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Abstract —This paper describes GL4D, an interactive system for visualizing 2-manifolds and 3-manifolds embedded in four Euclidean
dimensions and illuminated by 4D light sources. It is a tetrahedron-based rendering pipeline that projects geometry into volume
images, an exact parallel to the conventional triangle-based rendering pipeline for 3D graphics. Novel features include GPU-based
algorithms for real-time 4D occlusion handling and transparency compositing; we thus enable a previously impossible level of quality
and interactivity for exploring lit 4D objects. The 4D tetrahedrons are stored in GPU memory as vertex buffer objects, and the vertex
shader is used to perform per-vertex 4D modelview transformations and 4D-to-3D projection. The geometry shader extension is
utilized to slice the projected tetrahedrons and rasterize the slices into individual 2D layers of voxel fragments. Finally, the fragment
shader performs per-voxel operations such as lighting and alpha blending with previously computed layers. We account for 4D voxel
occlusion along the 4D-to-3D projection ray by supporting a multi-pass back-to-front fragment composition along the projection ray;
to accomplish this, we exploit a new adaptation of the dual depth peeling technique to produce correct volume image data and to
simultaneously render the resulting volume data using 3D transfer functions into the nal 2D image. Previous CPU implementations of
the rendering of 4D-embedded 3-manifolds could not perform either the 4D depth-buffered projection or manipulation of the volume-
rendered image in real-time; in particular, the dual depth peeling algorithm is a novel GPU-based solution to the real-time 4D depth-
buffering problem. GL4D is implemented as an integrated OpenGL-style API library, so that the underlying shader operations are as

transparent as possible to the user.

Index Terms —Mathematical visualization, four-dimensional visualization, graphics hardware, interactive illumination.
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1 INTRODUCTION

Visualizinggeometricobjectsembeddedn four-dimensionakpaces
aninterestingandchallengingproblemwith along history[1, 18,25].
Sinceoureverydayphysicalworld is three-dimensionalye nd it dif-

cult to ervision objectsthatarenaturallyde ned in four dimensions.

Computergraphicsmodelingtools, which are not constrainedy the
physicalworld, thereforeprovide a naturalapproactto renderingand
interactingwith high-dimensionamathematicabbjectsandlearning
how to visualizetheir properties. The visualizationenvironmentwe
describein this paperprovidesinteractve computertoolsfor inspect-
ing and exploring geometricobjectsde ned using four-dimensional
coordinatesystemaisinggeneralizedighting andrenderingmethods;
recentadwancesin graphicsprocessorpermit the interactve imple-

mentationboth of standardbut formerly-slav featuressuch as 4D

depthculling and new featuressuchas 4D alphablending. A basic
andfundamentafactis that 3-manifoldsare requiredto createplau-
sible 4D analogsof 3D lighting models,so that the renderingprob-
lemitself is supplementedy amodel-extensionproblemfor surfaces.
Thustypical examplesof interestingbasic4D objectsincludethe hy-

percubeor tesseractywhich is alreadya 3-manifoldandthereforedi-

rectly renderableandthe at torus(T2), which s atwo-manifoldand
thereforemustbethickenedin somewayto turnit into arenderable3-

manifold. Amongtheotherwide classe®f interestingobjectsthatcan
be studiedwith our 4D renderingmethodsare complex functionsof

one comple variableand comple polynomialsurfacesin two com-
plex variables[20]. Among the spectrumof 4D visualizationtech-
niguesthatthe ervironmentdescribecherecansupportat interactve

framerateswe note,for example 4D depthbuffering, 4D alphablend-
ing, 3D volume viewing of the projected4D geometrywith tunable
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transferfunctions,stereamaging,andafull 4D diffuseplusspecular
illumination model.

With the migrationfrom x ed-pipelinerenderingto programmable
pipeline rendering[28, 33], the OpenGLAPI had undegonea radi-
calrevision, allowing the OpenGLAPI to exploit themassie parallel

oating pointcomputatiorpowerin theunderlyinggraphicshardware
for renderingaswell asgenerapurposecomputation.Oneof our ob-
jectives hereis thusto proposea novel architecturaldesign,GL4D,
speci cally to exploit programmablehadersn the GPUto ef ciently

performhigh-qualityinteractive 4D renderingandvisualization. The
GL4D architecturancludesthefollowing functionalities:

De ning 4D geometrymodeldataandmanaginghe datatrans-
fer to thegraphicshardware;

Performing4D modelviev and projectiontransformationgo a
virtual 3D volumetric screenthrough volumetric rasterization
with thegeometryshadei9];

Implementationof high-quality pervoxel operatorsin 4D, in-
cludingthe speci cationof 4D vertex normalsandlight sources
to supportiighting computationsn thefragmentshader;

Orderindependentenderingof opaquetetrahedron-basede-
ometryin 4D using pervoxel occlusion/visibility computation
andback-faceculling in the geometryshader;

Alpha-blendedransparerdD geometryrenderingusingamulti-
slicemulti-passalphacompositiorof theprojectecyeometryex-
tendingthe dualdepthpeelingtechniqueto 4D;

Supportfor helpful visual cuesin the 4D rendering,including
interactiely controllablelighting andviewing, coloring coding
schemesfalseintersectiorhighlights,andscreen-dooeffects.

A nal designfeatureis that the applicationprogramminginterface
(API) of GL4D is constructedn the style of an OpenGLlibrary API,

sothatit cansene asa highly-transparenprogrammingervironment
for developing4D visualizationapplications.

Related Work. Early researchon the visualization of high-
dimensionageometnjincludedthework of Noll [32] andBanchof [2,
3], who exploited 3D computergraphicsmethodsto display four-
dimensionabbjects.Methodsexploitedin avariety of earlyworks[1,
18,19,25-27]includedwireframerepresentation$yperplaneslicing,
color coding,view transformationsprojection,andanimation.
Extendingthe methodsof 3D renderingby analogyto the fourth
dimensionBurtonetal. [10,35] andHansonandHeng[23] proposed
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Fig. 1. Overview of the GL4D Architecture.

variousframenorksthatincludedlighting modelsfor thevisualization
of 4D geometries Rendering3D geometryontoa 2D screenwasre-
placedby projecting4D geometryinto a 3D imagevolume,including
both color and depthbuffering to supporthiddensurfaceremoval in
the4D-to-3Dprojection.HansorandHengalsoproposedthickening
mechanismn orderto corvert 2D surfacesand 1D curvesembedded
in four-dimensionalspaceinto renderable3-manifolds. The result-
ing volumeimagesnaturally required3D volumerenderingmethods
to exposetheinternalstructureof the projected4D geometry Alpha
blendingalongthe 4D projectiondirectionwasnotimplemented An
alternatve volumerenderingto exposegeometricstructureafter 4D-
to-3D projectionwassuggestedby Banks[4] , who employed princi-
pal curveson surfaces transpareng andscreen-dooeffectsto high-
light intersectiondn the projectedgeometry;in addition, Banks[5]
proposedigeneraimechanisnto computediffuseandspeculare ec-
tion of ak-manifoldembeddedn n-space HansonandCross[11,21]
developedtechniquesmplementing4D renderingwith the Shirley-
Tuchmanvolume method[34]. assuminghat the objectsin 4D are
staticandocclusion-freen the 3D imagebuffer. Suchmethodscannot
provide real-timeocclusioncomputatiorandhave limited interactvity
comparedo themethodsntroducedn the currentpaper

Approachedo closelyrelatedproblemsinclude Feinerand Besh-
ers[17] “worlds within worlds” interface systemto manipulateand
explorehigh-dimensionatiataspacevia nestectoordinatesystemsA
relatedsystemdevelopedby Miller andGavosto[30]; usedsampling
methodgo renderandvisualize4D slicesof n-dimensionadatasuch
asfractalsandsatelliteorbits. Duf n andBarrett[12] proposeda user
interface designto carry out n-dimensionalrotation. Among other
interestingcontritutionsto the eld arethoseof Egli etal. [13], who
proposeda moving coordinateframe mechanismto generalizethe
sweepingnethodfor representindnigh-dimensionatiata,the work of
Bhaniramkaetal. [8], who exploredisosurgcingin high-dimensional
databy a marching-cube-lik algorithm for hypercubesand that of
Neoptytou andMueller [31], who investigatedthe useof splattingto
display4D datasetsuchastime-varying 3D data. Recently Hanson
and Zhang [24] proposeda multimodal user interface design that
integratesvisual representatiomndhapticinteraction,allowing users
to simultaneouslysee and touch 4D geometry; this approachwas
thenextended36] to exploit theideaof areduced-dimensioshadav
spaceo directly manipulatehigherdimensionabeometries.

Contrib utions of this paper include:

1. The GL4D framework, a novel visualizationarchitecturegfor 4D
geometnbasedn state-of-the-anprogrammablgraphicshard-
ware. Our approachcarefully exploresand adoptsvariousfea-
tures of the GPU, including the geometryshader to provide
the rst completeexampleof GPU-basedD renderingmethods
supportingnteractive visualization.

2. Thedelivery of high-quality4D geometryisualizationthatsup-
portsinteractve controlsfor awide rangeof aspectsThisis the
rst environmentthatcandeliver both high-qualityvoxel-based
renderingof the 3D imageandreal-time4D fragmentlighting
andblending,aswell asocclusioncomputationfor 4D geome-
try. In particular we exploit a new conceptof transparengpro-
cessindor 4D geometryby adoptingthedepthpeelingtechnique

to 4D andproperlyblendingprojectedragmentgalling into the
samevoxel. In addition,we alsosupporta variety of visualcues,
suchasself-intersectionsyithin the framawvork of GL4D.

3. An OpenGL-styleAPI library for the GLAD implementatiorthat
cansene asa transparenand genericinterfacefor developing
4D visualizationapplications.

Paper Organization. The paperis organizedasfollows: After the

architectureoverview presentedn Section2, Sections3 and4 detail

the GPU-basegbrocedureor processingninput streamof 4D tetra-
hedrons: Section3 focuseson the applicationof vertex and geom-
etry shaderdor transformationsn 4D and volumetric rasterization,
while Section4 presentghe pervoxel processingstepsin the frag-

mentshaderincluding4D lighting andhiddensurfaceelimination(or

alphacompositionin caseof transpareng). Section5 shaws the re-

sultsof applicationgo various4D geometricmodelsandpresentshe

library API of GL4D. Finally, Section6 presentghe conclusionand

discussegpossibledirectionsfor futurework.

2 OVERVIEW: THE GL4D ARCHITECTURE

TheGL4Dvisualizationarchitecturds arasterization-base@ndering
systenfor 4D virtual mathematicalvorldsusingthetetrahedrorasthe
renderingprimitive. Its designparallelsthecorventionalrasterization-
basedrenderingpipelinein 3D computergraphics:In 3D computer
graphicswe have 2-simplicesj.e., trianglesasthe primitive elements
usedto represensurfacesin 3D thathave uniquenormalsandrespond
to lighting models;in the 4D computergraphicsworld of GL4D, we
have 3-simplices,i.e., tetrahedronsasthe building blocks of hyper
surfaces(3-manifolds)in 4D that have uniquenormalsand respond
to lighting modelsgeneralizedo 4D virtual worlds Tetrahedronsre
thereforethe elementaryenderingprimitivesneededo supportight-
ingin a4D renderingervironment.

2.1 4D Geometry Input for GLAD
TheGLA4D architecturesupportghesetetrahedron-baseadputs:

1. Tetrahedons- Individual tetrahedronsreinputto GL4Din im-
mediatemodeusing the obvious sequencef glVertex calls
betweerglBegin andglEnd .

2. Hypesurface{Hexahedal meshes) A retainedmodeallowsus
to directly load hypersurbcesby meansof a hexahedralgrid of
4D verticesthroughcommandtallsin the GLAD API.

3. Surfaceembeddeih 4D - We canalsoinputlower-dimensional
geometriessuchas 2-manifolds(surfaces),throughcommand
callsin GL4D. Justaswe mustthickena 3D spacecurve to form
arenderabldgubein 3-spacewe needto thicken 2-manifoldsto
allow themto interactuniquelywith 4D lights. The thickening
processn [23] is employedinternallyinside GL4D to build the
geometriarepresentationis termsof 4D tetrahedrons.

2.2 Hexahedral meshes

In 3-spacewe canparameterize surfaceby a mappingfrom a uv-
parametricspaceto a 2D-grid of 3D coordinatesIn 4-spacewe can
alsoparameterizan intrinsic or thickened3-manifold by a mapping



from auvw-parametricspaceo a 3D-grid of 4D coordinatesWe refer
to this geometricasa hexahedal mesh

In GL4D, we cande ne avectorof four parametrieequationgeach
for onedimensionin 4D) in termsof u, v, andw, andpasgheequations
to GL4D. GL4D canuniformly (and possiblywith an adaptve strat-
egy) samplethe equationsandconstructa hexahedraimeshinternally
By decomposingachcell in the hexahedralmeshinto tetrahedrons,
GL4D transferghegeometrydatato thetetrahedron-basgarocessing
pipelinein the GPU.It is worthwhilenotingthatpervertex normalsin
the meshcanbe computedeithervia an explicit parametricequation,
via the Gram-Schmidfprocessand a 4D crossproduct,or explicitly
inputfrom theuser

2.3 Overview: Tetrahedr on-Processing Pipeline

Thetetrahedron-processimgpelinein GL4D is divided into the fol-
lowing threemajorcomponentsthe rst oneis onthe CPUside,while
theothertwo areonthe GPUside;seealsoFigurel.

The rst components atetrahedroressellatoon the CPUside
to generata tetrahedrorstreamgiven differentkinds of userin-
put, for example,hexahedraimeshesr variouskinds of 4D ge-
ometries.

The secondcomponentin GL4D is the geometrysubsystem,
which parallelsthatin corventional3D rendering.It includesl)
a pervertex transformatiorunit thatemploys the vertex shader
to transform(modelviev and projection)the 4D geometryfrom
4D objectspaceto 4D eye spaceand nally projectsto the 3D
volumetricscreen,and 2) a 3D-rasterizationunit that employs
thegeometryshadeto voxelizetheinputtetrahedronito scan-
planesof voxelsin the 3D projectedgeometry

The last componentis a GPU-basedper-fragmentprocessing
unit thatcarriesout pervoxel computatiorafter 3D rasterization
(or voxelization).Herewe performpervoxel operationsuchas
lighting andocclusioncomputatiorto createa volume-rendered
imageof the4D geometry We canalsoincludevisualcuesother
thanlighting in this perfragmentprocessingtep;seeSections.

3 GL4D: THE GEOMETRY SUBSYSTEM

Following theorderindependendesignfor renderingrianglesin con-
ventional3D graphicshardware, GL4D also usesorderindependent
processindor theinput tetrahedronsAfter tetrahedronransferfrom
the CPUside, the GPU sideusesthe vertex shaderandthe geometry
shadetto transformandvoxelize the input tetrahedronsandthenthe
fragmentshadeiprocessemdividual voxel fragments.

3.1 Vertex Shader: Transformation and Projection

The rst stepon the GPU sideof GL4D is the vertex shadeffor per
vertex transformatiorin 4D; the4D modelviev transformatioris rst

appliedto transformeachvertex coordinatefrom object-spacdinput
from the 4D tetrahedronsjo eye spacein 4D, while the projection
transformatiorprojectsthe resultantye-spaceoordinatego the vol-
umetricimagebuffer. Userscaninvoke variousGL4D commandgo
setup themodelviev andprojectiontransformationsn 4D. Notethat
in 3D, we projectandimage3D objectson a 2D screenwhereasn

4D, we projectandimage4D objectson a volumetricscreenjaterin

the GL4D pipeline, GPU-accelerate@D volumerenderingis usedto
representhe contentof the volumetricscreerimage.

Object space Eye space 3D NDC space

Position in 4D Position in 4D Position in 3D

Tetrahedron iput Normals in 4D Normals in 4D

in object space

4D Modelview 4D to 3D Projection

Fig. 2. Vertex shader: per-vertex processing: 4D modelview transfor-
mation followed by 4D to 3D projection.

At theendof eachvertex shadercall, eachresultantvertex hastwo
coordinatesattached:a 4D eye coordinateafter the 4D modelviev
transform,anda normalizeddevice coordinatede ned in the spaceof
the volumetricscreen.In addition,we alsotransformthe 4D normal
vectorfrom the 4D objectspaceto the 4D eye spaceto supportper
voxel 4D lighting laterin thefragmentshaderseeFigure2. Notethat
we cansupportnot only orthographigrojection,but alsoperspectie
projection, as demonstratedn the hypercubevisualizationexample
shavn in Section5.

3.2 Geometry shader: Rasterizing the Tetrahedr ons

In orderto supportpervoxel lighting andpervoxel hiddensurfacere-
moval (and alphacomposition)in the fragmentshaderwe rst have
to rasterizethe input tetrahedroninto voxel fragmentsnsidethe vol-
umetric screenbuffer. Herewe apply the geometryshademprovided
by the programmableenderingpipelineto carry out a perprimitive
(pertetrahedron3D rasterization. It is worthwhile noting that ex-
isting voxelization methodg[14,16,29] were originally designedor
voxelizing triangle-base@D modelsithesemethodsio notapplyef -
ciently to the voxelizationof our volume-boundindetrahedronsOur
3D rasterizatiorof tetrahedrongs designedasfollows:

Assemblingletrahedpns. First, sinceno renderingprimitivesin
corventionalgraphicshardwarearedesignedor tetrahedrortransfer
we mustadaptexisting renderingprimitivessothatthe graphicshard-
warecanproperlyassembléndividual tetrahedronen eachgeometry
shadercall. Herewe emplogy the geometry-shadespeci ¢ primitive,
namelyGL_LINES _ADJACENCYEXT; sincethis primitive typeis 4-
vertex-basedwe cangroupthe four verticesof eachtetrahedrorinto
a singleadjaceng line primitive. In this way, the primitive assembly
unitin thegraphicshardwarecanproperlygroupthefour correspond-
ing verticesin asinglegeometryshadercall.

Badkface Culling. On commaoditygraphicshardware, backiace
culling of trianglescanbe doneby computingthe crossproductof the

two on-edgevectorsfrom the rst vertex in atriangle(in eye space),
andthenby checkingthe signof thez-componenin theresultantvec-

tor. If the z-componenhasthe samesign asthe viewing direction’s

z-componentthetriangleis back-ficingandcanbeculled.

(Above the
paper) p 0

(Above the
paper) po -

-

P2 P3

p,P,p; — clockwise order  p,p,P; — anti-clockwise order

Fig. 3. Two possible vertex orderings in a tetrahedron; in the gure, po
is above the paper, whereas the other points are on the paper.

In 4D graphicswe canimplementananalogousnechanisnfor dis-
cardingback-faicingtetrahedrons thegeometryshaderWe rst must
ensurethatthe verticesin all input tetrahedronsireorderedin a con-
sistentmanner Notethatgivena 4D tetrahedrorwith the vertex input
sequencd po; p1; P2; P3), We canhave two possiblespatialarrange-
mentsasshavn in Figure 3: First, we candeterminea 3D subspace
containingthe tetrahedrorsimilar to a 2D planecontaininga triangle
in 3D; then,thetwo possiblespatialarrangementare:

1. p1p2ps arein clockwiseorderasseenfrom pg in the 3D sub-

spaceof thetetrahedron

2. p1p2p3 arein anti-clockwiseorder as seenfrom pg in the 3D
subspacef thetetrahedron

In GL4D, all input tetrahedronshouldbe orderedin anti-clockwise
order or elsethefacenormalwill be ipped. We cancomputethe4D
crossproductasadeterminant:

le V2X \BX X

_ Vly \/Zy V3y )7

Facenormalof atetrahedron = vl, V2, V3, 2
Vlw V2W \BW W ’



wherev; = pi  po = (Vix; Viy; Viz Viw), with i = 1, 2, and 3, arethe
threeon-edgevectorson thetetrahedrorfrom pg. Furthermoresince
backfceculling requiresonly the sign of the w-componentn there-
sultingfacenormal,we cansimplify the computation:

Vi V2 V3
Facenormafsw component = | vl, v2, V3,
vl v2; V3y

= leyz ( \/2xyz V3xyz) .

In this way, we canreadily implementthe above computationin the
geometryshaderasa 3D crossproductfollowedby a 3D dot product.
If theresultantv-components negative, thetetrahedroiis back-facing
andcanbe culled. Following the corventionin OpenGL,usersof the
GL4D API canalsoenableor disablethis 4D culling feature.

Multi-slice Rasterization. In orderto trigger a fragmentshader
call for eachvoxel fragmentinside a 3D-rasterizedetrahedronwe
employ a multi-slice (multi-pass)rasterizationschemeto voxelize
tetrahedrongrom backto front insidethe volumetricscreen.In each
slicing step,thetetrahedronarevoxelizedon a speci c slicing plane,
and all theseslicing planesare parallelto the 2D screenin the eye
spacewith respectto the virtual camerathat rendersthe volumetric
screerontothedisplaywindow. Hencewe canproperlyvoxelizeeach
tetrahedrorslice by slice from backto front in an orderindependent
manney and canstill correctly composethe fragmentcolorslaterin
thefragmentorocessina.

S+
Slicing plane Slicing plane

\\

Fig. 4. Two possible cross-sections when slicing a tetrahedron with a
plane: a triangle or a quadrilateral; note that vertices behind the slicing
planes are colored in red.

To efciently voxelize a tetrahedrorover a speci c slicing plane,
we adoptthe Marching Tetrahedrormethod[37] to rasterizea tetra-
hedronvolumein GL4D. When a slicing planeintersectsa tetrahe-
dron(seeFigure4) thereareonly two possiblevoxelizablefootprints:
1) atriangle,wherethe slicing planecutsthreeedgesof the tetrahe-
dron,and?2) a quadrilateralwherethe slicing planecutsfour edgef
the tetrahedron.For bothcaseswe nd thatthe outputcanbe mod-
eledasatrianglestrip, and,hence we canemploy trianglestrip (i.e.,
GL TRIANGLESTRIP in OpenGL)astheoutputprimitive typefrom
thegeometryshader

Moreover, our geometryshadercan label eachvertex as positive
(takesvaluel) or negative (takesvalue0), dependingnwhichsidethe
vertex resideswith respecto a givenslicing plane;seealsoFigure4.
Then, we can pack the zerosand onesof the four verticesas a 4-
bit integer so that we can quickly index the intersectingedgesfrom
a constructecedgetable in the geometryshadercode. In this way,
we canef ciently computethe edge-planéntersectionsandoutputthe
intersectingshapeasatrianglestrip.

Outputfrom GeometryShader Triangle strips output from the
geometryshadearerasterizedy the standardasterizatiorengineon
thegraphicshardware, andhencewe cantriggerafragmentshadecall
to processachrasterized/oxel fragment.

Whenthe geometryshadergenerateshe triangle strips, we attach
to eachassociatedrertex a setof threeattributes: a projectedposi-
tion (gl _Position ) insidethe volumescreenbuffer, anda 4D po-
sition and normalin the 4D eye space. It is worthwhile noting that
afew interpolationstepsarerequiredin the geometryshadetto com-
pute thesepervertex attributesat the edge-planéntersectionpoints
becausedheseattributesare originally given (from the vertex shader)

only at thetetrahedrorvertices. After the geometryshaderthe stan-
dardrasterizatiorenginecanthenhelpto furtherinterpolatethesedata
overtherasterizedrianglestrips;thefragmentshadethatfollowsthus
recevesthesedatafor eachvoxel fragment.

4 GL4D: VOXEL FRAGMENT PROCESSING

With the goal of supportinghigh-quality 4D lighting and occlusion,
GL4D performslighting, hiddensurfaceremoval, and transparenc
compositionin a pervoxel mannerin the fragmentshader Note that
earlier 4D visualizationwork performedlighting and occlusionin a
pervertex or even perprimitive manney andback-to-frontsorting of
tetrahedronswas required before the volume rendering. Note that
whentetrahedrongre projectedfrom 4D to 3D, the projectedtetra-
hedronsmayintersecteachotherin the volumetricscreerregion, and
perprimitive sorting may not always properlyidentify the occluding
regions. With pervoxel fragmentprocessingywe canguarantedigh-
quality self-intersectiordetection.

4.1 Hidden surface removal

The rst pervoxel-fragmentoperationcarried out in the fragment
shaderis hiddensurfaceremoval. Herewe take a “camou age ap-
proach”by employing the earlydepthculling mechanisnavailableon
existing graphicshardware. At the end of the geometryshaderwe
replacethe z value in the output position (e.g., the gl _Position
outputfrom the geometryshader)py the depthvaluealongthe 4thw-
dimensionhencetheearlydepthculling takesthew-dimensiordepth
asits input aswell asthe book-keepingvaluein the depthbuffer. As
aresult,we canefciently discardoccludedvoxel fragmentswithout
invoking thefragmentshaderon them.

4.2 Per-voxel lighting

Thesecondervoxel operatiorthattakesplacein thefragmentshader
is pervoxel lighting in 4D. Herewe employ theinterpolated4D nor-
malsand positions(in eye space)thesewereoutputfrom the geom-
etry shaderandwere later interpolatedby the standardrasterization
engine.We emplgy thestandardPhongillumination (in 4D eye space)
becausef its simplicity andef ciency in the shadeicomputation:

| = ka+ kgmaq L N;0) + ksmax (R V)™;0);
whereN, V, L, andR arethe normalvector, the view vector(from the
voxel fragmentto view point), the light vector (from the voxel frag-
mentto the light source),andthe light-re ected vector respectrely;
| is the resultantre ectancefrom the voxel, whereaska, kg, ks, and
ns aretheambientdiffuse,specularandshininesgerms respectiely.
NotethatN, V, L, andR areall unit vectorsde ned in 4D eye space
and4D dot productshave to be used.Furthermorefollowing the con-
ventionalOpenGLlighting modelin local viewer mode,we cansetV
to be(0; 0; 0; 1) whenlocal viewer modeis enabled.

4.3 Notion of Rendering 4D Transparent Objects

In additionto opaque4D objects,we also supportthe renderingof
transparendD objects.In thecaseof 3D graphicswe rendertranspar
entobjectsby composinghefragmentghatfall ontoeachscreemixel
eitherfrom backto front or from front to back;implicitly, we basethis
orderingon the z-distanceof the fragmentsfrom the eye point. While
suchan alphacompositionprocesds well-developedin 3D graphics,
its extensionto 4D need<clari cation.

In 4D graphicssincewe eventuallydisplaythe nal renderingona
2D computerscreengachscreempixel could nd its projectionfrom
ary pointin a2D subspaceatherthanalonga 1D projectie line asin
3D graphics.Thereforewe do not have a straightforvard z ordering.
We could have thefollowing situations:

First, if the 4D objectis opaquewe canignorethe alphacom-
positionin the w-dimensionandperformthe hiddensurfacere-
moval asin subsectiord.1; hence,we take only the w-nearest
voxel fragmentin the 3D volumetricscreen.



Second,if the 4D objectis transparentwe can composethe
voxel fragmentsthat fall into the samevoxel (in the volumet-
ric screenjn aback-to-front(or front-to-back)mannerlongthe
w-dimension. After alphacompositionalongthe w-dimension,
the volumerenderingstepthatfollows will furthercomposehe
voxel fragmentsalong the z-dimensionto the nal screen;see
Figureb. Sincethe4D modelviav andprojectiontransformsare
interactively controlledby theuser we leave the subspacerder

ing decisionto theuser

Finally, the usercan also disablethe alphacompositionin the
volumerenderingstepfrom 3D to 2D screengxposingonly the
w-dimensionalphacompositioneffectin the nearest layer.

Thoughthe above approachesio not perform alphacomposition
directly over the entire zw-subspacdor eachscreenpixel, we argue
whethersuchadirectapproacttanexist asthereareno obviousdepth
orderingsfor voxel fragmentover the entirezwsubspaceHence we
proposethe above achievableapproacheso renderingdD transparent
objects,andindeed thesearefeasiblemethodghatcanbe practically
realizedon shaderswith existing GPU technology aswe seein the
next subsection.
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Fig. 5. Rendering transparent 4D objects: alpha composition along w-
dimension followed by z-dimension.

4.4 Dual Depth Peeling for 4D Transparent Objects

To supportef cient alphacompositionalong the w-dimensionwith
properdepthsorting(asin thesecondandthird approacheabove), we
extendtheconventionaldualdepthpeelingmethod 7, 15]; thismethod
can handle2n depthlayersin n renderingpassesand ve textures
areneededn the implementation:two of themare usedfor storing
minimumandmaximumperpixel depthvaluesin aping-pongmanner
acrosssubsequentenderingpassesanotherntwo storeperpixel color
and alphavaluesaccumulatedrom the front and back peelingside
(alsoin a ping-pongmanner);the lastoneis for storingthe color and
alphavaluesaccumulatedrom backto front peeling.
Notethattheping-pongtechniqués adoptedor themin-maxdepth
value, the accumulatedtolor, andalphavaluesto avoid a read-write
hazardwhengoing from onerenderingpassto the next, andwe use
GL_MAX blendingmodefor all threerendertargetsasin OpenGL.
With suchan adaptationwe can producetransparentenderingsof
objectsin 4D suchasthe 4D hypercubeasillustratedin Figure14.

5 IMPLEMENTATION AND RESULTS

In this sectionwe rst describeheimplementationssuesandperfor
manceanalysisof GL4D; we thenpresenthe visualizationresultsfor
various4D modelsandbrie y outlinethelibrary API of GL4D.

5.1 Implementation Issues

GL4Dis implementedntop of OpenGL2.1,andrequiressupportfor
the geometryshadetto handlepertetrahedrorprocessing.The basic
principlesof theimplementatiorarelistedin thefollowing.

\ertex Buffer Object. To avoid excessie geometrytransferand
redundant/ertex programcomputation(for the samevertex), the re-
tainedmodeof GL4D cacheghe 4D geometryinput on the GPU as
(index-based)vertex buffer objects,which storesthreearraysof data
attributes:onefor 4D object-spac@ositions,onefor 4D object-space
normals(for each4D position),andonefor indices,with eachsetof
four consecutie indicesforming onetetrahedrorin 4D.

Hexahedal-cell-to-tetahedon Decomposition. In the hexahedral-
cell-to-tetrahedrordecompositionwe can divide a hexahedralcell
into ve or six tetrahedronssdepictedin Figure6. However, if we
examinethetrianglepatternon matchingfacesof adjacentellsin the
decompositionthe patternsn the six-tetrahedrordecompositiorcan
matchproperlywithout a T-join, while the ve-tetrahedronlecompo-
sitionapparentlydoesnot. However, we canwork aroundthis by using
a ve-tetrahedromlecompositiorthatalternateswo differentorienta-
tionsof the ve-tetrahedromlecompositionin a hexahedraimesh;see
Figure7. We canthusseamlesslynatchthe diagonalsacrossneigh-
boring hexahedralcell faces(seeFigure 7 (right)), while generating
fewer tetrahedronascomparedo the six-tetrahedromlecomposition.

=501
‘six-tetrahedron|
decomposition

five-tetrahedron
decomposition

Fig. 6. Possible ways of decomposing a hexahedral cell into tetrahe-
drons: six tetrahedrons (top) and v e tetrahedrons (bottom).
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Fig. 7. Decomposing a hexahedral mesh into tetrahedrons by alternat-
ing the orientations of v e-tetrahedron decompositions.

Tetrahedon-slicing To speedup the performanceof primitive
assembly(alsoknown aslA, the input assemblerandthe geometry
shaderwe computefor eachrenderingframethe z rangeof groupsof
tetrahedrons.Then, for eachmulti-slice renderingpass(within each
renderingframe),we assembl@nly thetetrahedronghatoverlapwith
the z valueof the currentslice; hencewe canreducethe workload of
primitive assemblyandavoid intensve tetrahedron-slicentersections
in thegeometryshader

5.2 Performance of GL4D

Table 1 shaws a performanceanalysisof GL4D; three PC systems
equippedvith differentgraphicshoardsvereemployedto renderthree
different4D models(hypercubeAD torus,and Steinersurface)with
pervoxel hiddensurfaceremoval andpervoxel lighting in 4D:

860Q Dell OptiPlex GX620with Intel PentiumD 3GHz, 1GB
memory andGeForce8600GTS;



Fig. 8. Rotating the hypercube in 4D space. This is a 3-manifold composed of eight 3D cubes; we shade each 3D cube with its own color.

9800GT Dell XPS 730 with Intel Core 2 Quad CPU Q9400
2.66GHz,3GB memory andGeForce9800GT;

GTX285 Dell PrecisionT5400with Intel XeonCPU2.50GHz,
8GB memory andGeForceGTX285.

Table 1. Frame rate (frame per second) of GL4D for different 4D models
and different PC systems with different numbers of slices.

Number of slices: 64 128 256 S12

Hypercube Num. Tetrahedron sliced: 1920 3840 7680 15360

(40 tetrahedrons) 8600 57 30 15 8.5
9800GT 59.9 59.88 29.95 15.98

GTX285 59.95 59.95 29.95 19.98

4D Torus Num. Tetrahedron sliced: | 672000 1363200] 2736000] 5500800
(115200 tetrahedrons) 8600 20 12.5 7.2 37
9800GT 29.95 19.98 9.98 544

GTX285 59.95 29.97 29.93 14.98

Steiner surface Num. Tetrahedron sliced: | 886800] 1770400] 3533600] 7064000
(115200 tetrahedrons) 8600 18.6 10 53 2.7
9800GT 29.94 19.96 9.98 499

GTX285 58.53 29.97 19.97 14.98

It is worth noting that althoughthe hypercubeonly has 40 4D
tetrahedronsthesetetrahedrongrerelatively large in sizecompared
to tetrahedronsn other models; hence,they producea substantial
numberof tetrahedron-slicéntersectionsand voxel fragments. The
numberof slicesin the 3D rasterization(or voxelization)processcan
greatlyaffect the performancgandquality) of GL4D; the greaterthe
numberof slices,the moretetrahedron-slicéntersectionccur (the
rst datarow for eachmodelshowvn in thetable),andhencethemore
callsto thegeometryshadeandthemorevoxel fragmentdor thefrag-
mentshadetto process.In general, 256 slicesareemployedin prac-
tice. We alsotestedthe performanceof GL4D on a seriesof three
successie generationsf graphicscards: GeForce 8600, GeForce
9800GT andGeForce GTX285. We canseefrom the tablethatreal-
time performanceanbeachievedwith thelatestGPUtechnology For
instance usingthe GTX285to displaythe at torususing256slices,
GL4D cangenerate81:9M tetrahedron-slicentersectionpersecond.

5.3 Visualization Results

In this subsectionye explore and demonstratevariousvisualization
effects on different4D geometricmodels,including the hypercube,
the at torus(Tz), the knottedsphere Steiners Romansurface,and
the CP? quintic 2-manifoldcorrespondingo a cross-sectiomf string
theory's quintic Calabi-Yau 6-manifoldin CP*,

Hypercube Consideringa 3D cubeasa two-manifoldcomposef
six 2D squaresoundinga solid 3D block, a 4D hypercubecansimi-
larly bethoughtof asa 3-manifoldbuilt from eight3D cubesbounding
asolid 4D block. Figure8 depictsanimagesequencebtainedby ro-
tatinga 4D hypercubein a x ed planein 4D spacethe boundary3D
cubesareshadedvith differentcolorssothatwe canseewhich cubes
arefacingthe 4D cameragcubeswith back-facingnormalsarehidden
from sightin the 4D view. The initial viewpoint shavs threeof four
possibldront-facingboundarycubesandthe4D projectionrotatesun-
til only thesingleredcubeis facingthe4D cameraThelower left cir-
clescontainthefour coordinateaxesprojectedo the 2D screerspace.
In the penultimateview, thered axisdisappeardecausét alignswith
our 4D viewing ray. Finally, we turn down the opacityto shav more
internaldetailsof thejello-like redcube.

We demonstratdD perspectie projectionin GL4D with thehyper
cubein Figure9. Theleft sub- gure shavs an orthographicview of
the hypercubewhile the middle andright gures employ shorterand
shorterfocal lengths(larger elds of view) in the virtual 4D pinhole
camera.Unlike ordinary 3D projection,the perspectie distortionin
theright gure persistsn any 3D viewpointif we wereto make a 3D
rotation;it is afeatureof the4D, notthe 3D, projection.

P

Fig. 9. Hypercube under different projections; Left: orthographic; mid-
dle: perspective; right: also perspective, but with a larger eld-of-vie w
(and the 4D camera moved closer to the hypercube).

Flat Torus. The at torus(T2) is a particularembeddingf the fa-

miliar donut-shape@D torusthatis completely at in 4D Euclidean
space. GL4D addscircles at eachpoint to createa thickened 3-

manifold from this 2-manifoldembeddedn 4D. Figure 10 shawvs an

imagesequencef the projectedtorusrotatingin 4D. Theinitial pro-

jectionto the XYZ subspacés atube-shapedbject;seethe rst axis
iconfor the rst two sub- gures.After reducingtheopacityvalue(i.e.,

the secondsub- gure), we graduallyrotatethe torusto its XYW sub-
space. The bright rings embeddedn the shapecomefrom specular
highlightsin the 4D lighting. After we rotatethetorusin 4D slightly

off theXYZ axes(thethird sub- gure), thesingle-ringhighlightsstart
to split and the volume visualizationhelpsto reveal featuresof the

internalstructureasthe objectis rotatedto different4D projections.

KnottedSphee. Theknottedsphereembeddedn 4D spacds con-
structedby spinning a knotted line segmentarounda central axis.
GL4D thickensthis 2-manifoldto male it locally a 3-manifoldin 4-

space;certainanomaliesare expectedto remainfor topologicalrea-
sons. In Figure 11, we presentrst the opaqueknottedsphere(the
leftmost sub- gure). Sincethe de ning 2-manifold for the knotted
sphereis constructedver a 2D parametricdomain,GL4D canapply
texturesontotheknottedspherdn the parametespace This opensup

theinterior visibility of the opaquerenderingasshavn in the second
sub gureof Figurell. In practice GL4D cansampleaninput 2D tex-

turein thefragmentshadeiby usingthe parametriccoordinatesNext,

we canreducethevoxel opacityin thevolumerenderingaswell asan-
imatingthelighting direction,asshawvn in the sequencen right hand
sideof Figurell.

SteinerSurface  In the visualizationof Steinersurface, we ex-

ploit the stereoviewing capability of GL4D. We can setup a pair
of 4D virtual cameraswith usercontrollableinteroculardistanceand
renderstereopairs; Figure 12. shaws stereoviews of two different
4D orientationsof the Steinersurfacewith divergentviewing (wall-

eyed/paralleliewing). For eachorientation we renderalsoanopaque
versionof thegeometry

Calabi-Yau Quintic Cross-section. Finally, we usethe GL4D tools
to rendera comple patch-basedurfacegeometryinto the volumetric



Fig. 10. Rotating the 4D embedded at torus (from left to right) in the ZW plane, from XYZ to XYW; note the change in the axis icons.

Fig. 11. Knotted sphere projected from 4D space; from left to right: we use a large opacity value in the volume rendering so that the model appears
like an opaque surface; a screen door effect is added by applying a checkerboard deletion pattern in the parametric space; next, we reduce the

opacity and animate the 4D lighting direction.

screerbuffer. Figure13 showvsthe Calabi-Yauquintic cross-section
consistof 52 = 25 patcheseachshadedvith differentcolorskeyedto
thetwo phasetransformationsppliedto the fundamentapatch[20].
Notethatthis complicatedsurfacecanresultin alargenumberof self-
intersectionsvhen projectedto the volumetric screenbuffer. GL4D
canef ciently detectandhighlighttheseself-intersectionsisingaper
voxel andperslice method,similar to the screerparallelapproactto
intersectioncurvesdescribedy Banks[6]. Intersectionsaremarked
in redin theright columnof Figure13.

Fig. 13. Two different views of Calabi-Yau quintic cross-section in 4D;
the red color (2nd column) indicates self-intersection in the projection.

4D Transpaencywith Dual DepthPeeling By adaptingthe dual
peelingmethodto render4D objects,we cancorrectlysortandcom-
posefragmentsthat are projectedinto the samevoxel locationin the
volume screenbuffer. Figure 14 illustratesthe renderingresult; the
rst columnshows two posesof the hypercuberenderedwvithout the
dual depthpeeling;only onecolor is received pervoxel asthe object
is opaquein the 4D to 3D projection. The secondandthird columns
shaw correspondingtereoviews, but with 4D transparencsupported
by dual depthpeeling; here,eachvoxel canreceve multiple colors
originatingfrom differentboundarycubesin the projectionalongw.

Fig. 14. Rendering the 4D hypercube with and without 4D transparency;,
in the right and left columns, respectively; stereo images with divergent
viewing are used in the transparent renderings.

5.4 The library API

Thelibrary API of GL4Dis built ontop of OpenGL2.1,andit consists
of thefollowing four groupsof functions:

Initialization:  First, we have gl4DInit to initialize various off-
screenrenderingbuffers (implementedusing frame buffer objectsin
OpenGL)andload the shademprograms(vertex, geometry and frag-
mentshadersjnto the GPUmemory

Parametersettings: Next, we canemploy gl4DParamto assigrvalues
to variousparametersn GL4D, including transformationslighting,
material, texture, culling, opacity valuesin the w-dimensionand z-
dimensionaccumulationandvariousstateenablingparameters.

Geometnjinput: Therearetwo renderingnodesin GL4D:

Immediate mode: we can call gl4DBain (with
GL4D_.TETRAHED®NS or GLAD_.TETRAHED®N_STRIP
to start an input session,followed by some numberof calls
to gl4DNormal and gl4DVertex to input normalsand vertices,
endingwith gl4DEnd

Retainednode:we canalsopasgheentire4D geometrythrough
various GL4D functions, e.g., gl4DSurfacede nes a paramet-
ric surface(with thickening)andgl4DHexahedglGrid createsa

hexahedralrid of 4D vertices.

Renderingcontol:  Finally, we use gl4DClearBufer to clear the
buffers, and gl4DRenderBgin and gl4DRenderEndo de ne aren-
dering sessionin GL4D; gl4DRenderBgin startsa GL4D rendering



Fig. 12. Steiner surface: two stereoscopic views using divergent (wall-eyed) viewing.

sessiorandactivatesthe shadersyhile gl4DRenderEn@ndsthe ses-
sionby performingGPU-acceleratedolumerendering:it renderghe
tetrahedrorfragmentsthathave accumulatedn the volumetricbuffer
into the standardramebuffer.

6 CONCLUSION

This paperproposesa carefully-designedrisualizationarchitecture
thatadaptsa state-of-the-arprogrammableenderingpipelinefor the
visualizationof 4D mathematicamodels.The proposedsL4D archi-
tectureis a highly-efcient GPU-based\PI, taking advantageof all
existing shademodulesin the GPU hardwareto ef ciently processa
streamof tetrahedronandproducevolume-renderestiews of 4D ge-
ometries. We incorporatevisual effectsinto the GL4D framework, in-
cludingstereoviewing, texturing, ascreendooeffect, self-intersection
ags, and4D lighting, aswell asthe novel notion of 4D transparenc
compositionithelatteris supportedyy extendingthe dualdepthpeel-
ing methodinto the fourth w-dimension.

In future work, we hope to explore the inclusion of high-
performanceray tracing methodsin GL4D to improve the rendering
quality andto extendthe scopeto includesucheffectsas4D shadavs.
Wewould alsolike to applythe GL4D architectureo thevisualization
of moretypesof mathematicamodelsandadditionalclasse®f 4D in-
formationsuchas3D scalar elds [22] andtime-dependerdata.A 3D
scalareld, for example,canberenderedisa 3-manifoldof 4D height
values(like a top-davn view of a 2D elevation map), whosenormal
vectorsresultin extremely detailed4D diffuse and specularshading
effectsin thevolumerendering We alsohopeto integrateGL4D with
interactionmethodssuchashapticdevicesandthe Wii Remote.
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