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Abstract

Visual segmentation and data grouping is comprehensively needed in the real-world.
However, a good visual segmentation model should fully utilize all the information
of the input data like image or point cloud, which requires large computational
resources. In this research, we will handling the problem of computational cost in
segmentation tasks and trying to propose an ef cient visual segmentation system.
We start our research at constructing ef cient attention module in visual segmenta-
tion framework, then we explore the possibility of applying space- lling curve to
visual segmentation. Finally, we successfully integrate the ef cient attention module
and space- lling curve to the visual segmentation system, producing an accurate,
fast and memory-saving segmentation model. This thesis divides my research work
into three parts, which will be introduced in the following paragraph.

In the rst part of our research, we are focusing on optimizing attention block,
which is the key component to perform high-accuracy segmentation. Attention
block collects global context information of input features, which means it has no
limited receptive eld as convolution. However, this module is very costly and
will compress the features in channel when generating spatial attention. Similarly,
spatial features will also be compressed during channel attention generation. To
handle the two problem, we propose a new attention generation scheme that based

on tensor canonical-polyadic reconstruction. Speci cally, we directly construct



3D attention map that has high rank by using a series of low-rank tensors. Our
framework is named as RecoNet, which not only outperforms previous attention
based methods in various dataset but also produces lower computational cost. Our
proposed method is 100 faster than previou works.

In the second part of our research, we focus on the application of space- lling
curves (SFCs) in data grouping. It is a new approach to perform ef cient visual
segmentation as we can use SFCs to perform data clustering and compression
rst and then input the data into the visual segmentation system to lower its
computational overhead. In this part, we rst analyze the properties of different
space- lling curves and then propose our SFC generation scheme. Speci cally,
we construct a deep-learning-based SFC generation framework coupled with our
proposed ef cient-GCN and Siamese Network learning scheme. The evaluation
results show that the SFC generated by our method has better clustering properties
compared with traditional SFCs.

In the third part, we combine low-rank attention with the space- lling curve,
producing an ef cient point cloud segmentation system called HilbertNet. We use
3D voxel data as the input, which has better spatial locality compared with raw
point cloud, but it also occupies more computational resources. Here we introduce
the Hilbert curve to compress 3D voxel data into 2D image data rst, which greatly
reduces the computational cost. Then we use our proposed low-rank attention
module called Hilbert attention to extract point cloud features with high ef ciency.
We also propose Hilbert interpolation and Hilbert pooling modules to accommodate
the distribution of compressed 2D data. HilbertNet shows top performance on

several mainstream datasets while maintaining low cost and fast inference speed.
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Chapter 1

Introduction

Figure 1.1: The pipeline of a semantic segmentation algorithm begins with feeding the image into a
deep neural network that includes a series of Conv-BN-ReLU layers. Then, the output f¢asure
processed by an attention block, which generates an attentiolAmeging the linear mappings of

X, marked a$ andq. After that, the attention map is applied to help generate the nal pixel-wise
prediction.

In recent years, the eld of computer vision has witnessed remarkable advance-
ments, largely due to the integration of deep neural networks. These networks, as
they grow in depth and width, results in a signi cant increase in computational
demands. Currently, the majority of state-of-the-art computer vision models achieve
high-speed performance primarily with the assistance of GPUs. Nonetheless, numer-
ous application scenarios are constrained by the availability of limited computational

resources, such as those found in embedded systems and cellphone applications.
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Consequently, there is a great need for the development of ef cient deep learning
algorithms that are capable of adapting to these resource-constrained platforms.
Among the various tasks in computer vision, segmentation stands out as particu-
larly computational heavy. The process of a segmentation algorithm is detailed in
Figure 1.1. This process requires the classi cation of every pixel within an image,
which means that the neural network designed for segmentation should be larger
than those employed for other tasks in order to preserve the receptive elds, yet
it simultaneously complicates the task of accelerating segmentation algorithms.
The development of an ef cient segmentation algorithm is crucial, as it forms the
backbone of numerous real-world applications, including autonomous driving and
image editing. Moreover, it is also widely used in other areas of computer vision,
such as image generation and detection. In this thesis, we are focusing on how to
accelerate the image/point cloud segmentation algorithm. We will rst introduce
how to perform ef cient semantic segmentation, then we will propose how to
achieve ef cient data grouping using space- lling curves. Finally, we will show how

to use space- lling curves to accelerate the segmentation task.

1.1 Efcient Semantic Segmentation

Semantic segmentation is a challenging task as it involves pixel-level classi cation
for a given image. It requires the prediction model to recognize the shape, texture,
and category of all pixels in the image. Fully Convolutional Networks (FCN) [68]
were the rst to apply deep neural networks to this task, making great progress in
this eld of study.

Recently, semantic segmentation has made signi cant strides by modeling context

information in convolutional networks [89, 2, 59, 8, 131, 9]. The attention mechanism
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Figure 1.2: (a) Vanilla non-local attention. (b) Attention low-rank reconstruction scheme. In
vanilla non-local block, it requires 2D similarity matrix, which will cause the compression of channel
information while in the attention low-rank reconstruction scheme, the attention map is constructed
by 3D tensors which will avoid this problem.

has become the most popular tool for constructing context features [132, 126, 31].

These approaches measure the importance of each element in a contextual
tensor and produce an attention map which can identify the important part of the
contextual tensor. The accurate context representation is then modeled through
the attention map. However, these methods will inevitably compress the channel
information during spatial attention modeling. Speci cally, considering an attention
map A 2 RHW HW "which is generated by the matrix multiplication of two inputs
that have shapes of HW Cand C HW. After the multiplication, we can nd that
channel information in the C dimension is eliminated. As a result, the attention-
based approaches will have well-represented spatial context features, but the channel
context features will be ignored.

Intuitively, constructing context features directly without using a 2D attention
map can bypass this problem. However, context features inherently have a high-rank

nature [126] as they should possess enough information capacity to describe the



contextual information in an image. Additionally, the contextual information varies
across different images. Therefore, context features cannot be effectively modeled
by a very limited number of low-rank tensors. Due to this high-rank complexity,
directly modeling context features presents a signi cant challenge.

In this research, we propose a novel method to model high-rank context features
accurately and ef ciently. According to the theory of tensor CP decomposition [46],
we can progressively reconstruct the context features using a series of rank-1 tensors.
Our approach can obtain both spatial and channel context information, which is
different from previous approaches that had to compress either spatial or channel
features. Figure 1.2 illustrates the difference between non-local attention and our
proposed RecoNet attention mechanism.

Speci cally, our RecoNet has two components: a tensor generation module
(TGM) that generates rank-1 tensors, and a tensor reconstruction module (TRM)
that reconstructs rank-1 tensors into a ne-grained high-rank tensor. TGM collects
context information along the width, channel, and height directions, formulating
them into a series of rank-1 tensors. Then, TRM reconstructs these low-rank
tensors into a high-rank attention map following the work ow of CP reconstruction.
This process identi es the occurrence of context information in different feature
dimensions, and the high-rank context feature is then obtained with high accuracy
and ef ciency.

To measure the performance of our method, we conduct experiments on ve
popular datasets: PASCAL-VOC12, PASCAL-Context, ADE20K, COCO-Stuff, and
SIFT-FLOW. Our approach consistently achieves state-of-the-art performance on
these datasets, especially on PASCAL-VOC12 [23], where we ranked astop-1 on
the leaderboard. Additionally, since the attention map in RecoNet is constructed by

low-rank tensors, the computational cost of our method is very small. For example,



we are 100 faster than non-local attention.

However, continuous optimization of non-local attention does not always lead
to a corresponding continuous improvement in performance. This optimization
approach can easily reach a bottleneck, as a tensor rank that is too small cannot
express all the information contained in an image. In pursuit of a more cost-effective
way to carry information, we consider data linearization. Speci cally, we aim to
compress N-Dimensional matrices (like 2D or 3D) into 1D through linearization,
allowing us to express rich information with a lower rank, thereby breaking through
the performance bottleneck. Therefore, we need to consider how to ef ciently
perform data linearization. In this context, we propose the use of a space- lling

curve for data linearization.

1.2 Efcient Data Grouping by SFCs

Space- lling curves (SFCs) can be used to linearize data, which means they can
transform n-D data into a 1D sequence. This property has led to their extensive
use in computer vision, such as data clustering [74], image compression [56], point
cloud compression [103], geographic hashing [3], and data transmission [70]. They
have also appeared in deep learning research, such as knowledge distillation [86]
and point cloud analysis [10]. Traditional SFCs are formulated as fractal functions,
such as the Hilbert curve [33] and the Z-curve [75]. Different SFCs have different
properties, which can be used in different applications. For example, the Hilbert
curve is locality-preserving, which makes it suitable for data compression, while
the Z-curve has jump connections, which is feasible for faster data queries and can
be used in database applications.

However, traditional SFCs usually have a xed structure, which limits their



Figure 1.3: The shape of Hilbert curve and a data-adaptive SFC. It can be found that the structure of
Hilbert curve is xed while in data-adaptive SFC, the curve varies according to the image content.

applications. For example, we should use the Hilbert curve in data compression
tasks instead of the Z-curve since it has jump connections, and the data attened
by the Z-curve will have a completely different data distribution compared to its
original shape, which is harmful for data compression.

To obtain a versatile SFC, the space- lling curves should be data-adaptive (see Fig-
ure 1.3). In other words, the SFC should be generated according to the distribution
of the given data so that we can use the obtained SFC in different tasks. Previous
data-adaptive SFCs [139, 76, 17] mainly focus on image context. These SFCs are
generated according to edges, image gradients, etc., providing better spatial locality
compared with traditional SFCs. These approaches transform the SFC generation
into a Hamiltonian path- nding problem, as illustrated in Figure 2.1. Recently,

researchers have been trying to harness deep neural networks to generate more



powerful data-adaptive SFCs [102]. The SFCs in these works are generated by rst
constructing many small circuits on the given grid graph G. Secondly, the dual
graph Glis constructed based on G, and the edge weights of GPare determined by
the prediction of a GNN [43, 101]. After that, a minimum spanning tree searching
algorithm like the Prim algorithm is applied to  G° generating an MST. Finally, we
can obtain a Hamiltonian circuit based on the given MST, and the Hamiltonian
circuit itself will serve as an SFC. With the help of deep learning, the learning-based
data-adaptive space- lling curves greatly outperform traditional SFCs. However, the
large computational overhead and enormous GPU memory occupation limit their
application. For example, given an image with a size of 64 64, its adjacency matrix
will have the size of 4096 4096 which is not acceptable for ef cient inference.
Additionally, MST generation algorithms like Prim's [79] perform a greedy search,
which is undifferentiable and cannot be optimized by gradient-based optimizers
like SGD and Adam, which are widely used in neural networks.

In this research, we propose an ef cient SFC generation method based on
deep learning, which can solve the problem mentioned above. To handle the
GNN scalability problem, we propose the Ef cient-GCN (EGCN) module, which is
specially designed for grid graphs. Our solution greatly reduces the computational
cost of GNN, making it scalable to large grid graphs. Then we design a novel
learning scheme based on the Siamese network to handle the network optimization
problem and make the entire framework end-to-end trainable. Our proposed model
works as follows:

Firstly, the input images are encoded by convolutional networks [32] and then
normalized by a feature normalization module. After that, the output feature is
fed into the EGCN module for ef cient GCN calculation. The EGCN accelerates

the GCN algorithm by fully utilizing the adjacency matrix structure of the grid



graph. Speci cally, we observe that the grid graph only has 4 connections for each
node, which means only 4 offset-diagonals appear in their adjacency matrices. Since
the multiplication of a matrix A and an offset-diagonal matrix B is the same as
shifting and padding matrix A, we do not need to perform realmatrix multiplication
between A and B; instead, we can achieve the same result by shifting A. EGCN
achieves lower computational cost based on this observation.

After the calculation of EGCN, our proposed network optimization scheme is ap-
plied. Note that the generation of SFC is the problem of nding a Hamiltonian path,
which is not differentiable, and the solution to combinatorial optimization should
be applied in this scenario, such as Reinforcement Learning [40, 19, 47]. However,
previous work [102] pointed out that RL is not stable in the curve generation task.
Therefore, we need to design a new optimization scheme. Based on the self-learning
technique [28, 11], we use the output of a Siamese network to supervise the main
network, which indirectly optimizes the entire framework.

Furthermore, we propose multi-stage MST, which combines the minimum span-
ning tree of different convolution layers such that the generated SFC is more stable
and has better performance.

After introducing the applications and functions of space- lling curves, we will

provide an example to demonstrate how to apply them to visual segmentation.

1.3 Applying SFCs in Point Cloud Segmentation

Point clouds are the primary data format in 3D space and they are generated by
3D sensors like LIDAR. In the early stages, researchers conducted point cloud
analysis using point-based methods, which only utilize point cloud data such as

SO-Net [52], PointNet++ [85], and PointNet [82]. These approaches are fast and



Figure 1.4: Left: “Reshape” function or zigzag curve. Right: Hilbert curve. We can easily nd
that the “reshape" function has many “jump connections," while the Hilbert curve does not, which
implies that the Hilbert curve has a better locality-preserving property.

low-cost since they avoid using computationally heavy components such as 3D
voxels and 2D meshes. However, point cloud data lacks spatial locality, which
limits the performance of such methods. Recently, with the rapid development
of convolutional neural networks, researchers are trying to use convolution in
point cloud analysis since convolution is capable of handling spatial locality. A
common pipeline for using convolution in point cloud analysis is to rst transfer the
original point cloud into a voxel. After that, 3D convolutions are applied to extract
volumetric features. By using 3D convolution, the spatial locality of the point cloud
will be well preserved. However, 3D convolution will occupy a large amount of
GPU memory and consume a lot of computational resources.

An intuitive way to solve this problem is to nd a mapping function from 3D
space to 2D space, like bird-eye view images, attening, multi-view images, and
range images. Then we can use convolutional networks to process the 2D data.
However, such mapping functions will change the data distribution of the original

input point cloud and weaken its locality. Therefore, we should nd a 3D to 2D



mapping that preserves the 3D locality.

The application of Space- lling curves [73] may meet this need. They are
fractal functions that have been extensively applied in many tasks such as image
compression [56], databases [3], and GIS [92]. The SFCs act as a single line that
links all the elements in an N-dimensional space together without any repetition.
This characteristic proposes a novel approach to reduce the dimension of a high-
dimensional feature. For example, we can reduce the dimension of an image from
2D to a 1D sequence according to the mapping rule of a given SFC. There are various
space- lling curves like the Hilbert curve [33], Z-curve [75], and Gray-Code [24],
each with a different mapping rule. In this research, we will use the Hilbert curve
as shown in Figure 1.4. Since the mapping rule of the Hilbert curve has a good
locality-preserving property, the sequence that is attened by the Hilbert curve will
preserve the spatial information of its original shape.

Speci cally, we rst convert the point cloud into voxels, as voxel data has richer
locality information compared to point cloud data. Then, we atten the voxels
slice-by-slice along the Z-axis as mentioned in Equation (5.3), thereby obtaining
a 2D representation of the 3D voxels. During the attening process, each slice
is transformed into 1D data via the Hilbert curve. The attened data retains the
locality of its original shape, as the Hilbert curve is locality-preserving.

It is important to note that the data distribution of a attened voxel differs from
that of a traditional 2D image. For instance, adjacent pixels in the attened voxel
may not be neighbors in its original 3D shape. Therefore, we have speci cally
designed a pooling module called Hilbert pooling and an attention module named
Hilbert attention to extract features in the attened voxel. Additionally, we propose
Hilbert interpolation to compress 2D features and merge them with the output

of the 1D branch. We refer to the combination of these operations as HilbertNet.
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To evaluate the performance of HilbertNet, we conducted several experiments,
including point cloud segmentation and point cloud classi cation. The experimental
results demonstrate that our proposed framework achieves top performance on the

ModelNet40 [112], ShapeNet [7], and S3DIS [1] datasets, while maintaining small

computational costs.
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Chapter 2

Literature Review

2.1 Efcient Semantic Segmentation

Tensor Low-rank Representation. According to the theory of tensor decompo-
sition [46], a high-rank tensor can be decomposed into many low-rank tensors. In
other words, a high-rank tensor can be reconstructed through the linear combination
of several low-rank tensors. This property of tensors is widely applied in various
computer vision tasks. For instance, researchers have decomposed the weight tensor
in convolutions to accelerate inference [50], and it has also been utilized for model
compression [124]. There are two commonly used tensor decomposition methods:
CP decomposition and Tucker decomposition. During Tucker decomposition, the
original tensor is separated into a core tensor and several matrices, whereas CP
decomposition transforms the high-rank tensor into a series of vectors (rank-1 ten-
sors). In this thesis, our focus is on tensor reconstructionrather than decomposition.
Speci cally, we employ CP reconstruction to rebuild a high-rank attention map from
multiple rank-1 tensors, thereby enabling ef cient computation.

Self-Attention in Computer Vision. Researchers in natural language processing

12



(NLP) rst proposed the attention mechanism [100, 13, 121, 16], which is a method
for encoding long-range features. This property of attention makes it popular not
only in NLP but also in computer vision tasks, as the receptive eld of attention

is not limited, unlike convolution which con nes its receptive eld within the
convolution kernel. For example, SE-Net [37] introduced channel-wise attention to
boost the performance of ResNet in image classi cation tasks. CBAM [108] further
improved the ResNet model by integrating both spatial and channel attention into
the original CNN model. To enlarge the receptive eld of neural networks, Wang et
al. invented the non-local network [106], which is applicable not only to images but
also to video applications.

Context Aggregation in Semantic Segmentation. The success of semantic seg-
mentation is largely attributed to the collection of contextual information. The richer
the contextual information we gather, the better the segmentation results we achieve.
Contextual information can be collected by enlarging the receptive eld of the neural
network. For instance, FCN [68] merges the output features of different layers in
the neural network to enrich the contextual information. Subsequently, feature
pyramid approaches like DeepLab [8, 9] and PSPNet [131] were proposed to gather
contextual information by applying large convolution kernels. However, these
methods cannot differentiate the importance of the contextual features they collect.
To address this issue, attention-based approaches like PSANet [132], APCNet [31],
CFNet [126], and EncNet [125] were introduced. Although attention-based methods
collect contextual information ef ciently, they consume a signi cant amount of com-
putational resources. Consequently, ef cient attention methods such as CCNet [38],
EMANet [54], and A?Net [12] were proposed. These methods simpli ed the at-
tention generation algorithm, making semantic segmentation both accurate and

ef cient. However, these methods can only generate attention in either the spatial

13



or channel direction, meaning they have to sacri ce either the channel context or
spatial context. Unlike these previous approaches, our proposed method constructs
attention directly from a rank-1 tensor, which means we can obtain both spatial and

channel attention simultaneously.

2.2 Efcient Data Grouping via SFCs

Fractal Space-Filling Curves. Space- lling curves are surjective mappings from 1D
spaceR to N-D space RN. In other words, they can convert data from N-D space
to 1D. Given a unit function fi(x), we can create a fractal space- lling curve by
repeating it in nitely. The rst fractal space- lling curve was proposed by Peano in
1890, which is called the Peano curve [91]. It maps the data in [0, 1] to [0, 1]? and
has the analytical formulation f(x) =lim y f,(Xx). The detailed expression of the
Peano curve, which is composed of a parametric equation t ! (j (t),y(t)), is given
by Cesaro [91]:

s fan 1(1) _ s falt)

i(t)= 38 , t) =
j (1) n&ll 3 y(t)= a

where

fm(t) = 1+ ([3™] 3[8™ Y] 1)( 1)[3t]+[32t]+,,,+[3m 1.

If we simply change the parametric equation t! (j (t),y(t)) by replacing f(t) with
f(t)=1 t,t2][0,1], we can get a variant of Peano curve, which is called Z-curve
and was proposed in 1904 by Lebesgue [75]:

¥ f 32n 2t ¥ f 32n 1t

0= 8§ —%— Y= 8 —5—

n=1 n=1
Z-curve has many Z-shaped connections, which can connect two points with large

distance and therefore, such space- lling curve is welcomed in the tasks that requires
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low latency query like data indexing [103] and geographic hashing [3]. We can also

generate space lling curves that has no jump connections such as Hilbert curve [74].
To generate Hilbert curve, we should replace f(t) to fo(x) = fy (0,010 . . .), where
fr(x) is expressed as the quaternary Cantor set [91]. Therefore, the analytical

formulation of Hilbert curve is:
1

0
¥ ) 1 dj qj 1
fa(x)= & 127 ( 1)%sgn g :

=1 1 dqu'

&; = number of k's preceding ¢; (mod 2)

d;

€j + €3(mod)

Hilbert curve is locality preserving since it has no jump connection. Hence, it
is widely used in the tasks that requires feature invariant such as point cloud
compression [103] and image compression.

Different fractal space- lling curves have different properties and can be used
under certain conditions. Their advantage is that they can be generated with low
cost. However, the shape of fractal space- lling curves is prede ned and cannot
adapt to the distribution of data, which limits their application. To make the SFC
more versatile, researchers proposed data-adaptive SFC. The shape of the curve in
data-adaptive SFC varies according to the distribution of given data, and thus they

can be applied to different tasks without changing the curve generation method.

Data-adaptive Space-Filling Curves. Data-adaptive space- lling curves are usually
generated according to the gradient [76], image context [17], and neighborhood
similarity [139], which makes them adaptive to such features and therefore can be

applied to various situations with better performance compared with fractal SFCs.
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Figure 2.1: The process of generating data-adaptive SFCs.

Different from fractal SFCs that iteratively generate curves, in data-adaptive SFC,
the curve generation becomes aCover-and-Merge process [70, 17, 102].

During the cover process, a grid graph G is rst constructed, which is an
undirected graph and the nodes in G are the pixels as shown in Figure 2.1a. Then,
many small circuits are constructed by separating the grid graph G as illustrated
in Figure 2.1b. After that, we construct G° a dual graph of G, the process can be
found in Figure 2.1c. In the nal step, we assign the edge weights of G°based on
the distribution of data. We provide Dafner [17] SFC as an example to show how

to generate a data-adaptive SFC. In this method, we rst construct the grid graph
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and dual graph as mentioned before, then we use the image context to determine
G2 Specically, in G suppose the edge weight between two nodes Cjand G is

W(C;, G), it will be calculated by using the pixel differences:
W(C,C) = jui+jwj j g | f,

Here f, w, u, eare pixel differences in four directions, for example, juj = jp2  pij
as depicted in Figure 2.1b. Also, we can use deep neural networks to determine
W (C;, C) like NSFC that was proposed by Wang et al [102]. In NSFC, for an input

image, the edge weights W in GPare given by:
W = E(G(Conv(l ))),

Where F( ) is the CNN backbone to extract image features and G( ) is a GNN that
determines the W. After obtaining W, they provide an evaluator network E( ) to
identify whether it is a good SFC according to the given metric.

Until now, we have a dual graph GPwith weights W, then we can go to the merge
step. In the rst stage of merge, we will nd a minimum-spanning tree  t according
to the W in G®as shown in Figure 2.1d. Next, small circuits that are generated
by G are connected if two adjacent small circuits are linked by t as demonstrated

in Figure 2.1e. Finally, we remove the MST and get a desired SFC in Figure 2.1f.

2.3 Efcent Point Cloud Segmentation

Image-based Point Cloud Analysis. Recently, many researchers are trying to
introduce 2D neural networks designed for images to point cloud analysis, as
several bene ts can be obtained from 2D models. Firstly, 2D convolution is more

ef cient than 3D convolution when handling voxel data. Secondly, 2D models are
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well-explored, which means there are a lot of methods that can be applied directly
to enhance performance, such as attention, pre-trained models, etc. This benet
has already been proven by previous works [96, 111, 22, 25]. However, due to the
heterogeneous nature of point cloud data and image data, 2D networks cannot be
applied to point clouds directly. Therefore, the mapping from point cloud to 2D
image is the most important step.

For example, the point-to-image mapping in MVCNN [96] involves collecting
snapshot images from different views of a point cloud and using these images for
classi cation. However, this method cannot capture the spatial features in the point
cloud and thus cannot perform point cloud segmentation. Another point-to-image
method is to use range images, such as in RangeNet++ [71] and SqueezeSeg [109].
The range image method makes point cloud segmentation in image space possible,
but the spatial information of the original 3D data is inevitably weakened during
2D projection.

Currently, the most popular method for point-to-image mapping is to apply a
bird's eye view image, as mentioned in PolarNet [129]. It converts LIiDAR point
clouds to 2D images using polar coordinates. This mapping approach achieves good
performance in LiDAR point cloud tasks such as segmentation and detection. In
our method, we propose a novel point-to-image mapping approach. Speci cally,
the mapping process is conducted by using a Hilbert curve to atten the original
3D voxel into 2D. Due to the locality-preserving property of the Hilbert curve, the

attened voxel retains the same spatial information as its original 3D shape.

Point Cloud with Space Filling Curve.  Space- lling curves [73] can Il all the 2D
or 3D spaces within a single line. This property makes them good data linearization

methods. Common space- lling curves like the Hilbert curve [33], Z-order curve [75],
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and sweep curve are widely used in GIS or database applications. SFCs can also be
used in point cloud analysis, and previous works usually use them together with
tree structures. Prior work [103] partitions the original point cloud using OCTree
and then applies the Hilbert curve to compress the data, while C-Flow [81] uses the
Hilbert curve to reorder the point cloud for better feature clustering. O-CNN [104]
combines the Z-curve with OCTree for faster data query and accelerates point cloud
analysis. In our research, we use SFCs in a different way. We do not use SFCs
to compress input data, and hence we do not use tree structures when applying
SFCs. Instead, we linearize the 3D voxel data via a space- lling curve directly
for convolution acceleration. During our research, we will use the Hilbert curve
because the sequence that is attened by the Hilbert curve preserves the locality of

its original shape.

Multi-View Fusion for Point Cloud Analysis. Point clouds can be represented
by 1D point data, 2D vertex data, and 3D voxel data. Based on these different
formats, several approaches have been proposed [35, 15, 141, 133] for better point
cloud recognition. However, each type of representation has its own limitations.
By integrating these different formats together, we can not only bene t from the
strengths of each, but also mitigate their weaknesses. For example, Cylinder3D [138,
142] and PVCNN [66] combine the 3D voxel feature with the 1D point feature.
This operation lowers the computational cost produced by 3D voxel and makes 1D
point prediction more accurate. In addition to these 1D-3D fusion models, 2D-3D
models are also proposed for better point cloud analysis, such as MCVNN [83],
Image2Point [117]. These approaches successfully utilize the pre-training model in
2D convolutional networks for 3D point cloud scenarios. Different from previous
methods, our proposed method provides a novel 1D-2D fusion pipeline, which

further reduces the computational overhead compared to the 1D-3D model. Also,
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we can use knowledge suitable for 2D networks to improve our model, similar to

2D-3D fusion methods.
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Chapter 3

Ef cient Image Segmentation

3.1 Methodology

3.1.1 Overview

Context information is an important element if we want to predict semantic infor-
mation from a featuremap. However, if modeling context information into a tensor,
considering the complexity of context information, it must be a high-rank tensor.
The modeling process will be very expensive.

Tensor decomposition is one of the solution to the context modeling, which can
reconstruct high-rank tensor from a series of low-rank tensor. Since low-rank tensor
is much cheaper to modeling, it would be an ideal solution to context modeling
problem. Among the tensor decomposition methods, we are more interested in CP
decomposition, which break the high-rank tensor into multiple rank-1 tensor. In
our application, we do not predict context information directly. Instead, we predict
multiple rank-1 fragments of original context feature and reconstruct them into

the original tensor. This modeling scheme not only preserve the original channel-
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Figure 3.1: The framework of RecoNet includes two key components: the Tensor Generation Module,
which implements the generation of rank-1 tensors, and the Tensor Reconstruction Module, which
implements tensor CP reconstruction.

wise and spatial-wise feature, but also addresses the challenge posed by high-rank
complexity.

The pipeline of our model is shown in Figure 3.1, which is composed by a
low-rank tensor generation module (TGM) and a high-rank tensor reconstruction
module (TRM). Additionally, we introduced a global pooling module (GPM) for
global information collection. Similar to the FCN pipeline, we upsample the nal
output before prediction.

Formulation: A typical rank r CP reconstruction is formulated as below.

A= lilvg vh vw)), (3.1)

r
o
i=1

Wherevg 2 R¢ 1 1 vh 2 Rt H lTandvw; 2 R? 1 W | is introduced to adjust

the weight of each element.

3.1.2 Tensor Generation Module

In this section, we will introduce the key parts of TGM. To make the illustration
clearer, we will rst de ne what is context fragements, then we will illustrate how

to use them to implement TGM.
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Figure 3.2: Details of Tensor Generation Module. We perform average pooling at width, height, and
channel dimension and marked as Width Pool, Height Pool and Channel Pool.

Feature Generator. Featrue generator is a series of 1 1 convolution along height,
width and channel direction. Each feature is calculated by a global pooling and a
randomly initialized convolution. The weights of convolutions are not shared, which
ensure that every generated feature learns different part of context information.
Context Fragments. We de ne the output tensor of the feature generator as
the context fragment. Obviously, each fragment contains a small part of context
information. Every context fragment is a 1-dimensional tensor in C/H/W direction
and they are formulated as vg;, vh;, and vw;,i 2 r, as previously de ned. The
feature generator works r times and we will obtain 3 r context fragments. The
detailed information can be found in Figure 3.2.

Non-linearity in TGM. We introduce non-linearity into the Tensor Generation
Module (TGM) by applying the Sigmoid function to the context fragments, a process
akin to the unary attention scheme. This operation serves a dual purpose. Firstly, it
regularizes the values in the context fragments to fall within the range [0, 1], thereby
enhancing the stability of the output. Secondly, it boosts the representation capacity

of our network, allowing it to capture more complex patterns and relationships in
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the data. This addition of non-linearity is a crucial aspect of our model, contributing

signi cantly to its performance and robustness.

3.1.3 Tensor Reconstruction Module

In this section, we will introduce how to reconstruct the context fragments into a
high-rank tensor. The working ow of tensor reconstruction module can be found

in Equation (3.1). In the following context, we will introduce TRM in detail and
introduce why using this reconstruction shceme.

Context Aggregation.  After getting 3 context fragments, we reconstruct them into
an attention map A = fay, a,...,achwg using Equation (3.1). Suppose we have a
featruemap X = f Xy, Xo,...,Xchw0, the context featuremap Y = fy1,y2,...,Ychwd

is formulated as:
Y=A X () y=a X,i2CHW. (3.2)

This formulation reveals a new way to generate attention map, different from
previous spatial attention [132] or channel attention [125] mechanism, our new
attention mechanism can obtain both spatial and channel context feature.
Low-rank Reconstruction. The tensor low-rank-to-high-rank reconstruction
process can be found in Figure 3.3. Firstly, we use context fragements vg 2
RC 11 vh 2 R'H Tand vw; 2 R 1 W to cinstruct a sub-attention map A,
via Equation (3.2). Then we sum up all the sub-attention map using Equation (3.3)

to a high rank attention map A.

r
A= g A, (3.3)
i=1

Where a learnable factorl ; 2 (0, 1) is introduced to normalize the attetion map.
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Figure 3.3: The details of Tensor Reconstruction Module. In this module, we rst generate a series
of sub-attention magA\1,A2,..., Ar using width / channel / height context fragments that come
from TGM and the process is marked with After that, we sum them up to implement context CP
reconstruction.

3.1.4 Global Pooling Module

Similar to previous works [126, 131, 8], we also adopt global average pooling to
boost the network performance. It is a combination of Pool-Conv 1 1 and we name

this module as Global Pooling Module (GPM).

3.1.5 Network Details

We apply dilated ResNet as our backbone, which is the same as [125] and the output
feature of backbone will then go through TGM and TRM for context information
collection. Auxiliary loss that applied to the Res-4 output is proved to be useful
in prior works [125, 131] and hence we add this design into our framework. The

objective of our model is then show as:
L = Lmain+ alL aux (3.4)

Here we adjust the auxiliary loss weight ato 0.2.
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3.2 Experiments

In this part, we reported the experimental results of RecoNet on ve popular dataset:

SIFT-FLOW, ADE20K, COCO-Stuff, PASCAL-Context and PASCAL-VOC12.

3.2.1 Implementation Details

The batch size for all experiments is set to 16 in the RecoNet implementation,
and we randomly ip and rescale the input image from 0.5 to 2, then crop a
512 512 patch from the scaled image as the input, which is the same as in
[131, 125]. This setting requires a multi-GPU infrastructure since a single GPU
does not have enough memory to load all images from a batch. To solve this
problem, we use syncBN [26, 125], which was applied in previous designs. It allows
batch normalization to be implemented across GPUs. During the PASCAL-VOC12,
PASCAL-Context, and COCO-Stuff experiments, we initialized the learning rate
with the value 0.001, while the initial learning rates for the ADE20K and SIFT-FLOW

datasets are 0.01 and 0.0025, respectively. The learning rate will decay following the

iter

equation Ir = baselr (1 S)'DOW‘”, where the poweris 0.9. The training

process will last 120 and 18(t30teagglctﬁg for the ADE20K and COCO-Stuff datasets,
while the number of training epochs we set for other datasets is 80. RecoNet uses
the Pytorch [77] framework, and the optimizer we use is SGD with a weight decay
of 1e-4 and momentum of 0.9.

In the inference stage, we apply a multi-scale strategy, which resizes the input
image to 0.75, 1, 1.25, 1.5, 1.75, 2.0] of the original scale, and the output feature of

each scale is summed up for the nal prediction. The main metric for all experiments

is the mean intersection-over-union (mloU).
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Table 3.1: Performance of different segmentation models on PASCAL-VOC12 dataset without

COCO-pretraining.

PSPNet[131] FCN[68] APCNet[31] DMNet[30] CFNet[126] EncNet[125] RecoNet
cat 95.9 77.6 96.0 96.4 95.9 94.2 96.5
bike 71.9 34.2 75.8 77.3 71.9 69.2 66.3
plant 72.8 45.2 75.8 76.6 74.9 68.7 78.1
bus 95.2 75.3 96.9 97.1 94.8 96.3 945
bottle 75.8 60.3 80.6 78.1 82.8 86.2 87.4
horse 94.5 63.9 95.0 95.8 94.6 925 95.9
car 89.9 74.7 90.0 92.7 90.0 90.7 92.6
aero 91.8 76.8 95.8 96.1 95.7 94.1 93.7
chair 39.3 21.4 42.0 39.8 37.1 38.8 48.4
cow 90.7 62.5 93.7 91.4 92.6 90.7 945
dog 90.5 718 91.6 92.7 93.4 90.0 94.4
table 71.7 46.8 75.4 755 73.0 73.3 76.6
bird 94.7 68.9 84.5 94.1 95.0 96.3 95.6
boat 71.2 49.4 76.0 72.8 76.3 76.7 72.8
mbike 88.8 76.5 90.5 91.0 89.6 88.8 93.8
person 89.6 73.9 89.3 90.3 88.4 87.9 90.4
sheep 89.6 72.4 92.8 94.1 95.2 92.6 93.6
sofa 64 37.4 61.9 62.1 63.2 59.0 63.4
train 85.1 70.9 88.9 85.5 89.7 86.4 88.6
tv 76.3 55.1 79.6 77.6 78.2 73.4 83.1
mloU 82.6 62.2 84.2 84.4 84.2 82.9 85.6

3.2.2 Results on Different Datasets

PASCAL-VOC12.

The PASCAL-VOC12 dataset [23] has 21 categories, 10,582

images for training (including the PASCAL augmentation dataset), 1,449 images for

validation, and 1,456 images for testing. The comparison between RecoNet and other

methods can be found in Table Table 3.1, which shows that our proposed RecoNet

achieves an mloU of 85.6%, outperforming the latest state-of-the-art DMNet [30] by

a large margin.

Next, we perform COCO-pretraining for the PASCAL-VOC12 challenge. Specif-
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Table 3.4: Performance of different segmenta-

Table 3.2: Performance of different segmeritgd models on COCO-Stuff dataset.
tion models on PASCAL-VOC12 dataset with

. Method Backbone | mloU
COCO'pretralnlng FCN-8s [68] 22.7
DeepLab-v2 [SEGM-TPAMI2018-Deeplab ] ResNet-101| 26.9
Re neNet [59] ResNet-101 | 33.6
Ding et al [21] ResNet-101| 35.7
SVCNet [20] ResNet-101| 39.6
Method Backbone | mloU DANet [26] ResNet-101 | 39.7
EMANet [54] ResNet-101 | 39.9
CRF-RNN [135] 4.7 RecoNet ResNet-101] 415
DPN [67] 77.5
Piecewise [60] 78.0 Table 3.5: Performance of different segmenta-
ResNet38 [114] 84.9 .
PSPNet [131] ResNet-101 | 85.4 tion models on SIFT-Flow dataset.
DeepLabv3 [8] ResNet-101 | 85.7
EncNet [125] ResNet-101 | 85.9
DFN [123] ResNet-101 | 86.2 Method | pixel acc. | mloU
CFNet [126] ResNet-101 | 87.2 Sharma et al. [93] 79.6 =
EMANet [54] ResNet-101 | 87.7 Yang et al. [120] 798 i
DeeplabV3+ [9] Xception 87.8 FCN-8s [6.8] 85.9 412
DeeplabV3+ [9] Xception+JFT | 89.0 DAG-RNN+CRF [94] 87.8 44.8
RecoNet ResNet-101 | 88.5 Piecewise [60] 88.1 44.9
RecoNet ResNet-152 | 89.0 SVCNet [20] 89.1 46.3
RecoNet [ 896 | 4638

Table 3.3: Performance of different segmenta-

tion models on PASCAL-Context dataset (balle 3.6: Performance of different segmenta-
ground is included). tion models on ADE20K validation dataset.

Method Backbone | mloU Method Backbone ‘ mloU
FCN-8s [68] 37.8
ParseNet [65] 40.4 Re neNet [59] ResNet-152 | 40.70
\Z;;gl\_’;;z:[[;f;s]EGM -TPAMI2018-Di lab ResNet-101 32% PSPNet [131] ReSNet_lO:L 4329
R:enpel\?et-‘[ISQ[] ’ Deepia0 ] ReesSNeet:lsz 473 DSSPN [57] ResNet-101 43.68
PSPt [131] JRestec1or 478 SAC [90] ResNet-101| 44.30
Ding et al 21] ReaNet101| 516 EncNet [125] ResNet-101| 44.65
e reswin 5 CFNet[126]  ResNet-50 | 42.87
g‘ggg‘a‘gg Reshet101) 282 CFNet [126] ResNet-101| 44.89
DMNet [30] ResNet-101 | 54.4 CCNet [38] ResNet-101| 45.22
RecoNet ResNet-101| 54.8 RecoNet ResNet—SO 4340
RecoNet ResNet-101| 45.54

ically, we follow the training process mentioned in previous works [125, 31, 126,
30, 26], pretraining RecoNet using the COCO [62] dataset with a learning rate
of 0.004 and a total of 30 training epochs. Then, we follow the implementation
details as mentioned before, training the PASCAL-VOC12 dataset including the
PASCAL augmentation data with a learning rate of 0.001 and 80 epochs. Finally,
we ne-tune all the training and validation data with an additional 50 epochs and
use the model for testing. The results are evaluated by the PASCAL-VOC12 server

and the performance is shown in Table 3.2. Our model gets 89.0% mloU, which is
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the highest score on the leaderboard!. The result demonstrates that our low-rank

reconstruction strategy is powerful enough to capture context information.

PASCAL-Context. The PASCAL-Context dataset [120] is more challenging than
the PASCAL-VOC12 dataset as it contains 4,998 training images and 5,105 testing
images, with a total of 60 categories including foreground objects and background
stuff. Table 3.3 reports the performance of RecoNet on this dataset. For a fair
comparison, we set the evaluation method to be identical to previous studies [126,
125, 31], which take unlabeled data into account. Our RecoNet achieves an mioU
of 54.8%, which signi cantly surpasses previous works given the dif culty of the
dataset. Notably, our method has the best performance among the attention-based

methods like CFNet, DMNet, and DANet.

COCO-Stuff.  The COCO-Stuff dataset [6] is derived from the MS-COCO dataset,
which has a total of 10K images (9K for training, 1K for testing). It is labeled with

171 things and stuff, and the performance of different methods on this dataset can
be found in Table 3.4. RecoNet achieves an mloU of 41.5%, which outperforms all

previous works that utilize context information for prediction.

SIFT-Flow. The SIFT-Flow dataset [64] is a relatively small and older dataset that
mainly focuses on urban scenarios. It only contains 2,488 training images and 500
testing images, all of which are 256 256 in size. The dataset is heavily labeled with
33 classes. We tested RecoNet on this dataset to verify its scalability. The results in

Table 3.5 demonstrate that RecoNet is suitable for a diverse range of datasets.

Ihttp://host.robots.ox.ac.uk:8080/anonymous/PXWAVA.html
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ADE20K. The ADE20K dataset [137] is an increasingly popular scene parsing
benchmark since it contains more than 25K annotated images, making it one
of the largest semantic segmentation datasets. All the images are categorized
into 150 classes, including indoor, outdoor, and urban scenes, etc. The results of
different models on this dataset can be found in Table 3.6. Our RecoNet consistently
performs better than other attention-based methods like CCNet, CFNet, and EncNet,
regardless of the backbone used. This further substantiates our claim that RecoNet

can model context information better than previous attention methods.

3.2.3 Ablation Study

In this section, we aim to assess the contribution of each part of RecoNet to the nal
performance. Additionally, we will study the in uence of the tensor reconstruction
rank r. The PASCAL-VOC12 training and validation datasets are used during the
ablation study, and all reported results are on the VOC12 validation dataset.
Component Evaluation. Here, we create multiple segmentation models with
different components of RecoNet, including TGM, TRM, the global pooling module
(GPM), and auxiliary loss, to measure the importance of each component to the
nal prediction accuracy. The other settings, including tensor rank ( r = 64) and
implementation details, are identical to those mentioned in previous sections. The
ablation study of each part can be found in Table 3.7. It shows that TGM+TRM
contributes a 9.9% mloU with the ResNet-50 backbone, which is the most important
part, while the GPM contributes another 0.6% mloU improvement. This result
demonstrates that the TGM+TRM design is the most signi cant component and that
the GPM is not trivial. It also implies that the context modeling method proposed by
our RecoNet is powerful. Additionally, the auxiliary loss further boosts the model

by 0.6% with the ResNet-50 backbone. The nal result we obtained has an mloU
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Table 3.7: Ablation experiments of RecoNet. The model is tested on the PASCAL-V@&l B2t.
FT is the short of PASCAL-VOC12 ne-tuning.

Method FT Aux-loss GPM TGM+TRM MS/Flip \mIoU%

ResNet-50 D 68.7
ResNet-50 78.6
ResNet-50 P P 79.2
ResNet-50 P P P 79.8
ResNet-101 P P 81.4
ResNet-101 P P P P 82.1
ResNet-101 P P P P P 82.9

of 82.9%, which is the combination of each block coupled with some tricks like
multi-scale, ip test, and ne-tuning.

Tensor Rank. The tensor rank r determines the capacity of information that we
can reconstruct from context fragments, which is essential to the nal performance.
Intuitively, a larger r leads to a larger capacity and results in better performance.
However, a larger r also increases the risk of over tting and may harm prediction
accuracy. Therefore, we manually set the rank r from 16 to 128 to nd the best
parameter. The results of different r values can be found in Table 3.8, which indicates
that r = 64 is the optimal parameter. The reason is that the input tensor of TGM X
has the shape of512 64 64, which implies the tensor rank is 64. Hence, when r
is smaller than 64, the mloU increases simultaneously, but the accuracy goes down
when r is larger than 64.

Contrasting with Earlier Methods. To show the effectiveness of RecoNet, we re-
implemented multiple state-of-the-art researches and compare them with our model
in terms of GFLOPs and mloU. The baseline ResNet-101 is the backbone we used
during our research, which substitute the rst convolution module with kernel size

7 to 3 convolutions with kernel 3 like previous works [131, 125, 126, 38, 54]. Also, the
dilated convolution is applied to the backbone for larger receptive eld. Since the

performance of our backbone already outperforms some models according to their
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Table 3.8: Ablation experiments of tensgf"ble 3.9: Comparison of different segmentation models

rank. We use ResNet101 as the backl%hg'?‘\lscﬁ‘l"vhocblz vallldzatlon data_sr?t. IQur Ipr?posed
during experiments and the results are coNet has the best mloU score with relatively low com-

tained after multi-scale test. putational cost.

Method ‘ SS MS/Flip ‘ FLOPs
Method  Tensor Rank | mloU %

ResNet-101 - 190.6G
RecoNet 16 81.2
RecoNet 32 81.8 DeepLabV3+ [9] | 79.45 80.59 | +84.1G
RecoNet 48 81-4 PSPNet [131] 79.20 80.36 +77.5G
RecoNet 64 82-1 DANet [26] 79.64 80.78 | +117.3G
oo Nt 2 o1 5 PSANet[132] |78.71 79.92 | +56.3G
RecoNet 26 81.0 CCNet [38] 79.51 80.77 +65.3G

: EMANet [54 . 1.38 +43.1

RecoNet 128 80.7 et[s4] | 8009 813 316

RecoNet [81.40 8213 [ +41.9G

original paper. To make a fair comparison, we use our backbone and implementation
settings for all methods. The comparison can be found in Table 3.9 and we can
nd that since RecoNet harvests global context information, the performance is
better than PSPNet [131] and DeepLabV3+ [9], which use large kernel to expand
receptive eld. Additionally, we RecoNet has lower computational cost than DANet
[26] and PSANet [132] since the attention in RecoNet is constructed by low rank
tensor while DANet [26] and PSANet [132] use vanilla attention, which is costly.
Also, our method shows better mloU compared with the ef cient attention methods
like CCNet [38] and EMANet [54]. This is because RecoNet collects both spatial
and channel attention simultaniously while other methods can only collect context

information in spatial or channel only.

3.2.4 Further Discussion

In this section, we measure the computational cost of RecoNet to illustrate the effec-
tiveness of our design. Next, we visualized some sub-attention maps to demonstrate
that each sub-attention map will learn a part of context feature.

Analysis of Computational Complexity. The attention map of our model is

generated by the context low-rank reconstruction, which has smaller computational
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Table 3.10: The oating point operations and GPU memory occupations of different attention module.
Here we set = 64 for this experiment.

Method Channel GPU Memory FLOPs

A2Net [12] 512 25.00MB 4.30G
Non-Local [106] 512 88.00MB 19.33G
EMAUNIt [54] 512 24.12MB 2.42G

LatentGNN [128] 512 44.69MB 2.58G
APCNet [31] 512 193.10MB 8.98G
RCCA [38] 512 41.33MB 5.37G
AFNB [143] 512 25.93MB 2.62G
TGM+TRM 512 8.31MB 0.0215G

cost compared with other approaches. The FLOPs of our model is O(C?+ H? +
W2+ CHW) O (CHW), where the O(CHW) comes from tensor low-rank-to-
high-rank reconstruction and O(C?+ H?+ W?) is caused by context fragment
generation. Recalling that the FLOPs of generating and vanilla attention map is
O(CH?W?). Hence, the cost of TGM+TRM is signi cantly small. For example, on
the table Table 5.3, we can nd that our design is 900times faster than non-local
attention. Also, our method is over 100times faster than other ef cient attention
mechanism like EMAUNiIt [54].

Visualization. To nd out the performance and the function of each sub-attention
map, we conduct a visualization experiment. Here we visualized some attention-
activated featuremap X, which has the formulation of A; X. The results can be
found in Figure 3.4.

Limitation. Our method, although signi cantly improved in terms of accuracy
and inference speed, still has drawbacks. It requires a large amount of storage
space, typically 3-4 times that of other methods. This is because during the TGM
process, we produce r rank-1 tensors, and each rank-1 tensor requires the generation
of a fully connected layer to learn its features. Therefore, our method results in

substantial memory consumption.

33



Figure 3.4: Visualization of A; X,i 2 64. HereA; represents the sub-attention map. We provide
the original images and their labels for reference. We can observe that each sub-attention map extracts
a part of context information.

3.3 Conclusion

In this part, we introduced how to implement image segmentation with high quality
and low cost. For high quality segmentation, attention mechanism is strongly
needed, but it will bring more computational cost. If we want to perform ef cient
segmentation, we should apply attention simpli cation technique. In this topic, our
research proposed to use tensor low-rank reconstruction for attention acceleration.
This approach not only reduces the computational cost of attention by a large
margin, but also preserve the 3D context information of original featuremap, which
brings high quality segmentation.

Future Work.  We will subsequently explore ef cient segmentation with Large Lan-

guage Models (LLMs), especially interactive segmentation. Interactive segmentation
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Figure 3.5: The framework of our SAM 3D model. In this model, we will use the pre-trained 2D
SAM model and upscale the weights to adapt 3D voxels. After the voxel encoder, the obtained voxel
embedding will merge with several visual or text prompts to achieve segmentation in different parts.
For example, we can use text prompt like “head", “wings" or “tail" to nd different parts on the
airplane voxel.

refers to the process where humans interact with machines to achieve high-precision
segmentation. Initially, a person provides a visual prompt, which is usually a mouse
click or a text description. Then, the segmentation model outputs a corresponding
segmentation mask based on the given prompt. Afterward, the person further
modi es the prompt based on whether the generated mask meets the requirements,
ultimately achieving high-precision segmentation. Large Language Models are
currently a hot topic among researchers and their emergence has taken interactive
segmentation to a new level. Previously, mouse clicks were often the only effective
prompts but now with the help of LLMs, text prompts have also become effective.
A representative interactive segmentation framework is SAM [44], which integrate
LLMs to realize interactive 2D image segmentation.

In the future work, we will dedicate to produce 3D segment anything model,
which can be used for meidial imaging and point cloud analysis. The working
pipeline of our proposed model is shwon as follow: Here we simply use the open-
source pre-trained weight from SAM and upscaling the weight to 3D scenario. For

example, a convolution kernel with size 3 3 will be interpolatedto 3 3 3and
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then we ne-tuning the weight to adapt 3D data. Therefore, the voxel encoder
and mask decoder are transformer encoder and decoder structure that comes from
SAM model directly while the CLIP [87] model is used as our prompt encoder.
However, the ne-tuning of 3D SAM model would be a challenging problem. Due
to computational resource limitations, training a 3D SAM model directly is a very
time-consuming approach. To address this issue, we use large model low-rank

adaptation (LoRA) [36], which is formulated as:
w=w>+A B (3.5)

Where the W? is the original weight parameters in LLMs. During the LORA ne-
tuning process, the original model is xed and we only update the newly introduced
parameters inmatrix A2 R" "and B2 R" W and the rank r is manually adjusted.
We will use LoRA technique to netune the 2D SAM model and making it capable
to represent 3D scenarios.

The work mentioned above is what | plan to continue researching after complet-
ing this thesis. Some of these studies will continue along my current research path
such as space- lling curve applications, while others will explore new elds such as
ef cient LLM with segmentation. However, overall, they are all very challenging
tasks. Currently, there is great potential for research in the acceleration of segmen-
tation. In the future, | will focus most of my attention on research related to the

acceleration of segmentation in 3D scenes.
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Chapter 4

Space Filling Curve for Ef cient Data

Clustering

4.1 Methodology

In the previous section, we introduced how to accelerate segmentation from the
perspective of attention slimming. However, the speedup that we can achieve is
limited since the backbone network consumes most of the computational overhead.
Therefore, we aim to nd a method that is applicable for backbone acceleration.
Here, we propose a novel technique, which involves using space- lling curves (SFCs)
for acceleration. Since SFCs can be used to atten the feature, we can then substitute
the original Conv2D with ConvlD in the backbone network, which will greatly
reduce the cost. To begin with, we will introduce how to apply a space- lling curve

to a deep neural network.
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4.1.1 Problem De nition

Generating a space- lling curve is not dif cult, and it simply follows the process
below. We rst transform an image to grayscale with dimension 1 2* # W Then
we separate the pixelsin | into multiple 2 2 circuits as depicted in 2.1 (b). Then a
dual graph [5] GPis obtained as shown in 2.1 (c), where each edge has its own weight.
Based on the value of each edge, a minimum spanning tree can be generated as
shown in 2.1 (d). Finally, we use an algorithm called the Cover-and-Merge algorithm

[70] to link all small circuits, and the SFC is obtained as shown in 2.1 (f).

Overview. Our SFC generation framework is shown in Figure 5.3, which is consists
of two part, graph weight W GPgeneration and SFC generation. In the rst part, the

process can be described as:
W= EGCN(L(Conv(l ))). (4.2)

Where a convolutional neural network is used as backbone to extract features from
image and denoted as Conv( ). Then the features are followed by feature normal-
ization layer L( ) and Ef cient-GCN EGCN( ) layer for graph weight generation.

For the second stage, the entire progress is shown as follow:
SFC= Cover_and_Merge(T (WGY). (4.2)

where the Prim MST [79] is rstly constructed on W GPand denoted as T ( ). Next,
we apply the Cover-and-Merge algorithm to generate the output SFC. Notably, the
framework cannot be optimized by gradient back propagation directly since the
MST and Cover-and-Merge algorithm are not differentiable. Therefore, we propose
a Siamese Network-based optimization algorithm to update the network parameters,

which will be introduced in the following text.
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Figure 4.1: The work ow of our proposed model. The Cover-and-Merge algorithm is marked as
Cover&Merge, and.( ) denotes our proposed feature normalization layer. We add Gaussian noise
N (0, 1) to the Siamese network input to increase input diversity.

4.1.2 Graph Weight Generation

Convolutional Network. Our model accepts grayscale image input with size
| 21 H W and the image will be encoded by a residual network [32]. After that, we
will interpolate the output feature of ResNet to its original size. Finally, we obtain

the desired feature map W 1€ 5 7 by usinga 2 2 convolution with stride 2. The

entire process is simply described as:

X = F(). (4.3)

Feature Normalization. After getting W, we apply feature normalization, a useful

technique that rstly proposed by GAT [101] to it for W G generation. Speci cally,
we rst reshape W, into W, 2 RN* € where N = H =Y. Then we apply softmax
across dimension C and dimension N2 respectively, obtaining featuremap ( S;( ))
and (S()). The concatenation of them along C axies brings intermediate graph

weights W G to us as the description of the following formulation:

WG = L(W,) = Concat(S;(W ), SAW))). (4.4)
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(b) ©)

Figure 4.2: Demonstration of offset-diagonal matrix multiplication. (a) The graph of & 8nage,

which is a grid graph that consists of 4 offset diagonal matrices. (b) Multiplication yjgh is
identical to moving all elements upward and replacing the grey rows to 0. (c) Multiplication with

| gown iS identical to moving all elements upward and padding the bottom rows. The white-colored
elements represent 0, while others like gray, purple, blue, pink, and yellow indicate non-zero elements.

W G, will be used as the input of EGCN, which is an ef cient graph neural network

algrithm that will be introduced in the following paragraph.

Ef cient-GCN. EGCN is an GCN acceleration algorithm that specially designed for
grid graph and it has the identical formulation to GCN like Equation (4.5). In our
research, we will use the EGCN to gather global context information of a featuremap

and predict edge weight W G°

ES 1

wGg™tl=s b Y2AD *wg'wk |,

(4.5)
wG= wgR*l r=1,2,...R
For the rth layer, we input the feature WG" and multiply it with an adjacency
matrix A = | + A, A, and a degree matrix D. The feature map is learned by the
parameter update on Wk". Finally, the activation function s( ) is used at the end of
the rth layer. In traditional GCN, this process is actually time-consuming since the

adjacency matrix has the size A 2 RHW HW However, in our EGCN, the scale of

the adjacency matrix is not a problem anymore because the EGCN accelerates the
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vanilla GCN based on the distribution of A in the grid graph.
In grid graph, all nodes are connected by its left,right up and down node and

then we can separate the adjacency matrix A of a grid graph into four parts as:

A |up+ |d0wn+ IIeft+ Iright

= lgownt lright + 1 " downt 17 right>
The vector | g;; 2 RN* N and 1, 2 RN N? represent the leftward and upward
edges that connect each node respectively. The transpose ofl ¢+t 2 RN? N2 and
lup 2 RN* N* are marked as | right 2 RN® N? and 1 4oun 2 RN? N%. The relationship

between each part can be found in Figure 4.2a. According to this separation, we can

simplify the process AW rG| from matrix multiplication to matrix addition as follow:

AW E;, = IdoanVEz1 + |rightW23I

+ 17 doanVE_‘-4 + 17 rightW E;l (4.6)

Woy* Wo,+Wg (+Wg 4
The detailed process of equation IdownWrG.l = WrG”\I can be found in Figure 4.2c,
which is simply shifting and padding the original matrix W{BI upward by N rows.
Similar to Wg N WG, y fepresents shifting and padding the original matrix WG,
downward by N rows. For Wg , and W ,, we shift the original matrix at rst,
then we remove a part of rows in the shifted matrix since the matrices | yown and Iyp
have 0 element in their diagonal value. The detailed demonstration can be found in
Figure 4.2b.
demonstrate that we do not need to perform matrix multiplication to get the

result of AW . Instead, we can simply shift and add the elements in W to achieve
the same goal. Since the matrix multiplication is replaced by the matrix addition,

the computational cost will be very small. According to , we build the EGCN as
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follow:
WE = EGCN(Wg,A)=s (I + A)WGW|

= s((Wg + Wg  * W5, +Wg (4.7)
+Wg WD, r=12...R L

The EGCN adopts spectral-based graph convolution, and W | represents the
learnable parameters in GCN. The output of EGCN, ng+ 12 RNZ, is the importance
of each node in G°. and the edge weight between nodes, W G? is calculated by using
the mean of the adjacent node weights.

After that, we move to the next step, which is generating the MST according
to the edge weight W G2 However, we nd that a single MST is not stable, which
means that using different random seeds during training can result in very distinct
MST formulations, leading to different performance and sometimes the network

cannot converge. Therefore, we propose a multi-stage MST algorithm to stabilize

the training result.

4.1.3 Multi-Stage Minimum Spanning Tree

In the convolutional network [136, 48, 97, 32], different layers capture different
levels of image features. For the shallow layer, context details such as image texture
and image edges will be obtained, while in the deeper layer, the features are full
of semantic information. Combining the features at different levels can greatly
improve the network performance and make the prediction more stable [61, 69, 85,
72]. Therefore, we design an algorithm called multi-stage MST to collect MSTs from
different convolution layers, and the predicted W G°will be stable.

We rst mark the output of ResNet in 2nd, 3rd and 4th stage as X 2
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Figure 4.3: Multi-stage MST demonstration. We rst nd MSTs on different ResNet outputs. Then
we perform tree-intersection to produce the nal MST.

RCm Hm Wm and m 2 f 2, 3, 4, they are generated by K ):
[X2,X 3, X 4] = F(I),
The the MST in 2nd, 3rd and 4th stage are generated and marked ast,, t3 and t4.
tm= T(EGCN(L(X m))), m2f23,4. (4.8)

Then, tree-intersection is proposed to merge the different MST t;and t,  ty.
Speci cally, we rst obtain the adjacency matrix of each t, and apply element-wise

multiplication to them as:
tl\ to th = Atl At2 Atn,

In our implementation, given t», t3, and t4 that generated in Equation (4.8), the

43



multi-stage MST is performed as:

A\DAVGOZ[]‘-F(h Dto\ ta\ ty] Aw

G0’

Here we use a small number h = 1e 3 to control the edge weight in A\')"\,GO. For an
input adjacency matrix A , that generated by W GP the output of multi-stage MST

will be A\'}"VGO. The details of multi-stage MST can be found in Figure 4.3.

4.2 Weight Optimization

Since the SFC is obtained after the Prim algorithm [79] and the Cover-and-Merge
algorithm, which are not differentiable, gradient optimizers like SGD or Adam
cannot be used to optimize the model. Therefore, we propose a novel learning

scheme based on the Siamese network, which will be introduced later.

4.2.1 Objectives

Since SFCs are used for data linearization, we introduce two objectives to measure

the quality of the linearized feature: autocorrelation and LZW code length.

Autocorrelation. Autocorrelation is a common metric used in data transmission [70,
99] and spectral analysis [39]. It measures the correlation between the attened
feature and the k-delayed attened feature. For example, given a sequence Y 2 RHW
obtained by image attening, we delay it by k and get Yt + k]. Autocorrelation is
then calculated as:

aly “YIIYt+ K

F a = ° ’ (4.9)
&27 Y[t)?

A higher autocorrelation indicates better performance of data attening, which

implies a better SFC.
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LZW Code Length. LZW Coding [144] is a lossless data compression algorithm.
We measure the quality of SFC by examining the coding length after LZW coding,

which is performed as:
F, = Length(LZW Coding( Y)). (4.10)

Where Y is the attened image. A shorter code length indicates better clustering

ability that an SFC has, which implies a better SFC.

4.2.2 Learning Scheme

Inspired by knowledge distillation schemes [34, 88], self-learning methods [11,
28], and generative models [27, 80], we plan to use a Siamese network structure
for weight optimization. Speci cally, as shown in Figure 5.3, our framework has
two identical branches. In the main network, the input is the original image | ,
but for the Siamese network input, we add random noise to the original image
(I + N (0, 1)) to increase input diversity. This design will make the input image of
the two networks different in context while keeping other important features intact,
like edges. Both networks will produce a score calculated by the objectives that we
mentioned above, and the scores of the main network and Siamese network are
marked as F™ and F ° respectively. We iteratively optimize both networks following

the criteria: 8

2 KL (e’ke™), If F™Mis better,
L KD — (411)

2 KL (eMke®), If FSis better,

If F* performs better, we x the parameters in the Siamese network and make
it the teacher network, then we update the parameters in the main network by

minimizing the KL-divergence between the main network (student) and the Siamese
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network (teacher). Similarly, when F™ is better, we X the parameters in the main
network and optimize the Siamese network to make its predictions closer to the
main network. This process is repeated every iteration during training. In the

inference stage, we only use the output of the main network.

4.3 EXxperiments

Datasets. We test the performance of our model on the Fashion-MNIST [116], which
has 60k training images and 10k testing images. Additionally, we conduct exper-
iments on the MNIST [51] dataset. The MNIST dataset contains 70K images (60k
for training and 10k for testing) composed of handwritten numbers. The original
image is resized to 32 32, which is consistent with NSFC [102]. We also conduct
experiments on the Tiny-ImageNet [49] dataset, which is more complex than MNIST.
It is composed of 500 training, 50 validation, and 50 test images that are selected
from the ImageNet dataset [18]. The original images in Tiny-ImageNet [49] have a
size of 64 64, and we resize them to 32 32 during experiments. To demonstrate
the scalability of our model, we conduct a Tiny-ImageNet experiment with an input

size of 64 64.

Experimental Setting. The backbone of our model is the Pytorch [78] implemented
ResNet-18, and we convert all images into grayscale images to accommodate the
input of our model. We do not apply the pre-trained weight for the backbone, and
we use R = 3layers of EGCN during experiments. ( R is mentioned in Equation (4.7)).
We test our model after 80 epochs of training with a batch size of 128, and the
learning rate is reduced by half every 20 epochs. The initial learning rate is set to

Ir = 0.001, and the Adam [41] optimizer is used to optimize the entire framework.
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Autocorrelation LZW Code Length

Dataset Method
! (bytes)#
Zigzag 0.207 175.4
Hilbert [33] 0.475 182.7 (+7.3)
MNIST [51] Dafner [17] 0.401 -
NSFC [102] 0.558 171.1 (-4.3)
Ours 0.625 158.3 (-17.1)
Zigzag 0.552 425.8
Hilbert [33] 0.723 427.3(+1.5)
Fashion-MNIST [116] Dafner [17] 0.704 -
NSFC [102] 0.786 412.4 (-13.4)
Ours 0.834 400.7 (-25.1)
Zigzag 0.811 925.1
Hilbert [33] 0.874 927.6 (+2.5)
Tiny-imagenet
(32 32) [49] Dafner [17] 0.896 909.0 (-16.1)
NSFC [102] 0.913 904.9 (-20.2)
Ours 0.936 888.7 (-36.4)
Zigzag 0.719 -
Hilbert [33] 0.773 -
Tiny-imagenet
NSFC [102] - -
Ours 0.826 -

Table 4.1: Comparison between our approach and previous methods. Here, “zigzag" represents the
reshape function in PyTorch. We conduct both 32 and 64 64 experiments on the Tiny-ImageNet
dataset to test the scalability of our model.

4.3.1 Quantitative Comparison

Different Objectives. We present the performance of various SFCs in Table 4.1, they

are evaluated on different datasets with different objectives like LZW code length
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Method GPU Params Inference time

GCN [43] 104M  1.6M 11ms
GAT [101] 120M  1.8M 12ms
SGC [110] 88M 0.8M 9ms
FastGCN [fastGCN] 96M 0.5M 8ms
EGCN 32M 0.3M 4ms

Table 4.2: Inference speed and GPU occupation comparison between our model and previous works.
We randomly generate a batch6#f 64 grid graphs as the input and the batch size is set to 512.

Stage2 Stage3 Stage4 Autocorrelation

0.577 ( 0.04)
X X 0.601 ( 0.02)
X X 0.589 ( 0.03)
X X X 0.625 ( 0.0))

Table 4.3: Ablation experiment that conducted to test the multi-stage MST.

Table 4.4: Average inference time of different components in our model.
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and autocorrelation.

We rst run our model and NSFC, which are learning-based methods, and
we supervise the models with a delay factor k = 6 for autocorrelation. Then we
generate Hilbert curve, Zigzag curve, and Dafner [17] curve for comparison. The
autocorrelation performance is obtained by using the mean autocorrelation of all
images. After that, we measure the quality of the generated SFCs using the LZW
code length metric. The experimental results are reported in Table 4.1, where we
can see that our model shows the best performance in both autocorrelation and
LZW code length metrics. For example, in the MNIST experiments, our model
reaches 158.3 bytes in LZW code length, which is much smaller than other methods,
indicating that our generated SFC has better clustering ability. Additionally, to better
demonstrate the clustering ability of our SFC, we visualize some Tiny-Imagenet

results in Figure 4.4.

Computational Cost. We then conduct a computational cost measurement, as
our EGCN is designed as a power-saving solution for GCN. We evaluate the cost
from two perspectives: the inference time of different GCN methods and their
corresponding GPU memory usage. During experiments, we use a randomly
generated 64 64 grid graph as the input, and we set the number of layers to 3 for
all tested GCN methods. The quantitative comparison can be found in Table 4.2,
where our EGCN outperforms traditional methods like GCN [101] and GAT [101]
by a large margin. Also, our method is more power-saving than previous GCN-
acceleration approaches like SGC [110] and FastGCN fastGCN ].

Since our model is a combination of different components, it is important to know
the inference time of each component. Therefore, we conduct MNIST experiments to
measure the running time of each part in our model, including the Cover-and-Merge

algorithm, CNN backbone, graph embedding module that contains EGCN and
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Figure 4.4: The visualized comparison between our approach and the Hilbert curve is generated as
follows: Firstly, the image is attened to a 1D sequence using a given space- lling curve. Then, we
upsample the attened 1D sequence to a 2D image for better visualization. Compared to the Hilbert
curve, our proposed method obviously has better clustering properties.

Learning Scheme Params Training Time/epoch  AC

NSFC [102] 22.9M 1867s 0.593
ours 22.3M 72s 0.625

Table 4.5: Learning scheme comparison. Params means number of parameters in the training
framework.

feature normalization, and MST generation. 4.4 records our evaluation results, in
which we can see that graph embedding only consumes 2ms, further proving that

our proposed EGCN is very ef cient.
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GCN() L() EGCN() AC

X 0.594
X 0.598

X X 0.614
X X 0.625

(&) MNIST (b) Fashion-MNIST

Table 4.6: Ablation experiments abo?-ll ure 4.5: Visualized results on MNIST and Fashion-

the performance of feature normalizat . .
layer and EGCN module. 'IQINIST dataset when selecting different delay factor k.

4.3.2 Ablation Study

In this part, we will test the contribution of each module in our proposed model.
We use MNIST dataset with autocorrelation objective ( k = 6) during the following

ablation experiments.

Multi-Stage Minimum Spanning Tree. Multi-stage MST is designed for stable
MST prediction. To evaluate the performance of this model, we rst run our model
without using multi-stage MST, and the result can be found in row 1 of Table 4.3.
The autocorrelation is 0.577 ( 0.04. When we add multi-stage MST on stage2 and
stage3, the autocorrelation increases to 0.589 ( 0.03). We can see that the prediction
becomes more stable (from 0.04to 0.03 and the autocorrelation becomes higher.
If we apply the multi-stage MST on stage2, stage3, and stage4 of ResNet, the
result will be even better. The variation of prediction becomes negligible and the
autocorrelation reaches 0.625, which outperforms the model without multi-stage

MST by a large margin.

Different Learning Schemes. Previous work NSFC [102] generates SFCs by rst
generating a proposal SFC, then using a curve evaluator to determine whether we

should keep this result or not. In our research, we conduct a Siamese network-based
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learning scheme and we will measure the performance of both training schemes
in terms of autocorrelation and training time per epoch. To make the comparison
fair, we keep all other settings (EGCN, multi-stage MST, etc.) the same except for
the training scheme. 4.5 shows the result of different training schemes. It can be
found that the parameters of both methods are not distinct since both methods
use an additional branch to determine the quality of the generated SFC. However,
our proposed method has a faster training speed since the NSFC scheme needs
to apply the Dafner [17] algorithm, which is time-consuming. Additionally, our
scheme shows better autocorrelation performance than the NSFC scheme, which

demonstrates that our method is more suitable for SFC generation.

EGCN and Feature Normalization. In this part, we test the performance of our
proposed EGCN. We simply replace all the EGCN to GCN at rst, and the results can
be found in 4.6. It shows that GCN performance is close to EGCN without feature
normalization. This is because EGCN is just a GCN acceleration method, which
will not affect the nal performance. Next, we apply feature normalization to GCN
and EGCN and we can nd that the autocorrelation performance becomes better. It

illustrates that feature normalization technique is essential to our framework.

Scalability. Scalability is a signi cant problem for previous works like NSFC because
vanilla GCN cannot handle a large grid graph. For example, if GCN is processing a
grid graph with size 256 256, the adjacency matrix of that graph will have a size of
65536 65536 which requires an unacceptable cost. Moreover, nding an MST on a
large graph is still a challenging problem. However, in our model, the scalability

problem is solved because EGCN is very ef cient. We conducted a Tiny-Imagenet
experiment to test the scalability of our model. In this dataset, all images have a
size of 64 64, which is much larger than others. The autocorrelation performance

in Table 4.1 shows that our model is suitable for handling large images. Note that
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we do not report the performance of NSFC because the training time is too long.

More Visualization. During experiments, we use a xed autocorrelation factor k. To
better showcase the performance of different SFCs, we provide the autocorrelation
results with different k values. As shown in Figure 4.5, our model consistently

performs better than other space- lling curves like the Hilbert curve.

Limitations and Future Works.  Searching for an optimal SFC is a challenging
problem, especially in large graphs where the complexity increases signi cantly.
Hence, we cannot ensure that our method provides the global optimal solution.
As one of the future directions, we will search for more powerful and ef cient
optimization strategies to approximate global solutions. Another direction is that
we can explore the possibility of applying the proposed SFC to other tasks, such as

point cloud compression [10], data clustering [74] and etc
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Chapter 5

Point Cloud Analysis Using Space
Filling Curve

5.1 Methodologies

As illustrated in previous parts, Space-Filling Curves (SFCs) are useful data cluster-
ing tools that can be used for data linearization. The linearized feature has a lower
dimension and can be processed faster compared to its original shape. Therefore, we
can apply SFCs to a segmentation framework for acceleration. In this part, we will
use the Hilbert curve as an example to demonstrate how to use a space- lling curve

to implement ef cient segmentation in a point cloud segmentation framework.

5.1.1 Hilbert Curve Preliminaries

In the previous section, we demonstrated the analytical formulation of the Hilbert
curve, which is a fractal function [91]. In this section, we will detail its characteristics.

The shape of the Hilbert curve can be found in Figure 5.1.
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@) (b) ()

Figure 5.1: The process of generating Hilbert curve.

(a) Still segments in Hilbert curve and reshape functi@® Jump segments in Hilbert curve and reshape func-
tion

Figure 5.2: Number ofStill segments andumpsegments in Hilbert curve and reshape function.
We x the dimension D= 3 and increase the grid size N.

5.1.2 Advantages of Hilbert Curve

Previously, linearization was implemented via a zigzag curve (shown in Figure 1.4),
also known as the “reshape" function. Here, we provide a strong alternative
solution: the Hilbert curve. Unlike the zigzag curve, the Hilbert curve has no "jump
connections", implying a better locality-preserving property. Also, the distribution
of the attened feature closely resembles the original feature. To solidify our claim,
we will mathematically illustrate the two advantages of the Hilbert curve in the

following section.
Advantage 1: Locality Preserving.
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The number of segments in the SFC [73] determines its locality-preserving ability,
which is strongly correlated with its clustering ability. The better the clustering
ability, the more centralized the distribution of the attened data will be, which is

more bene cial for feature extraction.

De nition 1. Segments] A segment is de ned as the “line" that links two consecutive
elements. Speci cally, given a grid graph with sikeand dimensiorD, it hasNP 1

segments that connectNpoints.

De nition 2 (Jump Segments) Jumpsegment is de ned as the segment that links two
consecutive elements where the distance between them is larger than 1. For example, given
two consecutive elemen®s, ; and R, if abgP, P+ 1) > 1, the segment between the two

points is the Jump segment.

De nition 3  (Still Segments). Still segment is de ned as the segment that links two
consecutive elements where the distance between them is equalkg Qiatension. For
example, given two consecutive elemdfis and R, if abgP, P 1) = 0 at dimensiork,

the segment between the two points is the Still segment.

The Hilbert curve is known for its good locality-preserving property, which is
feasible for data clustering. An intuitive comparison between the reshape function
and the Hilbert curve can be found in Figure 1.4, which demonstrates that the
Hilbert curve is more suitable for our task. We will then illustrate why using the
Hilbert curve theoretically.

As we de ned above, it is obvious that the locality-preserving property of an
SFC is determined by the number of Still and Jump segments within it. The
fewer jump segments, the smaller the number of jump connections, which leads to
better clustering properties. Also, the more Still segments, the higher the spatial

consistency the SFC provides, which is also good for data clustering. For a grid
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graph with size N and dimension D, we can calculate the percentage of Still
segments Sg, Jumpsegments Jk in the reshape function, and Still segments Sy,

Jumpsegments Jy in the Hilbert curve using the following function:

_ NP 1 1
k=(g— D D(NP 1)’

B NP 1 1
Sk =(DNP N N 1) B(ND 1)’ (5.1)
3=0 Sy=(D 1I)(N° 1 D(Nél)'

The results can be found in Figure 5.2. From the gure we can nd out that the
Hilbert curve always has larger number of Still segments comapred with reshape
function. Additionally, Hilbert cuvre has no Jumpsegments. Therefore, Hilbert

curve is much more locality preserving than reshape function.

Advantage 2: Lower Space to Linear Ratio

Another advantage of the Hilbert curve is that the feature attened by the Hilbert
curve has a similar data distribution to its original shape. Speci cally, if we apply
data attening, we will inevitably change the distribution of the original data, and
some continuous points may no longer be neighbors of each other after attening.
Therefore, we should consider the similarity between the original and the attened
shape when choosing an SFC. We can check thespace to linear rati¢SLR) of a SFC

for the similarity measurement.

De nition 4 (Space to Linear Ratio) Suppose in a 2D system [0,1]0,1], we have two
points p(t ) and p(t). If mapping these two points to andt that in a 1D system [0,1] via

a SFC p, p:[0,1] [0,1] [0,1], the space to linear ratio of the two points is de ned as:

jp(t)  p(1)j?

i (5.2)

The space to linear ratio of the SFC p is then de ned as the maximum of
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Equation (5.2). Clearly, a smaller SLR represents higher spatial locality as the

distribution of the attened data is closer to its original shape.
Theorem 1. The square-to-linear ratio of the Hilbert curve is equal to 6.

The proof is given in [4]. For the reshape function, under a certain curve order n,
some consecutive elements will have an SLR of4”  2"*1+ 2 which is much larger
than 6 as illustrated in [134]. Therefore, compared with the reshape function, the

Hilbert curve is better for data attening.

5.1.3 Pre-processing

To integrate the Hilbert curve into the segmentation model, we rst introduce the
Voxelization and Hilbert Flattening Module (VHFM). For all input point clouds,
VHFM rst voxelizes them into a 4D voxel tensor of size  (C, R, R, R), consistent with
previous works [83, 138, 72]. Following this, it applies slice-level data attening
as shown in Equation (5.3). In this process, each sliceVsl,Vs2..VsR2 (C,R,R,1)

represents the corresponding feature along the Z axis.

2 3 2 3

Vst S1
VIR R Ry BYZLHNIRL (5.3)
VR SR

Next, we apply the Hilbert curve Hn(s,) = Vskk = 1,2..R to obtain the
attened feature s1,s2..sR2 (C, R?). We reconstruct the sequences along the Z-axis

and the resultant feature will be 1 2(CR*R)_\we will use | as the input feature of
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Figure 5.3: Pipeline of our proposed HilbertNet. The input point cloud will be processed by
Voxelization and Hilbert attening module (VHFM). After that, we extract 1D point features,
2D slice features and we merge them with Hilbert Interpolation operation (HI). Channel-wise
attention [37, 108] and global average pooling are also applied in our framework. Our model is
designed for classi cation and segmentation tasks.

the neural network. It can be observed that this is a 2D image, which uses Conv2D
for feature extraction, which is much smaller than Conv3D for voxel.

We also adopt data augmentation techniques as implemented in previous works,
such as point cloud rotation, point cloud ip, and random point jitting. All the data

augmentations are applied directly to the point cloud, which is before VHFM.

5.1.4 HilbertNet

HilbertNet is a multiple feature fusion framework [66, 138] that combines 3D voxel
features with 1D point features for accurate point cloud segmentation. However,
HilbertNet is more ef cient than previous works because we do not use 3D voxels
directly. Instead, we initially atten the 3D branch into a 2D image, which reduces 3D
convolution to 2D and saves signi cant computational cost, as shown in Figure 5.3.
However, this difference also implies that we cannot use previous modules and

must design our own operators. Hence, we will introduce our designed operators:
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Hilbert interpolation, Hilbert pooling, and Hilbert attention in details

Feature Gathering. Since the nal prediction is a point cloud instead of a voxel,
we need to use a “devoxelization" process that is applied to the 2D attened voxel,
transforming it into a 1D point feature. This module should have a function similar
to linear interpolation [66] or attention-based interpolation [122]. However, it is
not advisable to apply linear interpolation to the attened feature since the feature
obtained by rst interpolating and then applying Hilbert attening differs from
the feature obtained by rst applying Hilbert attening and then interpolating.

Therefore, we propose using Hilbert interpolation to replace linear interpolation.

Linear Interpolation. Recalling that the process of linear interpolation for a voxel
feature V2(CRRR) js;

O = ReshapdV)Fjinean (5.4)

It transforms the 4D voxel tensor into a point cloud tensor 02(M.C) through the
interpolation kernel Fjhear @nd the output has M points. The linear interpolation is
not locality preserving as it uses Reshapg) function and the voxel to be interpolated
is usually sparse, which will lower the intensity of border girds. Therefore, we

propose our Hilbert interpolation.

Hilbert Interpolation.  For a given 2D attened voxel | Z(C'RZ’R), Hilbert interpola-
tion L( ) works as:
O = L(l),with
8
% (I W h) I:Iineary if M RS; (5-5)
HdMe(O) =

In the upsampling case (M > R®), we directly use linear interpolation and the
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Hilbert curve HdMeg( ) to transform | into the point cloud feature O. dMe repre-
sents the nearest curve order where the corresponding Hilbert curve encompasses
at least M points. However, in the downsampling case ( M RS), the process
becomes more complicated. We rst introduce W h, an interpolation weight used
to compensate for the border area of | . W h is the number of empty grids in an
interpolation kernel. The more empty grids there are, the larger the number in W h,
resulting in greater compensation. Next, the tensor W g is obtained after applying a
sum lterto | g:

W B = I BFsum. (56)

Obviously, Fjinear» Which is marked as K, determines the size of Fgymand W g
depends on the interpolation scale. It is easy to nd that the number of non-empty
grids that included in the interpolation kernel is represented by W g. Finally, we

2
use a nearest interpolation N ( ) to W g and obtain W ﬁ(C’R R as follow:

Wpr=Kge N (Wpg)+ 1. (5.7)

The Hilbert interpolation L( ) transforms 2D features into 1D using Hilbert
attening and our proposed border-adaptive interpolation. In our real L( ) imple-
mentation, Bilinear kernel is selected. We will get the point feature O from 2D
branch after the operation L( ). Also, the 1D branch will produce another point
feature X. These two point features are fused through addition to get the nal
output:

Y = a(X) + O, (5.8)
Where a( ) is a shared MLP.

Hilbert Pooling. Now let us consider the pooling module. Originally, 2D pooling

compresses the spatial information of a feature map from the neighborhood of
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Figure 5.4: Demonstration of Hilbert pooling and original max pooling.

the pooling window. However, this paradigm is not applicable to the 2D feature
| that attened by the Hilbert curve, as the neighboring elements in the pooling
window may not be neighbors in the original 3D shape and an example can be
found in Figure 5.4. In order to handle this problem and making the pooling module
performs closer to the original 3D pooling, we propose Hilbert pooling. Given a

tensor | , Hilbert pooling P () is performed as:
MaxPool3D(Hn (1)) "1 *¥= 1 9= p(1), (5.9)

It combines original 3D pooling with inverse Hilbert curve operation Hn (1),
which is de ned as the reverse of Equation (5.3), turning the 2D attened feature

2
| 02C. %

into 3D. The resultant feature after Hilbert pooling will be ’%), which is

similar to Equation (5.3) since Hn(s) H n 1(s).

Hilbert Attention.  Similar to 2D tasks, a 2D attened feature map has rich long-
range context information, and utilizing this can greatly enhance feature extraction.
The attention module [106, 128, 12] is the top priority for harvesting long-range con-
text, and hence, we build a Hilbert attention module to collect context information

within the slice (intra-slice correlation) and between slices (inter-slice correlation).
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Figure 5.5: Details of Hilbert attention. It is constructed by matrix multiplications and 2D
sparse convolutions. Speci cally, we generate Key and Query featufie viand4 1 sparse 2D
convolution respectively. Anothér 4 convolution is applied to get the value feature.

Additionally, we calculate the mixed correlation between inter-slice and intra-slice

correlations. The framework of Hilbert attention can be found in Figure 5.5.

Intra-Slice Correlation. For the intra-slice correlation measurement, we focus on
the sequencessk, k 2 1, R], which are transformed by Equation (5.3). Speci cally, we
follow the paradigm in [130], using a weighted linear projection on the sequences
where the weight is denoted as w,e,. (noted as Keyin Figure 5.5)

S(1)= & Wiey (5.10)

a2 s
After that, we get the long-range dependencies of input featuremap along each slice.
Inter-Slice Correlation. Similarly, the inter-slice correlation can be obtained by
using the transpose operation of intra-slice correlation, denoted as f ( ). (noted as
Queryin Figure 5.5)
f(1)=s("7), (5.11)

It collects context information acrosseach slice.

Mixed Correlation. Next, we introduce mixed correlation g(I ) to measure the
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importance between inter-slice and intra-slice correlations. In the code implementa-
tion, itisa 4 4 convolution. The kernel is set to 4 because the 3D Hilbert curve
is a repetition of the smallest unit, a 2 2 2 cell, which includes 8 elements.
Therefore, a4 4 convolution is suf cient to cover all the elements. The formula-

tion of Hilbert attention HA is the combination of the three kinds of correlations.

HA = Softmax(f (I )s(l ))g(l ),

5.2 Experiments

5.2.1 Implementation Details

Experimental Setting. HilbertNet adopts the Adam optimizer [42] with a learning
rate of Ir = 0.001 consistent with previous work. In the part-segmentation and
classi cation tasks, we set the order of the Hilbert curve to n = 6, which ts the
voxel grid of size 64 64 64. In both tasks, the batch size is 16, the learning rate
decays by 50% every 50 epochs, and the training epochs are set to 200.

Since the S3DIS dataset provides larger point cloud, we enlarge the curve order
to n = 7, which ts the grid size of 128 128 128 Also, due to the GPU memory
limitation, we reduce the batch size to 8 and the total training epoch is set to 80. We

decay the learning rate by 50% every 20 epochs.

Classi cation Dataset. We evaluate the performance of our model by using the
ModelNet40 [112] dataset. The dataset is comprised of 9843 objects categorized for
training, and an additional 2468 objects allocated for testing. In accordance with
the settings of former research [52], we consistently sample 1024 points for each

experiment.
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Part-Segmentation Dataset. During part-segmentation experiments, we use the
ShapeNetPart dataset [7]. This dataset includes 16881 objects in total, each objects
has 2 to 6 parts. These objects were divided into 16 categories. Following previous

works [66], we sample 2048 point clouds during experiments.

Large Scale Segmentation Dataset. We used the S3DIS dataset [1] to assess the
performance of HilbertNet in large-scale scene parsing tasks. Data from 271 rooms
across 3 different buildings was collected by S3DIS. Each point in the dataset is
classi ed into one of 13 categories. Following the previous works[122, 130], we

perform experiments on Area 5.

5.2.2 Experimental Results

ModelNet40. Since ModelNet40 is a classi cation dataset, we append three FC
layers after the main framework for point cloud classi cation. The results in Table 5.1
show that our model achieves top-tier performance compared to previous works.
Here, we use 1024 sampling points as input, which is consistent with previous
works [82, 53, 115], ensuring a fair comparison. Note that since our model collects
features from both voxels and point clouds, its performance surpasses voxel-only

frameworks like VoxelNet [140] and point-only frameworks like PointNet [82].

ShapeNetPart. For the segmentation task, we use a shared MLP at the end of
HilbertNet to generate the output feature. The performance of the part-segmentation
task can be found on the right side of Table 5.1. With the help of the 2D branch,
HilbertNet shows better mloU performance than point-only designs like SO-Net [52]
and PointNet [82]. Also, the point feature is a good complement to the grid voxel

feature. By using this, our model surpasses algorithms that only apply 3D or 2D

65



Table 5.2: Inference time and mloU compari-

Table 5.1: Comparison of different methods 8@n between HilbertNet and other approaches.
ModelNet40 and ShapeNetPart datasets.

Method Inference time voxel size mloU
ModelNet40 ShapeNetPart 3D-UNet[72] 347ms it 84.2
PVCNNI66] 62.5ms 32 86.0
Method Acc Method mloU HilbertNet-L 42.1ms 64° 85.8
HilbertNet-M 59.2ms 643 86.4
VoxNet [140] 85.9 Kd-Net [45] 82.3 HilbertNet 91.6ms 643 871
Subvolume [84] 89.2 PointNet [82] 83.7
PointNet [82] 89.2 SO-Net [52] gag9  Table 5.3: Comparison between Hilbert Atten-

tion and other convolution modules. We use
a randomly generate82® voxel as the input.
FLOPs is the short of oating point operations.

DGCNN [107]  92.9 3D-GCN[63] 85.1
POINtASNL [119] 92.9 DGCNN [107] 85.2
Grid-GCN [118] 93.1 PointCNN [55] 86.1
PCT [29] 932 PVCNN[66]  86.2

Method FLOPs GPU Memory
SO-Net [52] 93.4 KPConv [98] 86.4 )

3D Convolution 18.86G 162M
CurveNet [115] 93.8 CurveNet [115] 86.6 2D Convolution 4.45G 148.7M

S| 2DC luti 147G 49.6M
Ours 94.1 Ours 87.1 parse onvolion

NonLocal 0.34G 4G

Hilbert Attention 0.32G 47.8M

features, like 3D-GCN [63].

S3DIS. Since HilbertNet uses a voxel grid, a frequently asked question is whether it
can handle large point clouds. To answer this question, we conducted an experiment
using the S3DIS [1] dataset. We used the Area 5 set, and the experimental results
in Table 5.4 demonstrate that HilbertNet is capable of handling large-scale point
clouds. The Hilbert curve signi cantly reduces the computational cost for 3D feature
extraction, and with the aid of Hilbert attention, our model surpasses most state-
of-the-art frameworks like pointTransformer [130], which is a transformer-based
model. Additionally, we have visualized some results generated by HilbertNet in
Figure 5.6a and some results generated by other methods in Figure 5.6b, providing

a straightforward way to appreciate the effectiveness of HilbertNet.

Inference Speed. Inference speed is a crucial aspect of this study, as the goal
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(a) Left to right: Point Cloud, GT, HilbertNet.

(b) Left to right: Point Cloud, GT, PointNet[82], KPConv[98], HilbertNet.

Figure 5.6: (a) Visualized performance of HilbertNet on S3DIS Area 5; (b) Comparison between
HilbertNet and other methods.

Table 5.4: Performance of different approaches on S3DIS Area 5 dataset.

PointTransformer MinkowskiNet PointCNN KPConv PCCN PointNet

HilbertNet
[130] [14] [55] [98] [105] [82]
column 38 34.1 17.6 23.9 6 3.9 37.6
window 63.4 48.9 22.8 58 69.5 46.3 64.1
chair 82.4 89.8 80.6 91 65.6 52.6 85.4
clutter 59.3 58.6 56.7 58.9 46.2 33.2 60.1
wall 86.3 86.2 79.4 82.4 75.9 69.8 88.9
door 74.3 62.4 62.1 69 63.5 10.8 73.8
table 89.1 81.6 74.4 81.5 66.9 59 88.4
sofa 74.3 47.2 31.7 75.4 47.3 5.9 73.5
bookcase 80.2 74.9 66.7 75.3 68.9 40.3 82.7
board 76 74.4 62.1 66.7 59.1 26.4 4.7
beam 0 0 0.3 0 0 0.1 0
oor 98.5 98.7 98.2 97.3 96.2 97.3 97.8
ceiling 94 91.8 92.3 92.8 92.3 88.8 94.6
mloU 70.4 65.4 57.3 67.1 58.3 41.1 70.9

of applying the Hilbert curve to the segmentation framework is to accelerate it.
Therefore, we should compare the computational overhead of our methods with
models that have a similar pipeline, like PVCNN [66]. In addition to the original

HilbertNet, we propose two variations named HilbertNet-M and HilbertNet-L for
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