we candeterminea 3D subspace
containingthetetrahedronsimilar to a 2D planecontaininga triangle
in 3D; then,thetwo possiblespatialarrangementsare:

1. p1p2p3 are in clockwiseorderasseenfrom p0 in the 3D sub-
spaceof thetetrahedron

2. p1p2p3 are in anti-clockwiseorderasseenfrom p0 in the 3D
subspaceof thetetrahedron

In GL4D, all input tetrahedronsshouldbe orderedin anti-clockwise
order, or elsethefacenormalwill be�ipped. We cancomputethe4D
crossproductasadeterminant:

Facenormalof a tetrahedron =

v1x v2x v3x x̂
v1y v2y v3y ŷ
v1z v2z v3z ẑ
v1w v2w v3w ŵ ,



where~vi = pi � p0 = (vix;viy;viz;viw), with i = 1, 2, and3, are the
threeon-edgevectorson thetetrahedronfrom p0. Furthermore,since
backfaceculling requiresonly thesignof thew-componentin there-
sultingfacenormal,wecansimplify thecomputation:

Facenormal0sw� component =
v1x v2x v3x
v1y v2y v3y
v1z v2z v3w

= v1xyz � ( v2xyz � v3xyz ) :

In this way, we canreadily implementthe above computationin the
geometryshaderasa 3D crossproductfollowedby a 3D dot product.
If theresultantw-componentisnegative,thetetrahedronisback-facing
andcanbeculled. Following theconventionin OpenGL,usersof the
GL4DAPI canalsoenableor disablethis4D culling feature.

Multi-slice Rasterization. In order to trigger a fragmentshader
call for eachvoxel fragmentinside a 3D-rasterizedtetrahedron,we
employ a multi-slice (multi-pass)rasterizationschemeto voxelize
tetrahedronsfrom backto front insidethevolumetricscreen.In each
slicing step,thetetrahedronsarevoxelizedon a speci�c slicing plane,
and all theseslicing planesare parallel to the 2D screenin the eye
spacewith respectto the virtual camerathat rendersthe volumetric
screenontothedisplaywindow. Hence,wecanproperlyvoxelizeeach
tetrahedronslice by slice from backto front in an order-independent
manner, andcanstill correctlycomposethe fragmentcolors later in
thefragmentprocessing.

Fig. 4. Two possible cross-sections when slicing a tetrahedron with a
plane: a triangle or a quadrilateral; note that vertices behind the slicing
planes are colored in red.

To ef�ciently voxelize a tetrahedronover a speci�c slicing plane,
we adoptthe MarchingTetrahedronmethod[37] to rasterizea tetra-
hedronvolume in GL4D. When a slicing planeintersectsa tetrahe-
dron(seeFigure4) thereareonly two possiblevoxelizablefootprints:
1) a triangle,wherethe slicing planecutsthreeedgesof the tetrahe-
dron,and2) aquadrilateral,wheretheslicingplanecutsfour edgesof
the tetrahedron.For both cases,we �nd that the outputcanbe mod-
eledasa trianglestrip, and,hence,we canemploy trianglestrip (i.e.,
GL TRIANGLE STRIP in OpenGL)astheoutputprimitivetypefrom
thegeometryshader.

Moreover, our geometryshadercan label eachvertex as positive
(takesvalue1) ornegative(takesvalue0),dependingonwhichsidethe
vertex resideswith respectto a givenslicing plane;seealsoFigure4.
Then, we can pack the zerosand onesof the four verticesas a 4-
bit integer so that we canquickly index the intersectingedgesfrom
a constructededgetable in the geometryshadercode. In this way,
wecanef�ciently computetheedge-planeintersectionsandoutputthe
intersectingshapeasa trianglestrip.

Output from GeometryShader. Trianglestrips output from the
geometryshaderarerasterizedby thestandardrasterizationengineon
thegraphicshardware,andhencewecantriggerafragmentshadercall
to processeachrasterizedvoxel fragment.

Whenthegeometryshadergeneratesthe trianglestrips,we attach
to eachassociatedvertex a set of threeattributes: a projectedposi-
tion (gl Position ) insidethe volumescreenbuffer, anda 4D po-
sition andnormal in the 4D eye space. It is worthwhile noting that
a few interpolationstepsarerequiredin thegeometryshaderto com-
pute theseper-vertex attributesat the edge-planeintersectionpoints
becausetheseattributesareoriginally given (from the vertex shader)

only at the tetrahedronvertices.After thegeometryshader, thestan-
dardrasterizationenginecanthenhelpto furtherinterpolatethesedata
overtherasterizedtrianglestrips;thefragmentshaderthatfollowsthus
receivesthesedatafor eachvoxel fragment.

4 GL4D: VOXEL FRAGMENT PROCESSING

With the goal of supportinghigh-quality4D lighting andocclusion,
GL4D performslighting, hiddensurfaceremoval, and transparency
compositionin a per-voxel mannerin the fragmentshader. Note that
earlier4D visualizationwork performedlighting andocclusionin a
per-vertex or evenper-primitive manner, andback-to-frontsortingof
tetrahedronswas requiredbefore the volume rendering. Note that
whentetrahedronsareprojectedfrom 4D to 3D, the projectedtetra-
hedronsmayintersecteachotherin thevolumetricscreenregion,and
per-primitive sortingmay not alwaysproperlyidentify the occluding
regions.With per-voxel fragmentprocessing,we canguaranteehigh-
quality self-intersectiondetection.

4.1 Hidden surface remo val

The �rst per-voxel-fragmentoperationcarried out in the fragment
shaderis hiddensurfaceremoval. Here we take a “camou�age ap-
proach”by employing theearlydepthculling mechanismavailableon
existing graphicshardware. At the endof the geometryshader, we
replacethe z value in the output position (e.g., the gl Position
outputfrom thegeometryshader)by thedepthvaluealongthe4thw-
dimension;hence,theearlydepthculling takesthew-dimensiondepth
asits input aswell asthebook-keepingvaluein thedepthbuffer. As
a result,we canef�ciently discardoccludedvoxel fragmentswithout
invoking thefragmentshaderson them.

4.2 Per-voxel lighting

Thesecondper-voxel operationthattakesplacein thefragmentshader
is per-voxel lighting in 4D. Herewe employ the interpolated4D nor-
malsandpositions(in eye space);thesewereoutputfrom thegeom-
etry shader, andwere later interpolatedby the standardrasterization
engine.Weemploy thestandardPhongillumination(in 4D eyespace)
becauseof its simplicity andef�ciency in theshadercomputation:

I = ka + kd max( L̂ � N̂ ; 0 ) + ks max( (R̂� V̂)ns ; 0 ) ;

whereN̂, V̂, L̂, andR̂ arethenormalvector, theview vector(from the
voxel fragmentto view point), the light vector(from the voxel frag-
mentto the light source),andthe light-re�ected vector, respectively;
I is the resultantre�ectancefrom the voxel, whereaska, kd, ks, and
ns aretheambient,diffuse,specular, andshininessterms,respectively.
Note that N̂, V̂, L̂, andR̂ areall unit vectorsde�ned in 4D eye space
and4D dotproductshave to beused.Furthermore,following thecon-
ventionalOpenGLlighting modelin local viewer mode,we cansetV̂
to be(0;0;0;1) whenlocal viewermodeis enabled.

4.3 Notion of Rendering 4D Transparent Objects

In addition to opaque4D objects,we also supportthe renderingof
transparent4D objects.In thecaseof 3D graphics,werendertranspar-
entobjectsby composingthefragmentsthatfall ontoeachscreenpixel
eitherfrom backto front or from front to back;implicitly, webasethis
orderingon thez-distanceof thefragmentsfrom theeye point. While
suchanalphacompositionprocessis well-developedin 3D graphics,
its extensionto 4D needsclari�cation.

In 4D graphics,sinceweeventuallydisplaythe�nal renderingona
2D computerscreen,eachscreenpixel could �nd its projectionfrom
any point in a2D subspaceratherthanalonga1D projective line asin
3D graphics.Therefore,we do not have a straightforwardz ordering.
Wecouldhave thefollowing situations:

� First, if the 4D objectis opaque,we canignorethe alphacom-
positionin thew-dimensionandperformthehiddensurfacere-
moval as in subsection4.1; hence,we take only the w-nearest
voxel fragmentin the3D volumetricscreen.



� Second,if the 4D object is transparent,we can composethe
voxel fragmentsthat fall into the samevoxel (in the volumet-
ric screen)in aback-to-front(or front-to-back)manneralongthe
w-dimension.After alphacompositionalongthe w-dimension,
thevolumerenderingstepthat follows will furthercomposethe
voxel fragmentsalong the z-dimensionto the �nal screen;see
Figure5. Sincethe4D modelview andprojectiontransformsare
interactively controlledby theuser, we leavethesubspaceorder-
ing decisionto theuser.

� Finally, the usercanalsodisablethe alphacompositionin the
volumerenderingstepfrom 3D to 2D screen,exposingonly the
w-dimensionalphacompositioneffect in thenearestz layer.

Thoughthe above approachesdo not perform alphacomposition
directly over the entirezw-subspacefor eachscreenpixel, we argue
whethersuchadirectapproachcanexist astherearenoobviousdepth
orderingsfor voxel fragmentsover theentirezw-subspace.Hence,we
proposetheabove achievableapproachesto rendering4D transparent
objects,andindeed,thesearefeasiblemethodsthatcanbepractically
realizedon shaderswith existing GPU technology, aswe seein the
next subsection.

Fig. 5. Rendering transparent 4D objects: alpha composition along w-
dimension followed by z-dimension.

4.4 Dual Depth Peeling for 4D Transparent Objects

To supportef�cient alphacompositionalong the w-dimensionwith
properdepthsorting(asin thesecondandthird approachesabove),we
extendtheconventionaldualdepthpeelingmethod[7,15]; thismethod
can handle2n depthlayers in n renderingpasses,and � ve textures
areneededin the implementation:two of themareusedfor storing
minimumandmaximumper-pixel depthvaluesin aping-pongmanner
acrosssubsequentrenderingpasses;anothertwo storeper-pixel color
and alphavaluesaccumulatedfrom the front and back peelingside
(alsoin a ping-pongmanner);the lastoneis for storingthecolor and
alphavaluesaccumulatedfrom backto front peeling.

Notethattheping-pongtechniqueis adoptedfor themin-maxdepth
value,the accumulatedcolor, andalphavaluesto avoid a read-write
hazardwhengoing from onerenderingpassto the next, andwe use
GL MAX blendingmodefor all threerendertargetsas in OpenGL.
With suchan adaptation,we can producetransparentrenderingsof
objectsin 4D suchasthe4D hypercubeasillustratedin Figure14.

5 IMPLEMENTATION AND RESULTS

In thissection,we �rst describetheimplementationissuesandperfor-
manceanalysisof GL4D; we thenpresentthevisualizationresultsfor
various4D modelsandbrie�y outlinethelibrary API of GL4D.

5.1 Implementation Issues

GL4Dis implementedontopof OpenGL2.1,andrequiressupportfor
thegeometryshaderto handleper-tetrahedronprocessing.Thebasic
principlesof theimplementationarelistedin thefollowing.

Vertex Buffer Object. To avoid excessive geometrytransferand
redundantvertex programcomputation(for the samevertex), the re-
tainedmodeof GL4D cachesthe 4D geometryinput on the GPU as
(index-based)vertex buffer objects,which storesthreearraysof data
attributes:onefor 4D object-spacepositions,onefor 4D object-space
normals(for each4D position),andonefor indices,with eachsetof
four consecutive indicesformingonetetrahedronin 4D.

Hexahedral-cell-to-tetrahedron Decomposition. In thehexahedral-
cell-to-tetrahedrondecomposition,we can divide a hexahedralcell
into � ve or six tetrahedronsasdepictedin Figure6. However, if we
examinethetrianglepatternsonmatchingfacesof adjacentcellsin the
decomposition,thepatternsin thesix-tetrahedrondecompositioncan
matchproperlywithout a T-join, while the� ve-tetrahedrondecompo-
sitionapparentlydoesnot. However, wecanwork aroundthisby using
a � ve-tetrahedrondecompositionthatalternatestwo differentorienta-
tionsof the� ve-tetrahedrondecompositionin a hexahedralmesh;see
Figure7. We canthusseamlesslymatchthe diagonalsacrossneigh-
boring hexahedralcell faces(seeFigure7 (right)), while generating
fewer tetrahedronsascomparedto thesix-tetrahedrondecomposition.

Fig. 6. Possible ways of decomposing a hexahedral cell into tetrahe-
drons: six tetrahedrons (top) and �v e tetrahedrons (bottom).

Fig. 7. Decomposing a hexahedral mesh into tetrahedrons by alternat-
ing the orientations of �v e-tetrahedron decompositions.

Tetrahedron-slicing. To speedup the performanceof primitive
assembly(alsoknown asIA, the input assembler)andthe geometry
shader, we computefor eachrenderingframethez rangeof groupsof
tetrahedrons.Then,for eachmulti-slice renderingpass(within each
renderingframe),weassembleonly thetetrahedronsthatoverlapwith
thez valueof thecurrentslice;hence,we canreducetheworkloadof
primitiveassembly, andavoid intensive tetrahedron-sliceintersections
in thegeometryshader.

5.2 Performance of GL4D

Table 1 shows a performanceanalysisof GL4D; threePC systems
equippedwith differentgraphicsboardswereemployedto renderthree
different4D models(hypercube,4D torus,andSteinersurface)with
per-voxel hiddensurfaceremoval andper-voxel lighting in 4D:

� 8600: Dell OptiPlex GX620 with Intel PentiumD 3GHz,1GB
memory, andGeForce8600GTS;



Fig. 8. Rotating the hypercube in 4D space. This is a 3-manifold composed of eight 3D cubes; we shade each 3D cube with its own color.

� 9800GT: Dell XPS 730 with Intel Core 2 QuadCPU Q9400
2.66GHz,3GBmemory, andGeForce9800GT;

� GTX285: Dell PrecisionT5400with Intel XeonCPU2.50GHz,
8GBmemory, andGeForceGTX285.

Table 1. Frame rate (frame per second) of GL4D for different 4D models
and different PC systems with different numbers of slices.

It is worth noting that althoughthe hypercubeonly has 40 4D
tetrahedrons,thesetetrahedronsarerelatively large in sizecompared
to tetrahedronsin other models; hence,they producea substantial
numberof tetrahedron-sliceintersectionsandvoxel fragments. The
numberof slicesin the3D rasterization(or voxelization)processcan
greatlyaffect theperformance(andquality) of GL4D; thegreaterthe
numberof slices,the moretetrahedron-sliceintersectionsoccur(the
�rst datarow for eachmodelshown in thetable),andhence,themore
callsto thegeometryshaderandthemorevoxel fragmentsfor thefrag-
mentshaderto process.In general,256slicesareemployed in prac-
tice. We also testedthe performanceof GL4D on a seriesof three
successive generationsof graphicscards: GeForce 8600, GeForce
9800GT, andGeForceGTX285. We canseefrom thetablethat real-
timeperformancecanbeachievedwith thelatestGPUtechnology. For
instance,usingtheGTX285to displaythe �at torususing256slices,
GL4Dcangenerate81:9M tetrahedron-sliceintersectionspersecond.

5.3 Visualization Results

In this subsection,we explore anddemonstratevariousvisualization
effects on different 4D geometricmodels,including the hypercube,
the �at torus(T2), the knottedsphere,Steiner's Romansurface,and
theCP2 quintic 2-manifoldcorrespondingto a cross-sectionof string
theory'squinticCalabi-Yau6-manifoldin CP4.

Hypercube. Consideringa 3D cubeasa two-manifoldcomposedof
six 2D squaresboundinga solid 3D block, a 4D hypercubecansimi-
larly bethoughtof asa3-manifoldbuilt from eight3D cubesbounding
a solid 4D block. Figure8 depictsanimagesequenceobtainedby ro-
tatinga 4D hypercubein a �x edplanein 4D space;theboundary3D
cubesareshadedwith differentcolorssothatwe canseewhich cubes
arefacingthe4D camera;cubeswith back-facingnormalsarehidden
from sight in the 4D view. The initial viewpoint shows threeof four
possiblefront-facingboundarycubesandthe4D projectionrotatesun-
til only thesingleredcubeis facingthe4D camera.Thelower left cir-
clescontainthefour coordinateaxesprojectedto the2D screenspace.
In thepenultimateview, theredaxisdisappearsbecauseit alignswith
our 4D viewing ray. Finally, we turn down theopacityto show more
internaldetailsof thejello-like redcube.

Wedemonstrate4D perspectiveprojectionin GL4Dwith thehyper-
cubein Figure9. The left sub-�gure shows an orthographicview of
thehypercube,while themiddleandright �gures employ shorterand
shorterfocal lengths(larger �elds of view) in the virtual 4D pinhole
camera.Unlike ordinary3D projection,the perspective distortionin
theright �gure persistsin any3D viewpoint if we wereto make a 3D
rotation;it is a featureof the4D, not the3D, projection.

Fig. 9. Hypercube under different projections; Left: orthographic; mid-
dle: perspective; right: also perspective, but with a larger �eld-of-vie w
(and the 4D camera moved closer to the hypercube).

Flat Torus. The �at torus(T2) is a particularembeddingof the fa-
miliar donut-shaped3D torusthat is completely�at in 4D Euclidean
space. GL4D addscircles at eachpoint to createa thickened3-
manifold from this 2-manifoldembeddedin 4D. Figure10 shows an
imagesequenceof theprojectedtorusrotatingin 4D. Theinitial pro-
jectionto theXYZ subspaceis a tube-shapedobject;seethe�rst axis
iconfor the�rst two sub-�gures.After reducingtheopacityvalue(i.e.,
thesecondsub-�gure),we graduallyrotatethetorusto its XYW sub-
space.The bright rings embeddedin the shapecomefrom specular
highlightsin the4D lighting. After we rotatethetorusin 4D slightly
off theXYZ axes(thethird sub-�gure),thesingle-ringhighlightsstart
to split and the volume visualizationhelpsto reveal featuresof the
internalstructureastheobjectis rotatedto different4D projections.

KnottedSphere. Theknottedsphereembeddedin 4D spaceis con-
structedby spinning a knotted line segment arounda central axis.
GL4D thickensthis 2-manifoldto make it locally a 3-manifoldin 4-
space;certainanomaliesareexpectedto remainfor topologicalrea-
sons. In Figure11, we present�rst the opaqueknottedsphere(the
leftmost sub-�gure). Sincethe de�ning 2-manifold for the knotted
sphereis constructedover a 2D parametricdomain,GL4D canapply
texturesontotheknottedspherein theparameterspace.Thisopensup
the interior visibility of theopaquerenderingasshown in thesecond
sub�gureof Figure11. In practice,GL4Dcansampleaninput2D tex-
turein thefragmentshaderby usingtheparametriccoordinates.Next,
wecanreducethevoxel opacityin thevolumerenderingaswell asan-
imatingthelighting direction,asshown in thesequenceon right hand
sideof Figure11.

SteinerSurface. In the visualizationof Steinersurface, we ex-
ploit the stereoviewing capability of GL4D. We can set up a pair
of 4D virtual cameraswith user-controllableinteroculardistanceand
renderstereopairs; Figure12. shows stereoviews of two different
4D orientationsof the Steinersurfacewith divergentviewing (wall-
eyed/parallelviewing). For eachorientation,werenderalsoanopaque
versionof thegeometry.

Calabi-Yau Quintic Cross-section. Finally, we usetheGL4D tools
to renderacomplex patch-basedsurfacegeometryinto thevolumetric



Fig. 10. Rotating the 4D embedded �at torus (from left to right) in the ZW plane, from XYZ to XYW; note the change in the axis icons.

Fig. 11. Knotted sphere projected from 4D space; from left to right: we use a large opacity value in the volume rendering so that the model appears
like an opaque surface; a screen door effect is added by applying a checkerboard deletion pattern in the parametric space; next, we reduce the
opacity and animate the 4D lighting direction.

screenbuffer. Figure13showstheCalabi-Yauquinticcross-section;it
consistsof 52 = 25patches,eachshadedwith differentcolorskeyedto
the two phasetransformationsappliedto the fundamentalpatch[20].
Notethatthiscomplicatedsurfacecanresultin a largenumberof self-
intersectionswhenprojectedto the volumetricscreenbuffer. GL4D
canef�ciently detectandhighlight theseself-intersectionsusingaper-
voxel andper-slicemethod,similar to thescreenparallelapproachto
intersectioncurvesdescribedby Banks[6]. Intersectionsaremarked
in redin theright columnof Figure13.

Fig. 13. Two different views of Calabi-Yau quintic cross-section in 4D;
the red color (2nd column) indicates self-intersection in the projection.

4D Transparencywith Dual DepthPeeling. By adaptingthe dual
peelingmethodto render4D objects,we cancorrectlysortandcom-
posefragmentsthat areprojectedinto the samevoxel locationin the
volumescreenbuffer. Figure14 illustratesthe renderingresult; the
�rst columnshows two posesof thehypercube,renderedwithout the
dualdepthpeeling;only onecolor is receivedpervoxel astheobject
is opaquein the4D to 3D projection. Thesecondandthird columns
show correspondingstereoviews,but with 4D transparency supported
by dual depthpeeling; here,eachvoxel can receive multiple colors
originatingfrom differentboundarycubesin theprojectionalongw.

Fig. 14. Rendering the 4D hypercube with and without 4D transparency,
in the right and left columns, respectively; stereo images with divergent
viewing are used in the transparent renderings.

5.4 The librar y API

Thelibrary API of GL4Dis built ontopof OpenGL2.1,andit consists
of thefollowing four groupsof functions:

Initialization: First, we have gl4DInit to initialize various off-
screenrenderingbuffers (implementedusingframebuffer objectsin
OpenGL)andload the shaderprograms(vertex, geometry, andfrag-
mentshaders)into theGPUmemory.

Parametersettings: Next, wecanemploy gl4DParamtoassignvalues
to variousparametersin GL4D, including transformations,lighting,
material, texture, culling, opacity valuesin the w-dimensionand z-
dimensionaccumulation,andvariousstateenablingparameters.

Geometryinput: Therearetwo renderingmodesin GL4D:

� Immediate mode: we can call gl4DBegin (with
GL4D TETRAHEDRONS or GL4D TETRAHEDRON STRIP)
to start an input session,followed by somenumberof calls
to gl4DNormal and gl4DVertex to input normalsand vertices,
endingwith gl4DEnd.

� Retainedmode:wecanalsopasstheentire4D geometrythrough
variousGL4D functions,e.g., gl4DSurfacede�nes a paramet-
ric surface(with thickening)andgl4DHexahedralGrid createsa
hexahedralgrid of 4D vertices.

Renderingcontrol: Finally, we use gl4DClearBuffer to clear the
buffers , andgl4DRenderBegin andgl4DRenderEndto de�ne a ren-
deringsessionin GL4D; gl4DRenderBegin startsa GL4D rendering



Fig. 12. Steiner surface: two stereoscopic views using divergent (wall-eyed) viewing.

sessionandactivatestheshaders,while gl4DRenderEndendstheses-
sionby performingGPU-acceleratedvolumerendering:it rendersthe
tetrahedronfragmentsthathave accumulatedin thevolumetricbuffer
into thestandardframebuffer.

6 CONCLUSION

This paperproposesa carefully-designedvisualizationarchitecture
thatadaptsa state-of-the-artprogrammablerenderingpipelinefor the
visualizationof 4D mathematicalmodels.TheproposedGL4D archi-
tectureis a highly-ef�cient GPU-basedAPI, taking advantageof all
existing shadermodulesin theGPUhardwareto ef�ciently processa
streamof tetrahedronsandproducevolume-renderedviews of 4D ge-
ometries.We incorporatevisualeffectsinto theGL4Dframework, in-
cludingstereoviewing, texturing,ascreendooreffect,self-intersection
�ags, and4D lighting, aswell asthenovel notionof 4D transparency
composition;thelatter is supportedby extendingthedualdepthpeel-
ing methodinto thefourthw-dimension.

In future work, we hope to explore the inclusion of high-
performanceray tracingmethodsin GL4D to improve the rendering
qualityandto extendthescopeto includesucheffectsas4D shadows.
Wewouldalsoliketo applytheGL4Darchitectureto thevisualization
of moretypesof mathematicalmodelsandadditionalclassesof 4D in-
formationsuchas3D scalar�elds [22] andtime-dependentdata.A 3D
scalar�eld, for example,canberenderedasa3-manifoldof 4D height
values(like a top-down view of a 2D elevation map),whosenormal
vectorsresult in extremelydetailed4D diffuseandspecularshading
effectsin thevolumerendering.Wealsohopeto integrateGL4Dwith
interactionmethodssuchashapticdevicesandtheWii Remote.
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