
2504 IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION (VLSI) SYSTEMS, VOL. 26, NO. 11, NOVEMBER 2018

Graph-Based Redundant Via Insertion and Guiding
Template Assignment for DSA-MP
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Abstract— Inserting redundant vias is necessary for improving
via yield in circuit designs. Block copolymer directed self-
assembly (DSA) is an emerging and promising lithography tech-
nology for the manufacture of vias and redundant vias, in which
guiding templates are used to enhance the resolution. Considering
manufacturability of via layer, multiple patterning (MP) lithogra-
phy is also needed in advanced designs. In this paper, we study the
redundant via insertion and guiding template assignment for DSA
with MP problem at the postrouting stage. We propose a graph-
methodology-based solution framework. First, by analyzing the
structure of guiding templates, we propose a new solution
expression by introducing the concept of multiplet to discard
redundant solutions, and then, honoring the compact solution
expression, we construct a conflict graph on the grid model.
Second, we formulate the problem with single patterning (SP) as a
constrained maximum weight-independent set problem, for which
a fast linear interpolation algorithm is introduced to obtain a local
optimal solution. To avoid undesirable local optima, we propose
an effective initial solution generation method. Our framework is
general and is further extended to solve the problem with double
patterning (DP) or triple patterning (TP) in a two-stage manner.
Experimental results validate the efficiency and effectiveness of
our method. Specifically, compared with the state-of-the-art work
for the problem with SP, DP, and TP, our method can save 58%,
82%, and 96% runtime, respectively.

Index Terms— Constrained maximum-independent set,
directed self-assembly (DSA), multiple patterning (MP),
multiplet, redundant via insertion (RVI).

I. INTRODUCTION

IN AN integrated circuit (IC) layout, a via provides the
connection between two net segments from adjacent metal

layers. A single via may fail partially or completely because
of various reasons, such as random defects, cut misalignment,
and electromigration or thermal stress [1]. A partial via failure
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Fig. 1. Example of RVI. (a) Four locations of RVCs. (b) Feasible RVI result.

may induce timing problems due to the increase of contact
resistance and parasitic capacitance, while a complete via
failure will produce a broken net in a circuit [2]. These failures
may heavily hinder the functionality and yield of a circuit.
Therefore, reducing yield loss due to via failure is one of the
most important problems in the IC design flow.

A promising method for improving via yield and reliability
is adding a redundant via adjacent to every via [1], [2],
enabling via failure to be tolerated. As shown in Fig. 1(a),
four redundant via candidates (RVCs), labeled as r , are next
to the via v. The inserted redundant via should not cause any
short circuit. That is, it can only be inserted at a free space not
occupied by any metal wire, or at a space occupied by only
one metal wire that is on the same net as the via [3], [4]. A via
is an alive via if it has free spaces for inserting a redundant
via, otherwise it is called a dead via [2]. As shown in Fig. 1(b),
vias v1, v2, v4, and v5 are alive vias, while via v3 is a
dead via, since it has no free space for redundant via inser-
tion (RVI). Some works studied the RVI problem at the routing
stage [5], [6] or at the postrouting stage [7]–[9]. In fact,
to improve yield and reliability, considering the problem is
necessary at both the routing and the postrouting stages. In this
paper, we consider RVI at the postrouting stage.

The recently proposed block copolymer directed self-
assembly (DSA) lithography technology is considered as a
promising fit for via layers in the 7-nm technology node
and beyond [10]. Many significant improvements have been
made on manufacturing, modeling, and simulation of DSA,
especially on the graphoepitaxy DSA [11]. The block copoly-
mers form cylinders, and by removing cylinders, the material
can be used to fabricate vias. To generate irregularly dis-
tributed vias using DSA, guiding templates surrounding vias
are required [12]. These guiding templates are manufactured
by conventional optical lithography, and thus, the resolution
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Fig. 2. Four usable types of guiding templates. (a) t1. (b) t2. (c) t3. (d) t4.

is limited. To improve the resolution, some adjacent vias may
be put in a multihole guiding template [11], [13].

To guarantee an acceptable overlay accuracy, only some
regular guiding templates with a few holes are available to
guide vias. In this paper, the usable four types of guiding
templates t1, t2, t3, and t4 are shown in Fig. 2(a)–(d) as
in [14]. Usually, obtaining a desirable guiding template assign-
ment (GTA) for vias is critical in the DSA-based patterning
technology [15]. With the feature size decreasing, the density
of vias dramatically increases in the via layer correspond-
ingly, and using single patterning (SP) only cannot obtain
the required resolution of a guiding template. Hence, multiple
patterning (MP) lithography technologies are necessary for
higher resolution [16], [17].

Conventionally, the RVI problem and the GTA for DSA
problem are handled in two separate stages. Apparently, if the
distribution of vias and redundant vias is locally very dense
after RVI, assigning vias to regular-shaped DSA guiding
templates is very difficult without any design rule violations.
Hence, considering the two stages simultaneously is
necessary [18]. Fang et al. [18] first simultaneously considered
the RVI and GTA for DSA problem. Based on all possible
GTA candidates (GTACs) (via patterns) for every via or RVC,
they proposed two ILP formulations to maximize the manu-
facture rate (MR) and the insertion rate (IR). In addition, they
proposed a graph-based method to obtain a heuristic solution
by solving the maximum-independent set problem greedily.

To improve the IR and the MR, Fang and Hong [19]
introduced metal wire perturbation to the RVI and GTA for
DSA-SP problem. By perturbing some metal wires, it becomes
more free for the insertion of redundant vias, but in the cost of
increasing the wirelength. Hung et al. [20] introduced dummy
vias for further improving the IR and the MR. By inserting
some dummy vias, more guiding templates can be used for
patterning vias. For a dense layout, it may not be easy to obtain
a good enough IR and MR under SP, and hence MP may be
needed. Ou et al. [14] and Shim et al. [21] investigated the RVI
and GTA for DSA with MP problem and gave respective ILP
formulations based on all possible GTACs. The objectives of
ILPs in [14] and [21] are different. The ILP in [14] maximizes
both the MR and the IR, while the ILP in [21] only maximizes
the IR.

In summary, most of the existing works [14], [18]–[21]
on the RVI and GTA for DSA problem have the following
two crucial issues: 1) the solution space is constructed by
finding all possible GTACs, which may be too large, especially
for dense layout and 2) to solve the problem, the proposed
ILP formulations are directly solved by commercial solvers.

Apparently, these ILP solvers may be inefficient in solving the
problem with large scale and dense layout.

In this paper, we focus on the RVI and GTA for DSA-MP
problem, considering three scenarios: SP, double pattern-
ing (DP), and triple patterning (TP). We propose a more
effective and efficient solution expression and optimization
method for the three problems. Our main contributions are
summarized as follows.

1) Unlike GTAC-based solution expression, we express
solution by introducing the concept of multi plet to dis-
card redundant solutions. Honoring the compact solution
expression, we construct a new ILP formulation, which
has less variables and constraints than GTAC-based
ILPs.

2) For SP, we construct a new conflict graph based on
multi plets and formulate the problem as a constrained
maximum weight-independent set (CMWIS) problem.
Under the assumption that a redundant via cannot be
inserted if its related via is not manufacturable, we prove
that the CMWIS problem is equivalent to the initial
problem.

3) To make a good tradeoff between solution quality
and runtime, we introduce a fast linear interpolation
algorithm to solve the MWIS problem, which can obtain
a local optimal solution. To avoid an undesirable local
optimum, we propose an effective initial solution gen-
eration method. Furthermore, we reduce the CMWIS
problem to an MWIS problem, such that it can be
tackled by the linear interpolation algorithm.

4) For DP/TP, we propose a new solution flow, which is a
two-stage method. At the first stage, a contraction graph
is constructed, and the contracted vertices are assigned
to two or three masks. At the second stage, the solver
for the SP is called to achieve a desirable RVI and GTA
for every mask.

5) Experimental results show that our algorithm for the
problem with SP is faster than the methods in previous
works, and our two-stage method for the problem with
DP/TP is much faster than the method in [14]. Moreover,
the obtained results are better than those of the compared
methods.

The rest of this paper is organized as follows. Section II
shows the RVI and GTA for DSA-MP problem, and our
solution flow. In Section III, we construct a conflict graph on
the grid model. In Sections IV and V, we detail our solution
methods for the problem with SP and DP/TP, respectively.
Experimental comparisons are made in Section VI, followed
by the conclusion in Section VII.

II. PRELIMINARIES

In this section, we first introduce the problem handled in
this paper, and then we describe our solution flow.

A. Problem Formulation

In this paper, we consider the problem on the grid graph.
For a via vi , the position of an RVC of vi should satisfy one
of the following conditions: 1) no via and metal wire occupy
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Fig. 3. Example for the RGDS and RGDD problems. (a) Layout with a via layer and two metal layers. (b) Result of the RGDS problem. (c) Result of
the RGDD problem.

the position and 2) only one metal wire occupies the position,
and the metal wire is on the same net as via vi . We only
need to insert one redundant via for a via. For high resolution
and focal depth of guiding templates, the spacing between any
two neighboring guiding templates should not be less than the
optical resolution limit spacing ds .

The problem aims at finding redundant vias for vias,
and manufacturing all vias and their redundant vias by
the DSA-MP technique. The MR and the IR [14], [18] are
introduced to evaluate the effectiveness of previous methods,
whose definitions are described as follows.

Definition 1 (Manufacture Rate): The MR is the ratio of
the number of manufacturable original vias to the number
of vias.

Definition 2 (Insertion Rate): The IR is the ratio of the
number of inserted redundant vias to the number of vias.

Since via manufacturability is generally the first consider-
ation for yield, an inserted redundant via should not cause
generation of an infeasible via pattern [18]. Hence, we make
Assumption 1.

Assumption 1: A redundant via cannot be inserted, if its
related via is not manufacturable.

Under Assumption 1, the RVI and GTA for DSA with
MP (RGDM) problem is formulated as follows.

Problem 1 (RGDM): Given a postrouting layout with via
layers, the usable guiding templates, and M masks, insert
redundant vias for vias, assign vias and inserted redundant
vias to guiding templates, and assign these guiding templates
to M masks, such that: 1) the inserted redundant vias are
legal and 2) the spacing between any two neighboring guiding
templates should not be less than the optical resolution limit
spacing ds . The objective is maximizing MR+β · IR, where β
is a weighting parameter.

Depending on the number of masks, i.e., the value of M ,
the RGDM problem has different versions, such as RVI and
GTA for DSA with DS (RGDS), DP (RGDD), and TP (RGDT)
problems. Fig. 3 gives an example of the RGDS and the RGDD
problems, respectively.

B. Solution Flow

Our solution flow for the RGDM problem is shown in Fig. 4.
There are three parts in the flow, i.e., preprocessing, the RGDS
solver, and the RGDD/RGDT solver.

Fig. 4. Our flow of the graph-based method.

In the preprocessing, first, we find all RVCs for every via.
Based on these vias and RVCs, we construct some multi plets.
Then, we consider every multi plet as a vertex and construct
a conflict graph on the grid model. Detailed definitions are
described in Section III. Based on the conflict graph, we pro-
pose a greedy assignment algorithm for obtaining an optimal
assignment of some vias to some guiding templates. After that,
we obtain a number of connected components of the conflict
graph.

For the RGDS problem, we formulate it as a CMWIS
problem, which is an ILP. We have two approaches to solve
the problem: 1) use an ILP solver to obtain an optimal solution
and 2) use the MWIS solver in Section IV to obtain a good-
enough solution, which is a very fast algorithm.

For the RGDD/RGDT problems, we propose a two-stage
method. At the first stage, we construct a contraction graph and
formulate the problems as the max-M-cut (MMC) problems
for obtaining the mask assignment results. At the second stage,
we call our RGDS solver to obtain an RVI and GTA for every
mask.

III. CONFLICT GRAPH CONSTRUCTION ON GRID

In this section, first, we find all RVCs for every via. Then,
we introduce some multi plets based on these RVCs. At last,
we construct a conflict graph, in which vertices are multi plets.



LI et al.: GRAPH-BASED REDUNDANT VIA INSERTION AND GUIDING TEMPLATE ASSIGNMENT FOR DSA-MP 2507

Fig. 5. All RVCs of the layout in Fig. 3(a).

Fig. 6. (a) S1 and D1s of via v4. (b) D2.

According to the introduction of RVC in Section II-A,
we can easily find all RVCs in time O(n), where n is the
number of vias. All RVCs of the layout in Fig. 3(a) are
presented in Fig. 5. For example, r1d in Fig. 5 is the RVC
of via v1, where the index “d” denotes that r1d is under v1.
Moreover, we use the indices “u,” “l,” and “r” to denote that
an RVC is on the top, left, and right of a via, respectively.

According to Assumption 1, we make the following assump-
tion as in [14], which is a necessary condition of Assumption 1
for the RGDS problem, but not for the RGDD/RGDT problems

Assumption 2: A via and its redundant via (if existing)
should be assigned to the same guiding template.

After finding all RVCs for every via, we construct a conflict
graph for the via layer layout. Suppose that the RVCs of
via vi are riu , rid , ril , and rir . We group every RVC with
vi and denote it as doublet . Then, we have four doublets:
{vi , riu}, {vi , rid }, {vi , ril }, and {vi , rir }. Via vi is called a
single. The four doublets and the single {vi } denote the five
possible cases of inserting a redundant via for vi . If doublet
{vi , riu } is chosen, then riu is inserted on the upper side of vi ;
if single {vi } is chosen, then vi does not have any RVI. The
RVCs, the doublets, and the single of v2 in Fig. 5 are shown
in Fig. 6(a). In addition, we introduce another type of doublet ,
which is composed of two close and aligned vias. As shown
in Fig. 6(b), the doublet is composed of vias v1 and v2. Let D1
denote the doublet composed of a via and a redundant via,
let D2 denote the doublet composed of two vias, and let S1
denote the single. Every one of these doublets and single is
called collectively a multi plet .

We regard the above every multi plet as a vertex in the
conflict graph. Based on these vertices, we introduce some
edges between them.

Definition 3 (Overlap Edge): If multi plets i and j are
overlapped with each other, then there exists an overlap
edge ei j between them. Let EO be the set of overlap edges.

Definition 4 (Conflict Edge): If the distance between two
multi plets i and j is within the optical resolution limit
spacing, and there does not exist an overlap edge between

Fig. 7. All possible combinations of multiplets to form four guiding template
types. Combinations of multiplets for (a) t1, (b) t4, (c) t2, and (d) t3.

them, then there exists a conflict edge ei j between i and j .
Let EC be the set of conflict edges.

According to Assumptions 1 and 2, we have some observa-
tions: 1) a guiding template may include vias only, but it may
not include only redundant vias; 2) the number of redundant
vias in a guiding template must not be larger than the number
of vias in the guiding template; and 3) for every redundant via
in a guiding template, its via must also be in the same guiding
template. Then, the usable guiding template types in Fig. 2 are
of the following combinations: t1 includes a via, i.e., an S1;
t2 includes a via and a redundant via, i.e., a D1, or includes
two vias, i.e., a D2; t3 includes two vias and a redundant
via, i.e., a D1 and an S1, or includes three vias, i.e., a D2
and an S1; t4 includes two vias and two redundant vias,
i.e., two D2s, or includes three vias and a redundant via,
i.e., a D1 and a D2, or it includes four vias, i.e., two D2s.
All possible combinations of multi plets are shown in Fig. 7.
Note that, it seems that the role of D2 can be replaced by
grouping two S1. However, D2 is an essential multi plet for
handling the number of multi plets in every guiding template.
Using D2, all our usable guiding templates can be constructed
by one or two multi plets. This is helpful for reducing the size
of solution space.

Definition 5 (Template Edge): For two multi plets i and j ,
suppose that at least one of them is not S1. If i and j can
be assigned to the same guiding template without any design
rule violation, and between i and j there exists a conflict edge
ei j ∈ EC , then ei j is also called a template edge. Let ET be
the set of template edges. Obviously, ET ⊆ EC .

Definition 6 (Conflict Graph): The conflict graph
CG(V , E) is an undirected graph, where vertex v ∈ V denotes
a multi plet , ei j ∈ E is an edge, and E = (EC − ET ) ∪ EO .
EC , ET , and EO are the sets of conflict edges, template
edges, and overlap edges, respectively.

The conflict graph of vias v1, v2, v3, and v4 of the layout
in Fig. 3(a) is constructed, as shown in Fig. 8 [for clearness,
we omit the conflict graph of other vias in Fig. 3(a)]. In Fig. 8,
nodes a, c, g, and l are S1, nodes b, d , e, h, i , j , and k
are D1, and node f is D2. The red lines are the conflict edges,
the black edges are the overlap edges, and the green dotted
edges are the template edges. The multi plets corresponding
to vertices a, b, c, d , and f are shown in the box. In Fig. 8,
vertices a and b are overlapped with each other at v1, and thus
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Fig. 8. Conflict graph CG for vias v1, v2, v3, and v4 of the layout in Fig. 3(a).

Fig. 9. Graph constructed based on GTACs for vias v1 and v2 of the layout
in Fig. 3(a). (a) GTACs. (b) Conflict graph based on GTACs.

there is an overlap edge between them. The distance between
vertices b and c is within the optical resolution limit spacing
(one grid), and thus a conflict edge is generated between
them. Since vertices b and d can be assigned to a quadruple
guiding template as in Fig. 3(b), there is a template edge
between b and d .

It must be remarked that introducing multi plets may
reduce the size of a conflict graph. In the previous
works [14], [18], [21], the constructed graphs are based on
all the possible GTACs instead of multi plets. In a lay-
out, the number of GTACs is greater than the number of
multi plets, so does the sizes of the corresponding graphs. For
example, all the possible GTACs of vias v1 and v2 in Fig. 3(a)
are shown in Fig. 9(a), while the graph based on these GTACs
is shown in Fig. 9(b). The graph in Fig. 9(b) is larger and
denser than the partial conflict graph in the box of Fig. 8.
Especially, when the number of vias in a structure is larger,
using multi plet would benefit more.

Before solving the RGDM problem, we introduce a fast
GTA and RVI for some vias. On the conflict graph CG(V , E),
if a vertex is D1, and there is no conflict edge incident to it,
then the via and the redundant via in the D1 are assigned to
a guiding template, and the adjacent vertices of the vertex
connected by overlap edges are removed from the conflict
graph. After that, we calculate the connected components,
and the RGDM problem is considered on the connected
components one by one.

IV. ALGORITHMS FOR RGDS PROBLEM

In this section, we describe the technical details of solving
the RGDS problem. First, we formulate the RGDS problem
as a CMWIS problem and give the corresponding ILP for-
mulation. Then, we prove the equivalence between the RGDS
problem and the CMWIS problem, through which the RGDS
problem can be solved by the ILP solver. In addition, for fast
solving the CMWIS problem, we introduce a fast algorithm

for the MWIS problem and reduce the CMWIS problem to
the MWIS problem.

A. Constrained Maximum Weight-Independent Set Problem

In the conflict graph of the RGDS problem, if between two
multi plets i and j there is an ei j ∈ EO , then only one of
the multi plets can be chosen. Furthermore, for the RGDS
problem, if two multi plets i and j are within the optical
resolution limit spacing, i.e., ei j ∈ EC , then only one of them
can be patterned, unless the two multi plets are assigned to
the same guiding template, i.e., ei j /∈ ET . Hence, the RGDS
problem is similar to the independent set problem.

The objective of the RGDS problem is maximizing the
weighted sum of MR and IR, i.e., maximizing the weighted
sum of the number of manufacturable vias and the number of
inserted redundant vias. We jointly consider MR and IR by
assigning weight to every vertex in CG as

wi =

⎧
⎪⎨

⎪⎩

1 + β, if i is a D1

2, if i is a D2

1, if i is an S1

(1)

where wi is the weight of vertex i and β is a parameter, which
is used to balance MR and IR. Let W be the set of weights, and
then the conflict graph CG(V , E) is weighted and is written
as CG(V , E, W ).

Then, we formulate the RGDS problem as the MWIS
problem

max
x

∑

i∈V

wi xi (2)

s.t. xi + x j ≤ 1 ∀ei j ∈ E (2a)

xi ∈ {0, 1} ∀i ∈ V . (2b)

In the problem, constraint (2a) means that if between ver-
tices i and j there exists ei j ∈ EO or ei j ∈ EC − ET ,
then at most one of them can be patterned, i.e., xi = 1,
x j = 0, or xi = 0, x j = 1, or xi = 0, x j = 0.

It must be remarked that the MWIS problem is not equiva-
lent to the RGDS problem. Some special structures in a layout
make the equivalence not hold. These structures have a feature
that every two of several close multi plets can be assigned to
the same guiding template, but all of these multi plets cannot
be included in the same guiding template. We present two
examples in Fig. 10. In Fig. 10(a), i , j , and k are three
multi plets which are D1, ei j and e jk are template edges,
and there is no edge between i and k. For this structure,
i and j can be assigned to a t4 guiding template, and so
does j and k, but all of i , j , and k cannot be assigned to
the same guiding template. However, by solving the MWIS
problem on the structure in Fig. 10(a), we get an optimal
solution xi = 1, x j = 1, and xk = 1, which means i , j ,
and k can be patterned simultaneously. However, one of the
three multi plets cannot be patterned, since this is the RGDS
problem and all of the three multi plets cannot be assigned to
the same guiding template. For the structure in Fig. 10(a),
this situation still holds. We call the structures in Fig. 10
as incompatibility structure (INC), which can be defined as
follows.
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Fig. 10. Two kinds of incompatibility structures.

Definition 7 (INC): For the RGDS problem, the incompat-
ibility structure is a structure composed of three multi plets i ,
j , and k, in which ei j and e jk are template edges and there
does not exist any edge between i and k.

It must be noted that the definition of INC only includes
three multi plets, since any one of the four usable guiding
templates includes at most two multi plets, as shown in Fig. 7.
If there exists another shape of guiding template, we still can
define a corresponding INC.

In order to exclude solutions of the MWIS problem, which
are infeasible for the RGDS problem due to INC, we add the
following constraint to the MWIS problem:

xi + x j + xk ≤ 2, if i, j and k compose an INC. (3)

Then, we call the new problem as a CMWIS problem.
Now, we show the relationship between the CMWIS prob-

lem and the RGDS problem. Before that, we show the rela-
tionship between Assumptions 1 and 2 for the RGDS problem.

Lemma 1: For the RGDS problem, Assumption 2 “a via
and its redundant via (if existing) should be assigned to the
same guiding template,” is a necessary condition of Assump-
tion 1 “a redundant via cannot be inserted if its related via is
not manufacturable.”

Proof: Under Assumption 1, suppose Assumption 2 does
not hold. Then, an inserted redundant via is not in the
same guiding template as its via. Obviously, there exists a
conflict edge between the via and its redundant via due to
the spacing rule. However, for the RGDS problem, only a
mask can be used to pattern guiding templates. Thus, the via
cannot be patterned, which contradicts Assumption 1. Hence,
Assumption 2 holds.

Theorem 1: The CMWIS problem is equivalent to the
RGDS problem.

Correctness of Theorem 1 is explained as follows. In the
CMWIS problem, all possible RVCs and GTAs (under
Assumption 1) are considered. After obtaining a solution of
the CMWIS problem, we only need to assign the vertices
with xi = 1 and connected by template edges to a guiding
template, and then we obtain a solution of the RGDS problem.
Forced by constraints (2a) and (3), the obtained GTAs must
be legal. Furthermore, the objective of the RGDS problem is
maximizing MR +β·IR, which is equivalent to maximizing
NM + β · NI , where NM is the number of patterned vias and
NI is the number of inserted redundant vias. According to the
definition of multi plets and the weighting rule of multi plet ,
we have

∑
i∈V wi xi = NM + β · NI .

Compared with the via layer layout, the conflict graph of the
CMWIS problem has much more vertices and has too many
edges introduced for constraints. Hence, solving the CMWIS
problem on a large dense graph is time-consuming. However,

after fast assignment of some vias to some guiding templates,
the conflict graph is divided into a number of connected
components. Thus, it is possible to solve the CMWIS problem
by an ILP solver.

B. Fast Algorithm for the MWIS Problem

To solve the CMWIS problem faster, we introduce a fast
algorithm for the MWIS problem. Then, we reduce the
CMWIS problem to the MWIS problem in Section IV-C. Many
fast algorithms have been proposed to fast obtain good-enough
solutions. Among them, we introduce the algorithm in [22] and
improve it for our usage.

The MWIS problem can be reformulated as an integer
quadratic program. Detailed derivation is as follows. The ILP
formulation (2) of the MWIS problem is equivalent to

max
x

w�x (4)

s.t. xi x j = 0 ∀ei j ∈ E (4a)

xi ∈ {0, 1} ∀i ∈ V (4b)

where w = (w1, w2, . . . , wn)� ∈ R
n , x = (x1, x2, . . . , xn)�

∈ {0, 1}n , n = |V |. Let A = (Aij ) be the adjacency matrix
with Aij = 1 if ei j ∈ E and Aij = 0 if ei j /∈ E . Then, the IP
formulation (4) can be rewritten as

max
x

w�x (5)

s.t. x�Ax = 0 (5a)

xi ∈ {0, 1} ∀i ∈ V . (5b)

Putting constraint (5a) into the objective function, we get

max
x

f (x) = w�x − 1

2
αx�Ax (6)

s.t. xi ∈ {0, 1} ∀i ∈ V (6a)

where α > 0 is a regularization parameter. Since the adjacency
matrix A may not be positive semidefinite, f (x) may not be
a concave function.

Let x̂ and x∗ ∈ {0, 1}n be a candidate solution and a
solution of problem (6), respectively, and let y ∈ [0, 1]n be
a point in the continuous domain. Based on problem (6),
the MWIS algorithm visits a sequence of continuous points
{y(t)} in iterations t = 0, 1, 2, . . ., where y(t) ∈ [0, 1]n,
and finds discrete candidate solutions x̂(t) in the respective
neighborhoods of y(t), until convergence. Let h(y, y(t)) be the
first-order Taylor series approximation of f (y) at y(t), i.e.,

h(y, y(t)) = f (y(t)) + (y − y(t))�(w − αAy(t))

= y�(w − αAy(t)) + constant (7)

where “constant” does not depend on y. Since the approxima-
tion h(y, y(t)) is linear in y and simpler than f (y), we can eas-
ily obtain a discrete maximizer x̂(t) = argmaxy∈{0,1}n h(y, y(t))
by assigning

x̂ (t)
i =

{
1, if (w − αAy(t))i > 0

0, otherwise.
(8)

Then, y(t) is mainly updated by a linear interpolation of
y(t) and x̂(t), i.e., y(t+1) = y(t) + η(x̂(t) − y(t)), where η
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Algorithm 1 Initial Solution Generation

is an interpolation parameter with η ∈ [0, 1] and satisfying
d f (y(t+1))/dη ≥ 0. This ensures that the sequence { f (y(t))} is
nondeceasing. Brendel and Todorovic [22] provided a closed-
form solution of η as

η = min

{

max

{
(w − αAy(t))�(x̂(t) − y(t))

α(x̂(t) − y(t))�A(x̂(t) − y(t))
, 0

}

, 1

}

(9)

and proved that the sequence {y(t)} converges to a local
optimal solution of problem (2).

However, from (8), we can see that the solution quality of
x̂(t) is highly dependent on y(0). If we choose a bad y(0),
then the obtained local optimal value f (x∗) may be far away
from the global optimal value. Hence, in order to obtain a
better solution, we must have a good initial solution x̂ for this
method.

We propose a greedy-based algorithm to obtain a good
enough initial solution x̂(0) as in Algorithm 1. In line 2 of
the algorithm, the selection weight ws(k) is computed by

ws(k) =
{

dc(k) − dt (k), if k is D1

N + dc(k) − dt (k), otherwise
(10)

where dc(k) is the number of conflict edges incident to vertex k
and dt (k) is the number of template edges incident to vertex k.
The selection weight ws(k) is used to evaluate the degree
of conflict of vertex k. N is a number larger than all dc.
This setting indicates that we always prefer D1s over other
multi plets. Since the maximal degree of vertices is a constant
for the conflict graph, the runtime complexity of Algorithm 1
is O(|V |). Based on the previous analysis, a fast algorithm for
the MWIS problem is outlined in Algorithm 2.

Lines 16–23 in Algorithm 2 are used to obtain a final
feasible solution x∗ of the MWIS problem. The complexity
per iteration of Algorithm 2 is only O(|E |), and empirically,
the iteration between lines 3 and 15 converges in only a
few number of iterations [22]. Moreover, according to our
experiments, even Algorithm 2 can obtain optimal solutions of
the RGDS problem on many connected components. Fig. 11
shows an optimal solution of the RGDS problem on a partial
graph (i.e., for vias v1, v2,. . . ,v4 only) of the conflict graph
shown in Fig. 8, which is obtained by Algorithm 2. The
corresponding result is shown in Fig. 3(b).

Algorithm 2 MWIS Algorithm

Fig. 11. Optimal solution of the MWIS problem on the conflict graph
in Fig. 8.

C. Reduction of CMWIS to MWIS

According to the analyses in Section IV-A, the CMWIS
problem is composed of the MWIS problem and constraint (3).
According to our statistics, most of the connected components
obtained after the fast assignment for some vias stage do not
have incompatibility structure. Hence, constraint (3) is not
active on these connected components, and we only need to
solve the MWIS problem using Algorithm 2 instead of solving
the CMWIS problem.

However, on the connected components with incompatibility
structure, we reduce the CMWIS problem to the MWIS
problem by restricting constraint (3) to constraint (2a), which
is by deleting a template edge in every INC from the conflict
graph CG. Note that, the deleted template edge ei j of an INC
appears in E as a conflict edge due to E = EC − ET , and i
and j should satisfy constraint (2a). Consequently, combining
constraint (2a) and the other vertex in the INC implies that
constraint (3) holds. Naturally, we use the following two tem-
plate edge deletion criteria: first, we delete template edges as
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Algorithm 3 Incompatibility Structure Elimination

few as possible; second, we prior delete those template edges
which connect two multi plets with low probability being
assigned to the same guiding template. The incompatibility
structure eliminating algorithm is outlined in Algorithm 3.

Definition 8 (Incompatibility Graph): The incompatibility
graph I G(I, EI ) is an undirected graph, where node Ii ∈ I
is an INC. An incompatibility edge ei j ∈ EI exists between
INCs Ii and I j if they share a template edge in the conflict
graph CG.

Definition 9 (Template Graph): The template graph
TG(T, ET , WT ) is an induced subgraph of conflict graph CG
by template edges, where node Ti ∈ T is a multi plet in an
INC. An edge ei j ∈ ET exists between nodes Ti and Tj if
ei j ∈ ET in CG. wt

i j ∈ W T is the weight of template edge
ei j , which is set as (11).

For line 1 of Algorithm 3, the detailed definition of
incompatibility graph I G is described in Definition 8. An
example for a connected component CC_IG of IG is shown
in Fig. 12(b), which is composed of two INCs Ii (i, j, k) and
I j ( j, k, l), where Ii is composed of multi plets i , j , and k, and
I j is composed of multi plets j , k, and l. Template edge et

jk
is in both of Ii and I j . Thus, there is an incompatibility edge
between Ii and I j , and Ii and I j are in the same connected
component of I G. In line 5 of Algorithm 3, template graph
TG is defined as in Definition 9, and the template graph of
Fig. 12(b) is shown in Fig. 12(c). It must be noted that, in a
TG, the degree of every multi plet is 1 or 2 (at least two
multi plets are with degree 1). The detailed explanation is
stated as follows. The three multi plets in every INC should
be in a line, and any two connected INCs in a connected
component of IG should share a template edge. As a result,
all multi plets in the TG constructed by line 5 in Algorithm 3
are in a line. Thus, the TG is a bipartite graph.

In line 5 of Algorithm 3, the weight of a template edge et
i j

is set as

wt
i j = 1

√
nt

i− j + nt
j−i

(11)

where nt
i− j is the number of multi plets which satisfies that:

1) these multi plets are connected to i but not to j by conflict
edges in the conflict graph CG and 2) if several multi plets sat-
isfy 1), but they are connected to each other by overlap edges
in the conflict graph CG, then these multi plets are counted

Fig. 12. (a) CG with seven multiplets. (b) IG with two INCs Ii (i, j, k)
and I j ( j, k, l). (c) TG and its maximum weight matching result.

as one multi plet . nt
j−i has the similar meaning, and at least

one of nt
i− j and nt

j−i is not less than 1. wt
i j in (11) is used to

reflect the similarity of connected multi plets. If i and j share
more connected multi plets, then the value of wt

i j is larger.
And in this case, multi plets i and j are more likely assigned
to the same guiding template. In Fig. 12(a), multi plets i , a,
and b are connected to j but not to k by conflict edges, and
multi plets a and b are connected to each other by an overlap
edge, and hence nt

j−k = 2. Correspondingly, the weights of all
template edges are calculated by (11), as shown in Fig. 12(c).

In order to obtain the best template edge deletion, we obtain
the maximum weight matching on TG by solving a maximum
flow problem. Generally, the runtime complexity of solving
a maximum flow problem is O(|V |3). Since the degrees of
vertices in TG are 1 or 2 and the capacity of every edge in TG
is 1, our TG is a unit capacity simple network. Thus, solving
the maximum flow problem on our TG can be finished in
O(|T |(1/2) · |ET |). In addition, since the size of a TG is very
small, we can fast obtain a maximum weight matching result
and further delete those unmatched template edges from the
conflict graph CG. For example, for the TG in Fig. 12(c),
we can obtain a maximum weight matching (i , j ) and (k, l),
and then we delete the unmatched template edge ( j , k) from
the conflict graph. Thus, the two INCs are eliminated.

V. ALGORITHMS FOR RGDD/RGDT PROBLEMS

In this section, we consider RGDD or RGDT. The RGDD
and the RGDT problems can also be formulated as ILPs and
then may be solved by the ILP solver. However, the work
in [14] indicates that the ILP formulations have too many
variables and constraints and are very hard to solve, especially
on large and dense layouts. We solve the RGDD and RGDT
problems in two stages. First, vias are assigned to M masks
such that the vias in every mask can be easily inserted
redundant vias and patterned. Second, the RGDS solver is
called to assign vias and inserted redundant vias to templates
for every mask.

A. Mask Assignment for RGDD/RGDT

At the first stage of our two-stage assignment method,
we assign the vias on via layer to M masks, such that the
vias in every mask can be easily inserted redundant vias and
patterned. In order to achieve the assignment, we construct a
contraction graph CoG(C, Ec, W c).
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Fig. 13. (a) Process of contraction graph construction. (b) Contraction graph of the conflict graph in Fig. 8. (c) Result of the max-2-cut problem on the
contraction graph in (b).

Definition 10 (Contraction Graph): The contraction graph
CoG(C, Ec, W c) is an undirected graph, where node Ci ∈ C
is composed of all S1 and D1s of via i . A contraction edge
ec

i j ∈ Ec exists between nodes Ci and C j if there exists a pair
of multi plets p and q ∈ V of CG with epq ∈ EC , where p is
an S1 or a D1 in node Ci , and q is an S1 or a D1 in node C j .
W c

ij ∈ W c is the weight of contraction edge ec
i j .

The weight W c
ij ∈ W c of the contraction edge ec

i j indicates
the degree of conflict between Ci and C j , and it is calculated
by

W c
ij = 1

W ij − W̃i j + 0.01
(12)

where

W ij =
∑

p∈Ci ,q∈C j

w̃pq (13)

W̃i j =
∑

p∈Ci ,q∈C j
epq∈EC

w̃pq (14)

and

w̃pq =

⎧
⎪⎨

⎪⎩

2 + 2β, if both of p and q are D1

2 + β, if only one of p and q is D1

2, if both of p and q are S1.

(15)

W ij is the weight sum of all pairs of multi ples p and q in
Ci and C j . W̃i j is the weight sum of multi plets p ∈ Ci

and q ∈ C j between which there exists a conflict edge epq .
Furthermore, W ij − W̃i j can be seen as the degree of freedom
between Ci and C j . The weight W c

ij of the contraction edge
ec

i j is calculated by (12), which indicates the degree of conflict
between Ci and C j , where 0.01 in the denominator is used to
avoid the denominator being 0.

The contraction graph CoG of the layout in Fig. 3(a)
is constructed in Fig. 13(b), where the red bold lines are
contraction edges. Detailed process of contraction is shown
in Fig. 13(a), where every cloud is a node. If β is set as 0.5,
the weights are calculated as in Fig. 13(b). In Fig. 13(b),
W c

48 = 0.0338 is the degree of conflict between nodes C4
and C8, which is smaller than the other edge weights. This
shows that we can still insert easily redundant vias and pattern
vias for vias v4 and v8, even though they are assigned to
the same mask, while W c

68 = 100 is the degree of conflict

between C6 and C8, which is much larger than the others.
In fact, if nodes C6 and C8 are assigned to the same mask,
then at least one of the vias v6 and v8 cannot be patterned due
to conflicts.

After constructing the contraction graph CoG(C, Ec, W c),
we perform the first stage for the RGDD and RGDT prob-
lems. That is, the nodes in CoG are assigned to M masks
(M = 2 or 3), which is an MMC problem on CoG. The MMC
problem is an NP-hard problem. Fortunately, the number of
nodes and the number of edges in CoG are much less than
those of the CG. Hence, solving the MMC problem on the
contraction graph by the ILP solver is possible. Before that,
some graph reduction techniques are used to speed up the
solver.

In this paper, we utilize three graph reduction techniques,
which can keep optimality of the MMC problem: 1) vertex
with degree less than M removal; 2) bridge edge removal; and
3) connected component calculation. All the three techniques
have been widely used to reduce the size of a graph for a series
of partition problems [23]–[25]. Here, we skip the details.

For the RGDD and RGDT problems, the corresponding
max-2-cut problem and max-3-cut problem on
CoG(C, Ec, W c) are presented in ILP formulations. In the
previous works [26]–[28], various ILP formulations for
the MMC problem have been proposed. In this paper,
the max-2-cut problem for RGDD is formulated as

min
z,c

∑

ec
i j ∈Ec

W c
i j ci j (16)

s.t. zi + z j ≥ 1 − ci j ∀ec
i j ∈ Ec (16a)

zi + z j ≤ 1 + ci j ∀ec
i j ∈ Ec (16b)

zi , ci j ∈ {0, 1} ∀Ci ∈ C. (16c)

The max-3-cut problem for RGDT is formulated as

min
z,c

∑

ec
i j ∈Ec

W c
i j ci j (17)

s.t. z1i + z2i ≥ 1 ∀Ci ∈ C (17a)

z2i − z1i + z2 j − z1 j ≤ 1 + ci j ∀ec
i j ∈ Ec (17b)

z1i − z2i + z1 j − z2 j ≤ 1 + ci j ∀ec
i j ∈ Ec (17c)

z1i + z2i + z1 j + z2 j ≤ 3 + ci j ∀ec
i j ∈ Ec (17d)

z1i , z2i , ci j ∈ {0, 1} ∀Ci ∈ C. (17e)
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TABLE I

COMPARISON WITH THE ISPD 2016 WORK [14] ON THE RGDS PROBLEM

Since the size of every connected component of CoG
is small, we directly use the ILP solver to solve prob-
lems (16) and (17). A max-2-cut result of CoG in Fig. 13(b) is
shown in Fig. 13(c). The objective value is 0.0338+0.0338 =
0.0676.

B. Solving the RGDS Problem on Every Mask
and Legalization

In this section, we explain the second stage for the RGDD
and the RGDT problems. After assigning nodes to M masks
(M = 2 or 3), we need to consider the RGDS prob-
lem on every mask. First, we reconstruct the conflict graph
CGk(Vk, Ek) for every mask k = 1, 2, . . . , M . Then, we solve
the RGDS problem on every CGk(Vk, Ek) using the methods
in Section IV-B. Here, the MWIS solver is chosen as the
RGDS solver.

Since our two-stage method deals with GTA and RVI on
masks one by one, it may cause some illegal RVIs. For
example, for vertices g and h in Fig. 13(a), if we deal with
node C8 by the RGDS solver, we may have xg = 1, and when
we deal with node C9, we may also have xh = 1. But there is
an overlap edge between g and h due to the overlap between
multi plets g and h, which indicates that only one of g and h
can be patterned. In order to handle this issue, we propose a
trick as follows.

After GTA and RVI on a mask, the corresponding positions
of vias and inserted redundant vias are marked as occupied.
Then, we refind all RVCs on the remaining unoccupied posi-
tions for the other masks and reconstruct conflict graphs.

It must be remarked that, for the RGDD and RGDT
problems, Lemma 1 may not hold. This means a via and its
redundant via (if existing) may be assigned to different guiding
templates, and Assumption 2 does not hold. Furthermore,
under Assumption 2, we may miss the optimal GTAs for the
RGDD and RGDT problems. However, our proposed method
can be extended to consider the scenario without Assumption 2
by introducing some extra multi plets. But, such consideration
would greatly increase the size of solution space, and such
consideration cannot always improve the solution quality.
Hence, we still consider the RGDD and the RGDT problems
under Assumption 2 by using the methods in Section III.
In addition, our two-stage method also may lose the optimal
solution. Fortunately, for the RGDD and the RGDT problems,
after assigning all vias to M masks, the layout in every mask

is sparse, and the GTA under Assumption 2 may be good
enough. Our experimental results verify this statement.

VI. EXPERIMENTAL RESULTS

Our methods for GTA and RVI for DSA-MP were pro-
grammed in C++ and run on a personal computer with
2.7-GHz CPU, 8-GB memory and the Unix operating system.
We tested our methods on the benchmarks based on the
OpenSPARC T1 design [29] provided by Ou et al. [14],
and on the MCNC benchmarks and the industry Faraday
benchmarks, provided by Fang et al. [18]. Since the usable
guiding templates in [14] and [18] are different, we designed
two different experiments for fair comparisons. In both exper-
iments, the Branch and Bound solver in the software package
CPLEX [30] was chosen as our ILP solver.

A. First Experiment

We implemented our methods for the RGDS, RGDD,
and RGDT problems on the OpenSPARC T1 benchmarks to
compare with the methods in [14].1 As [14], layouts of all
benchmarks were transformed to grid models. The grid size
was set as one metal pitch. The distance between a via and
its redundant via was set as one metal pitch, and the optical
resolution limit spacing ds of adjacent guiding templates was
set as two metal pitches. The available guiding template types
were t1, t2, t3, and t4 as in Fig. 2. The experimental results
of RGDS, RGDD, and RGDT are listed in Tables I–III,
respectively, where the last two rows of every table are the
average results and the ratios based on some corresponding
average results.

In Table I, four solvers for the RGDS problem are compared.
The data in the column “SP_ILP [14]” are the results cited
directly from [14]. The column “Our_ILP” lists our results,
which were obtained by solving the ILP of the CMWIS
problem using the ILP solver. The results in “Our_MWIS”
were obtained by using Algorithm 2. From Table I, we can
see that the results obtained by our ILP are slightly better than
that by the ILP in [14]. The difference is mainly generated
by more RVCs in our experiments. For fair, we add another
comparison by testing the ILP formulation in [14] on vias
and our RVCs, and list the obtained results into the column
“Imp_ILP [14].”

1The results of [14] are directly cited for comparisons. Their platform was
a computer with Core i7 3.4-GHz CPU and 32-GB memory, and CBC was
used as the ILP and LP solvers.
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TABLE II

COMPARISON WITH THE ISPD 2016 WORK [14] ON THE RGDD PROBLEM

In Table I, “#V” is the number of vias and “CPU(s)” is the
runtime in seconds. “MR(%)” and “IR(%)” are, respectively,
the MR and the redundant via IR, which are calculated by

MR = #MV

#V
× 100%, IR = #RV

#V
× 100%

where #MV is the number of manufactured vias (excluding
redundant vias), and #RV is the number of inserted redundant
vias. MR and IR are the primary indicators for comparison.
In this section, weight parameter β was set a value the same
as in [14] for our algorithms2 for balancing MR and IR.

Compared with the ILP formulation in [14], our ILP for-
mulation can be solved faster and can obtain better results.
From the row “Ratio” in Table I, it can be seen that the
improvements of “Our_ILP” over “SP_ILP [14]” on the
average MR and IR are 5% and 1%, respectively. And
the average runtime of “SP_ILP [14]” is 1.55× more than
that of “Our_ILP.” Although both of the results in columns
“Our_ILP” and “Imp_ILP [14]” are equal, the average runtime
of “Imp_ILP [14]” is 2.38× more than that of “Our_ILP.”
These comparisons show that our multi plet-based solution
expression is effective and our ILP formulation is better than
that in [14] for the RGDS problem. Furthermore, comparing
“Our_MWIS” with “Our_ILP,” it can be found that “Our-ILP”
achieves a little better average MR and IR (both of two
improvements are 1%) than those of “Our_MWIS,” but the
average runtime is about 7× more than that of “Our_MWIS.”
This shows that our MWIS algorithm is fast and effective.
Actually, for most of the connected components, our MWIS
solver also can achieve an optimum.

Table II lists the comparison results of two solvers on
the RGDD problem. “DP_AP [14]” is the approximation
algorithm proposed by Ou et al. [14], which is based on
a linear program relaxation and is much faster than the
ILP-based method. “Our_DP” is our two-stage method for
the RGDD problem. Both of “Our_DP” and “DP_AP [14]”
achieve almost the same results. However, the average runtime
of “DP_AP [14]” is 5.79× more than that of “Our_DP,” which
shows that “Our_DP” is a very fast method for the RGDD
problem. The great runtime improvement is due to our two-
stage process, in which we divide a large and dense conflict
graph into many small size connected components.

In Table III, “TP_AP [14]” is the approximate algorithm
proposed in [14]. “Our_TP” is our two-stage method for the

2In [14], β was set as 250, while in [18], β was set as 0.01.

TABLE III

COMPARISON WITH THE ISPD 2016 WORK [14] ON THE RGDT PROBLEM

Fig. 14. Three more usable types of guiding templates. (a) t5. (b) t6. (c) t7.

RGDT problem. Comparing “Our_TP” with “TP_AP [14],”
“Our_TP” obtains greater average MR and IR with the
improvements 1% and 2%, respectively. Moreover, the aver-
age runtime of “TP_AP [14]” is 27.82× more than that of
“Our_TP,” which shows that “Our_TP” is a fast algorithm
for the RGDT problem. Furthermore, the average runtime
of “TP_AP [14]” in Table III is much slower than that of
“DP_AP [14]” in Table II, since the numbers of variables
and constraints in “TP_AP” are much more than those in
“DP_AP.” On the contrary, the average runtime of “Our_TP”
in Table III is a little less than that of “Our_DP” in Table II.
The main reason is that the conflict graph is divided into more
connected components in “Our_TP” in the first stage of our
two-stage process.

It must be noted that some vias and redundant vias cannot
be fabricated even for TP. If the number of unfabricated vias
and redundant vias is small, complementary electron beam
lithography is a promising technique for further manufacturing
the vias and redundant vias, which is low cost and high
resolution [31]. Otherwise, if the remained unmanufacturable
vias or redundant vias are numerous, then more masks might
be considered.

B. Second Experiment

In the second experiment, we further compare our methods
with the method in [18] on the MCNC and the industry
Faraday benchmarks for the RGDS problem. The layouts of
all benchmarks were also transformed to grid models, where
a grid size is one metal pitch, and the optical resolution limit
spacing ds of adjacent guiding templates is set as one metal
pitch too. And for fairness, the weight parameter β is set the
value as in [18].

For this comparison, three more guiding template
types t5, t6, and t7 are used besides the types t1, t2, t3,
and t4 in Fig. 2. The three guiding template types are shown
in Fig. 14. In order to form the guiding templates t5 and t6,
correspondingly, we introduce a new multi plet D3, as shown
in Fig. 15(a). Under Assumption 2, the possible combinations
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TABLE IV

COMPARISON WITH THE ILP IN TCAD 2017 WORK [18] ON THE RGDS PROBLEM

Fig. 15. (a) D3. (b) and (c) All possible combinations of multiplets to form
guiding templates t5 and t6. (d) Sextet.

of multi plets to form the guiding templates t5 and t6 are
listed in Fig. 15(b) and (c), respectively. Then, the template
edge between multi plets S1 and D3 can be calculated. There
exist some incompatibility structures for t6 template, which are
similar for t3 in Fig. 10(b). To exclude these incompatibility
structures, constraint (3) should be added into the MWIS
problem (2).

In order to handle the template type t7 with six holes,
we introduce a new multi plet called sextet , as shown
in Fig. 15(d), where vi , i ∈ {1, 2, . . . , 6}, can be a via or a
redundant via. We use the detection windows in [18] to
identify all sextets, and construct a new conflict graph by
adding the multi plets D3 and sextet and the related edges.
Then, we solve the RGDS problem by the ILP solver and the
MWIS solver on the new conflict graph, respectively.

In Table IV, we list the results of three solvers “ILP [18],”3

“Imp_ILP [18],” and “Our_ILP” on the RGDS problem,
where the last two rows of the table are the average results
and the ratios based on the average results of “Our_ILP.”
“Imp_ILP [18]” is the same as “Imp_ILP [14]” in Table I,
in which the results were obtained by solving the ILP in [18]
on vias and our RVCs. The results in column “Our_ILP” were
obtained by using CPLEX [30] to solve our ILP formulation.

Comparing “ILP [18]” with “Our_ILP,” we improve the
average IR by 3%. Furthermore, the average runtime of
“ILP [18]” is about 3.05× more than that of “Our_ILP.” Both
of the results in columns “Imp_ILP [18]” and “Our_ILP” are

3The results of ILP [18] are directly cited from the paper, in which the
platform was Core i7 3.5 GHz with 72-GB memory, and CPLEX was used
as the ILP solver.

TABLE V

COMPARISON WITH THE GRAPH METHOD IN TCAD 2017
WORK [18] ON THE RGDS PROBLEM

the same, but the average runtime of “Imp_ILP [18]” is about
4.19× more than that of “Our_ILP.” These verify that our
ILP formulation is better than that in [18] for RGDS problem,
which has less variables and constraints.

The results in “Graph [18]” and “Our_MWIS” of Table V
were obtained by the graph method in [18] and our MWIS
solver, respectively. The average runtime of “Graph [18]” is
half of “Our_MWIS,” but the average IR of “Graph [18]” is
5% less than that of “Our_MWIS” and the average MR of
“Graph [18]” is a little less than of that of “Our_MWIS.”

To demonstrate the scalability of our ILP formulation and
the proposed fast MWIS algorithm, we further tested them on
nine much larger benchmarks in [18]. The experimental results
are listed in Table VI. Compared with “ILP [18],” “Our_ILP”
achieves 2.68× shorter runtime. Compared with the graph
method in [18], our ILP-based method improves the average IR
by 10%. On these larger test cases, our MWIS-based algorithm
is still fast and effective. It takes only 0.28× average runtime
of our ILP-based method with only 1% MR loss and 2% IR
loss.



2516 IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION (VLSI) SYSTEMS, VOL. 26, NO. 11, NOVEMBER 2018

TABLE VI

COMPARISON WITH THE TCAD 2017 WORK [18] ON THE RGDS PROBLEM

VII. CONCLUSION

In this paper, we have considered the RVI and GTA for
the DSA with MP problem, including RGDS, RGDD, and
RGDT. For the RGDS problem, we constructed a new ILP
formulation basing on our conflict graph. The vertices in
the conflict graph are multi plets instead of guiding template
assignments (GTACs), which can greatly reduce the size of the
conflict graph. To fast solve the ILP, a local optimal MWIS
solver was introduced to obtain a local optimal result. By a
two-stage procedure, our solution flow for the RGDS problem
is extended to address the RGDD and RGDT problems.
Experimental results validate the efficiency and effectiveness
of our ILP formulation and algorithms. It must be remarked
that our framework can be extended to handle the problem with
different template costs, which are tackled in many existing
works on DSA-MP.
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