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ABSTRACT
In this paper, we introduce a novel heuristic approach de-
signed to optimize the performance of Greenberger-Horne-
Zeilinger (GHZ) creation and distillation protocols under de-
coherence. Our methodology converts these protocols into
a practical set of instructions, demonstrating, through sim-
ulations, the production of higher-quality GHZ states than
previously known protocols. This advancement contributes
to the field of distributed quantum computing by addressing
the need for high-quality entanglement required for opera-
tions between different quantum computers.
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1. INTRODUCTION
In a distributed ormodular quantum computer we connect

small or medium-sized quantum computers with entangled
states to emulate a large-scale quantum computer. The sub-
systems of such a computer could be mounted on a photonic
chip or form the nodes of a quantum network. These subsys-
tems could, e.g., be ion traps, neutral atoms, and diamond
defect centers, like nitrogen-vacancy (NV) , silicon-vacancy
(SiV) , or tin-vacancy (SnV) centers. The main advantage of
the distributed approach is scalability. The main disadvan-
tage is the need for high-quality entanglement necessary to
perform operations between different quantum computers.

For example, if we want to combine a distributed quantum
computer with an error-correction code, we require entan-
gled states to perform the syndrome measurements used to
detect errors. The fundamental resource for such a system
is the Greenberger-Horne-Zeilinger (GHZ) state:

|GHZN ⟩ = |0⟩⊗N + |1⟩⊗N

√
2

. (1)

For the standard distributed surface code, with each data
qubit in a different quantum computer, we require |GHZ4⟩
states. In such a system, one GHZ state is generated and
consumed per parity and measurement cycle. Nickerson et
al. [6, 5] introduced protocols to generate GHZ states in this
context. In the absence of decoherence, these protocols pro-
duce high-quality GHZ states. However, their large number
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of distillation steps makes them less useful in practical de-
vices with limited coherence times [1]. Therefore, there is
a need for GHZ protocols that perform better in realistic
scenarios.

Abstract GHZ protocols given by so-called fusion and dis-
tillation operations (see Section 2) can be carried out in mul-
tiple ways. In particular, the ordering of the operations can
have a strong effect on performance in the presence of de-
coherence. Here, we present a method for converting GHZ
distillation protocols into a set of ordered instructions. We
couple this method with a dynamic program for GHZ cre-
ation [2] and show that, in the presence of decoherence, the
resulting GHZ states have higher fidelities than previously
known protocols.

2. BINARY TREE PROTOCOLS
We consider GHZ creation protocols over N parties in

a network: the “network nodes” {ν(i)}Ni=1. The protocols
have the form of a directed binary tree. See Fig. 1a for a
graphical depiction of the binary tree corresponding to the
Modicum protocol [2]. At the top of the binary tree, we find
the operation that creates the final GHZ state. At each non-
leave node there is either a fusion or a distillation operation
and the leaves of the tree, we find the “elementary links”
{ei}Ki=1. These are the Bell pairs created between two of the
network nodes. The elementary links do not have children.

The fusion operations {fi}Fi=1 and distillation operations
{di}Di=1 in the tree each have two children. A fusion op-
eration creates a state |GHZN1+N2−1⟩ out of two children
|GHZN1⟩ and |GHZN2⟩. This is possible if there is one
network node that holds a qubit from both |GHZN1⟩ and
|GHZN2⟩. A distillation operation, on the other hand, uses
an entangled state of the form |GHZN1⟩ to non-locally mea-
sure a stabilizer operator of weight N1 from SN2 on a target
state |GHZN2⟩ [3]. Here, the stabilizer operators of |GHZN2⟩
are all operators

SN2 = ⟨X1X2 . . . XN2 , Z1Z2, Z2Z3, . . . , ZN2−1ZN2⟩. (2)

We consider distillation as a probabilistic operation that
only succeeds if the measurement outcome is (−1)m = +1.
In case of an outcome (−1)m = −1, we reapply all operations
in sub-tree of the operation d ∈ {di}Di=1—i.e., d itself and
all operations below it. More information about the specific
operations applied for fusion and distillation can be found
in Ref. [2].

Each binary tree satisfies D + F = K − 1, where D, F
and K are the number of distillation operations, fusion op-
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Time step 1:
Time block AB:
CREATE LINK between qubits [A, 1] and [B, 1].
SWAP qubits [A, 1] ↔ [A, 2] and qubits [B, 1] ↔ [B, 2].
Time block CD:
CREATE LINK between qubits [C, 1] and [D, 1].
SWAP qubits [C, 1] ↔ [C, 2] and qubits [D, 1] ↔ [D, 2].

Time step 2:
Time block AC:
CREATE LINK between qubits [A, 1] and [C, 1].
(R1) FUSE by measuring qubits [A, 1] and keeping qubits [A, 2]. 
(R2) FUSE by measuring qubits [C, 1] and keeping qubits [C, 2]. 
Time block BD:
CREATE LINK between qubits [B, 1] and [D, 1].
(R3) DISTILL operation 𝑍𝑍2𝑍𝑍4 by measuring qubits [B, 1] 

and [D, 1], and keeping qubits [B, 2] and [D, 2]. 
----------------------
EVALUATE the success of R3 based on R1⊕R2⊕R3.
CORRECT qubit [C, 2] with operator 𝑋𝑋 conditioned on R1⊕R2.
CORRECT qubit [D, 2] with operator 𝑋𝑋 conditioned on R1⊕R2.

(a) Binary tree: (b) Timed binary tree: (c) Protocol recipe:
Modicum protocol
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Figure 1: (a) Binary tree with K = 4 found with the dynamic program of Ref. [2]. (b) Identified time steps
for the operations in this binary tree. (c) Identified protocol recipe for this binary tree.

erations, and elementary links, respectively. Since creating
a weight-N GHZ state requires a minimum of N − 2 fusion
operations working on N−1 elementary links, all additional
fusion operations create entangled states used for distillation
purposes. Therefore, we use K (the number of elementary
links in a binary tree) as a proxy for the amount of distilla-
tion that takes place in a GHZ protocol.

3. PROTOCOL RECIPE CONSTRUCTION
In the presence of decoherence, the order in which the

operations are applied can have a strong impact on perfor-
mance. Therefore, we convert the binary tree of a GHZ
creation protocol to a “protocol recipe”. This is a set of
instructions that describe what specific operations have to
be applied on what qubits of the network nodes. In this
section, we include a condensed version of the algorithm we
use to create a protocol recipe. In Fig. 1, we depict the
translation of a protocol given by a binary tree (a) into a
set of time steps (b) and finally into a protocol recipe (c).

For the construction of a protocol recipe, we make several
physically inspired assumptions. For example, we assume
a single “communication” qubit c(j) per node that can be
used to perform operations, and a fixed number of memory
qubits. We also assume that a node can only be involved
in one entanglement operation at a time, and entanglement
can only be created between two communication qubits.

The first step of the protocol recipe construction consists
in ordering the generation of the elementary links of the bi-
nary tree. For this, we follow a recursive approach. We
start at the top of the tree. At each step, we select the
sub-tree with the largest size, choosing the left one in case
of ties. When we reach an elementary link at one of the
leaves of the tree, we add this link to an ordered list with
elementary links, together with all other non-overlapping el-

ementary links that can be carried out simultaneously. For
each elementary link e that we add to the list, we check if
the parent operation p of e can be applied. A parent can
be applied if both of its children are contained in the list of
operations. If p can be applied, we add p to the list after e.
Then we check if the parent of p can be applied; if it can be
added, we add it after p, etc. Moreover, for each operation,
we associate a set of instructions that are physically possi-
ble with the target hardware. For instance, in our model,
elementary links can only be created between the commu-
nication qubits, and there is only one communication qubit
per node. For this reason, SWAP gates are necessary to free
up the communication qubits.

Once all operations are listed, we schedule them. The
schedule of operations consists of a series of time steps, with
each time step divided into different time blocks. The time
blocks are created such that they can be executed in par-
allel in different, non-overlapping parts of the network. We
schedule the operations by looping over the list of opera-
tions, and, for each operation o, we check if o can be placed
in an existing time block. This is possible if the network
nodes in which o operates overlap with the network nodes
in which the other operations of the time block operate. If
it is not possible to add o to an existing time block, we cre-
ate a new one. At the end of each time step, we add all
required fusion corrections, as well as distillation operations
that need to be evaluated at the end of the time step.

4. PROTOCOL RECIPE SIMULATION
In this section, we sketch the logic for the efficient simu-

lation of a protocol recipe in the form of Sec. 3.
The GHZ creation protocols considered are probabilistic.

To avoid situations in which they do not finish within the co-
herence time, we impose a cut-off time after which the GHZ



protocol is aborted. To be able to deal with decoherence and
the cut-off time, we assign an internal time variable to each
network node. At the end of each time step, we synchro-
nize the time in all nodes. This corresponds to the protocol
only moving to the next time step when all operations in
the current time step are finished.

When a distillation operation fails during protocol execu-
tion, we store the time tfail at which the measurement result
was known, and enter “reconstruction mode”. In reconstruc-
tion mode, we (re)apply all operations in this time step until
tfail is reached. We then move back to an earlier stage in the
protocol recipe execution to reconstruct the failed state(s).
As soon as we have successfully reconstructed these states,
we proceed with the rest of the protocol.

5. RESULTS AND DISCUSSION
In this section, we simulate three protocol recipes in the

form of Sec. 3 by executing them according to the algorithm
described in Sec. 4. We execute these protocols using the
open source simulator [4].

These three protocols all create GHZ states between N =
4 network nodes. This is arguably the most interesting con-
figuration given its relevance for measuring the parities of
a distributed surface code. In Fig. 2, we show the average
GHZ fidelity and completion time of these protocols for the
hardware models and parameters of the “isotopically puri-
fied” NV center sample of Ref. [1]. We show the results for
the state-of-the-art success probability per entanglement at-
tempt 10−4, as well as a boosted success probability of 10−2.
On top of that, we show results for the Plain and Modicum
protocols from Ref. [1], the Expedient protocol from Ref. [6]
and the Basic protocol from Ref. [5]. We note that the
Modicum protocol is also found with the dynamic program
of Ref. [2]. We observe that the protocols from the dynamic
program coupled with the recipe construction heuristic out-
perform prior protocols in the parameter regimes considered.

In future work, it is important to investigate whether the
increased GHZ fidelities that we report in Fig. 2 are suffi-
cient to operate the distributed surface code below its noise
threshold. We will also optimize over protocols created with
the dynamic program of Ref. [2] by making use of the al-
gorithms described in Secs. 3 and 4 and the simulator of
Ref. [1].

We note that both the dynamic program from Ref. [2]
as the methods described in this paper can be applied to a
general number of network nodes N . This opens the door
for simulating distributed error-correction codes beyond the
(weight-4) surface code.
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