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Abstract—The increasing complexity of CMOS technology and circuit
designs has intensified the need for robust analog design automation
tools that can handle process variations effectively. This paper presents
RSizing, a novel approach for analog circuit sizing that optimizes perfor-
mance while ensuring robustness against process variations. Our method
employs a three-phase strategy: First, it identifies promising design
regions through nominal condition optimization to prune the design
space efficiently. Second, it performs variation-aware optimization using
heteroscedastic Gaussian processes (HGP) to model circuit performance
under process variations, capturing the non-uniform nature of process-
induced fluctuations across the design space. The HGP models are
combined with an efficient acquisition function based on Thompson
sampling to guide the exploration of robust designs using limited Monte
Carlo simulations. Finally, it refines the solutions through additional
targeted Monte Carlo simulations and model calibration. Experimental
results on three benchmark circuits demonstrate that RSizing achieves
superior performance compared to existing methods, consistently meeting
yield requirements while optimizing multiple performance metrics with
significantly reduced computational cost.

I. INTRODUCTION

As scaling advances, the design of integrated circuits (ICs) be-
comes increasingly complex and challenging [1]. This evolution
necessitates more sophisticated technologies and methodologies to
effectively manage higher densities, enhanced functionality, and yield
within smaller form factors. While digital circuit design has been
largely automated, the design of analog circuits still relies predom-
inantly on manual processes. Given the rising demands for high
performance and yield coupled with the need for rapid market entry,
manual analog circuit design is becoming increasingly impractical.
Therefore, there is an urgent need for automation tools in analog
circuit design.

Significant efforts have been dedicated to improving analog circuit
sizing in analog circuit design automation tools. The primary goal
of sizing is to maximize performance by optimizing device design
parameters. This task can be framed as a multi-objective optimization
problem aimed at identifying an optimal solution that corresponds to
the maximum Figure of Merit (FoM) [2] or the Pareto optimality set
[3], as shown in Fig. 1(a). FoM is the weighted sum of all objectives.
However, enhancing one performance metric often requires sacrific-
ing another. The Pareto optimality set represents a set of solutions
that offer the best trade-offs among all objectives, where no solution
is dominated by any other within the feasible solution space. The
optimal design parameter vector lies on the Pareto optimality set in
Fig. 1(a).

Typical analog circuit sizing methods can be categorized into
model-based [4] and simulation-based approaches [2], [3], [5], [6].
Model-based methods require the development of an analytical model
that relates device design parameters to performance. However,
accurately deriving such performance models can be challenging. As
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Fig. 1 The difference among typical sizing, yield optimization, and
our task: (a) Typical Sizing; (b) Yield Optimization; (c) Our Task. The
blue is the probability density of performance variation under process
variation. The darker the color, the greater the density. The pink is
the region in which all designs satistfy performance specifications.

a result, many researchers have focused on simulation-based methods,
where performances are represented by black-box functions—known
as surrogate models—such as Gaussian processes, which are built
and refined through on-the-fly simulations [3]. Using these black-box
functions, techniques like evolutionary algorithms [7], [8], Bayesian
optimization [2], [3], and reinforcement learning [5], [6] can be
employed to identify the Pareto optimality set and optimal solutions
corresponding to the maximum FoM. However, traditional analog
circuit sizing approaches may lead to low yield, as design parameters
often do not account for process variations, as illustrated in Fig. 1(a).

Some studies focus on yield optimization to enhance overall yield.
Unlike typical analog circuit sizing, the yield optimization task aims
to maximize yield by fine-tuning device design parameters [9]-[11],
as illustrated in Fig. 1(b). Existing methods can be categorized into
corner-based [12], response-surface-based [10], and Monte Carlo
(MC)-based [11] approaches. MC-based methods are the most widely
used due to their high accuracy and versatility [11]. But they still
require numerous simulations to meet optimization demands. To
address this, surrogate models combined with importance sampling
have been proposed to reduce the number of required simulations
[11], [13]. However, optimizing for yield alone can compromise
circuit performance.

Several studies have focused on optimizing circuit performance
under process, voltage, and temperature (PVT) corners to enhance
design robustness [14], [15]. Shi and Kong formulate the robust
analog sizing problem as a constraint satisfaction challenge to identify
a circuit sizing vector that meets performance specifications across all
PVT corners [14], [15]. However, similar to typical yield optimization
approaches, their methods do not guarantee optimized circuit perfor-
mance. Cao et al. reformulate robust analog sizing as a parameter-to-
specification optimization problem, aiming to minimize the difference
between target performance and actual circuit performance across
PVT corners [16], [17]. Achieving an optimal trade-off between



circuit performance and yield remains challenging. A high design
target can lead to low yield, even in the absence of feasible solutions.
In [18], circuit performance is maximized under all PVT corners
using a customized evolutionary algorithm. However, this approach
suffers from low optimization efficiency. Furthermore, existing robust
analog sizing methods rely on PVT corner simulations, which do not
account for all process variations. Consequently, the sizing solutions
may not consistently meet yield requirements, particularly for analog
circuits that are more sensitive to process variations.

Recently, robust multi-objective optimization under input noise has
been proposed in the machine learning area [19]. The main idea is that
the surrogate models predict uncertainty at unexplored design points,
enabling efficient identification of robust solutions that maintain good
performance under input variations. However, this approach requires
prior knowledge of the uncertainty distribution and assumes the
uncertainty can be modeled as input noise, which is not applicable
to process variation aware analog circuit sizing.

Unlike previous works, we propose RSizing to find a high-quality
Pareto optimality set to satisfy yield constraints with unknown
distribution process variations. To the best of our knowledge, this
is the first work to conduct analog circuit sizing with a fixed yield
constraint. The key contributions are summarized as follows:

« We propose an efficient three-phase algorithm that guarantees

the required yield while optimizing circuit performance.

« We perform variation aware optimization using surrogate models
to model MC simulation data and predict performance variations
across the design space. These models guide the exploration
towards high performance while ensuring yield requirements.

« Experimental results on three benchmark circuits demonstrate
that RSizing achieves superior performance compared to existing
methods, consistently meeting yield requirements while opti-
mizing multiple performance metrics with significantly reduced
computational cost.

II. PRELIMINARIES
A. Problem Formulation

In this paper, we conduct analog circuit sizing with a given yield
constraint. Considering multiple performances to be optimized and
avoiding enhancing one performance metric with sacrificing another,
like previous works [3], [18], we formulate the analog circuit sizing
as a multi-objective optimization problem.

Let fV(x), fP(x),---, f™)(x) denote the nominal perfor-
mance metrics, where € X C R? is the design parameters, X is the
parameter space, and d is the design parameter dimension. Denote
the performance vector as f(z) = [f (x), f@ (), -, D (x)].
These M objectives would possibly conflict with each other. Finding
one solution that maximizes all of these objectives simultaneously is
difficult. Practically, to strike a balance between these objectives, we
want to identify the Pareto optimality set.

Definition 1 (Pareto optimality). In an M -dimension maximization
problem, an objective vector f(x) is said to dominate f (x') if

vie [1,M], fP(x) > 9 (z') and
3j e [1,M], fP(x) > 19 ().

A point z is Pareto optimality if there is no other ' in parameter
space satisfying that f (') dominates f(x). In the whole parameter
space, the set of points that are not dominated by others is called
the Pareto optimality set. For the Pareto optimality designs, there
does not exist an alternative choice that can improve every objective
without sacrificing others. In multi-objective optimization problems,

)

the realistic and accurate goal is to identify the Pareto optimality set
containing all the Pareto optimal optimality points.

The quality of the Pareto optimality set is evaluated using the
hypervolume (HV) [3]. Given a set of non-dominated solutions P
and a reference point » € R, HV is defined as the M-dimensional
Lebesgue measure of the region dominated by P and bounded by 7,
denoted as HV (P|r).

To account for process variations, for each performance function
f(x), we consider the impact of process variations as a noise
term, and use y(x) = f(x) + € to represent the performance.
The corresponding vector of M noisy performances is denoted as
yx) = [y (), ..,y (x)]. Formally, we give our problem
formulation as follows.

Problem 1 (Analog Circuit Sizing Under Process Variations). Given
an analog circuit and required yield, find a high-quality Pareto
optimality set and its design parameters to satisfy yield constraints
with process variations.

As illustrated in Fig. 1(c), our goal is to find a robust Pareto
optimality set within the pink region, where the points satisfy both
performance specifications and yield requirements «. In other words,
the probability of their performances satisfying design specifications
is not less than «, i.e., p(y(x) > 2z) > .

B. Bayesian Optimization

Bayesian optimization (BO) is an effective technique for opti-
mizing black-box functions, particularly when function evaluations
are computationally expensive [20]. The BO framework operates
through two key components: a probabilistic surrogate model and an
acquisition function. The surrogate model provides well-calibrated
uncertainty estimates of the objective function and is iteratively
refined with new observation data. The acquisition function guides
the optimization process by balancing the exploration of uncertain
regions and the exploitation of promising areas, with each new
evaluation point selected by maximizing this function.

However, BO often faces efficiency challenges in high-dimensional
spaces due to excessive exploration. Trust region-based BO [21], [22]
addresses these limitations by constraining the search within well-
defined local trust regions. Each trust region (TR) is characterized
by a hyperrectangle with a center point and specific edge length,
along with its dedicated local surrogate model. During optimization,
the TR center shifts to the best point discovered within the region
while its size adapts dynamically. The TR expands after consecutively
improving the best observed value, or shrinks after consecutively
failing to improve. When a TR becomes too small, it restarts at a
new random location to maintain global exploration capability. This
adaptive TR strategy enables efficient focus on promising regions
while maintaining the ability to explore the global space.

Gaussian process (GP) is the most commonly used surrogate model
for Bayesian optimization. It provides a probabilistic approach to
estimate an unknown function f : R? — R from a dataset D =
{@;,y: }i1, where ; € R? denotes the input vector of dimension
d and y; € R denotes the scalar output.

yi = f(x;) +&; with g; ~ N (0792 (ml)) ) @

where the noise ¢; is typically assumed to follow a Gaussian dis-
tribution with zero mean and variance N (O, g’ (azl)) This variance
can be constant or input-dependent.

Gaussian process is fully specified by a mean function m(x) and a
covariance function k(x, z’) [23]. For a query point .., the posterior
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distribution of the new observation y. can be derived as:
2
p(y*‘w*7g7g*7®) :N(:u’ywo'yx)7 (3)
T -1
ty. = pg. =k, (K +8) "y, @
2 2 2 T -1 2
0y, =07, + g = ks — ko (K +8)" ks + g5, ®)
where ¥ = [y1,...,yn]" is the observed outputs and g =
[g1,...,gn]" is the noise standard deviations, S = diag(g?, ..., g2)

is the noise variance matrix, and g> = ¢*(x.) is the noise
variance at the query point. K is an N X N covariance matrix with
K;; = k(x;,x;), k.« is the covariance vector calculated by k(x., x;)
between the query point @, and training input @;, k.. = k(z«, x+)
is the self-covariance term at the query point.

C. Motivation

When optimizing circuit performance under process variation, a
robust design point is characterized by both strong nominal per-
formance and low sensitivity to variations. This insight implies
that designs with superior nominal performance tend to maintain
reasonable robustness against process variations. Consequently, high-
quality solutions identified under typical process conditions can serve
as a basis for design space exploration, circumventing costly MC
simulations in the early stages. To enable efficient exploration of the
design space while accounting for variations, we adopt a practical
modeling approach using heteroscedastic Gaussian processes with
limited MC simulations. This framework allows us to systematically
identify promising design regions that exhibit both strong nominal
performance and robustness to variations. Once promising regions are
identified, more comprehensive MC simulations can be conducted to
obtain reliable yield guarantees.

III. ALGORITHM
A. Overall flow

Our RSizing contains three stages: initialization, process variation
aware optimization and refinement, as shown in Fig. 2. In the
initialization stage, we first leverage evaluation history from multi-
objective optimization under nominal process conditions to identify
and prune inferior design regions. Through clustering analysis, we
partition the remaining promising regions into initial trust regions,
establishing a foundation for subsequent focused exploration. In the
process variation aware optimization stage, we use heteroscedastic
Gaussian process models to model limited MC simulation data. These
models simultaneously capture both performance mean and variation

patterns, enabling the prediction of circuit behavior under process
variations with yield guarantees. Based on the HGP predictions, we
employ an acquisition function based on Thompson sampling to
select promising design points, balancing exploration of uncertain
regions with the exploitation of promising areas. In the refinement
stage, we calibrate our models using additional MC simulations in
promising regions identified from previous stages. The calibration
process addresses potential non-Gaussian characteristics in perfor-
mance distributions through adaptive quantile estimation, ensuring
more accurate yield assessment and performance guarantees. This
strategic approach enables us to explore complex design spaces while
minimizing expensive MC simulations efficiently, ultimately identi-
fying robust solutions that simultaneously satisfy both performance
metrics and yield requirements.

B. Initialization

The key insight of this stage is that designs with superior nom-
inal performance f(x) often maintain relatively good performance
under process variations y(x), though the exact Pareto dominance
relationships may change. This motivates our space-pruning strategy
that progressively narrows down the search space while maintaining
diversity in promising solutions.

We start with multi-objective optimization under typical process
conditions, which generates an evaluation history {(z;, fi)}iz1,
corresponding to the purple points in Fig. 3(a). Next, we extract
the Pareto optimality set and their associated design points for MC
simulation. The worst-case performance obtained from these MC
simulations establishes a performance lower bound, represented by
the yellow boundary in Fig. 3(a). Based on this performance lower
bound, we partition the evaluated designs 1, ..., &, into two sets:
Xgood and Xpeq. By analyzing the distribution of points in the
design space, we identify and prune regions where Xp.q points are
concentrated while X004 points are sparse. Among the remaining
design points, we remove those with similar & and f values to
maintain diversity. The retained points, shown as purple points in
Fig. 3(b), serve as initial points for the subsequent optimization phase.
We also perform MC simulations for these initial points, as shown
in Fig. 3(c). Finally, these points are clustered using k-means to
establish trust regions, which represent promising and diverse areas
for the subsequent optimization phase, as illustrated in Fig. 3(d).

C. Process variation aware optimization

Surrogate model. Previous works have employed Gaussian process
to model the nominal circuit performance f () [24], [25]. However,
to guide process variation-aware optimization, we need to build a
model that can fit the MC simulation data and predict performance
distribution under process variation for new design points. Traditional
Gaussian processes assume homoscedastic noise [26], which becomes
limiting when modeling noisy performance function y since the
impact of process variations often varies significantly across different
design points. Heteroscedastic Gaussian processes [26] allow input-
dependent noise variance, effectively addressing this limitation. For
each trust region, We construct M heteroscedastic Gaussian processes
to model M noisy performance functions [y (), ...,y (x)],
each y(z) is defined by y(x) = f (z) + ¢ with e ~ N (0, ¢° (z)),
where g?(x) denotes the input dependent noise variance caused by
process variations.

In the HGP framework, a second Gaussian Process is employed to
model the logarithm of noise variance, z(x) = log(g*(x)), using
a distinct covariance function k(x,z’). Modeling the logarithm
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Fig. 3 Illustration of our algorithm: (a) MC simulation for Pareto
optimality set (purple line) to establish performance lower bound (or-
ange line); (b) Inferior regions pruning and similar designs removal;
(c) MC simulation for Initial Points; (d) Trust regions formation by
clustering; (e) Process variation aware optimization; (f) Refinement.

of variance instead of modeling variance brings two benefits: it
facilitates a smoother representation and ensures predictive positive
variance through the exponential transformation, ie., ¢g?(xz) =
exp(z(zx)). Consequently, the HGP framework incorporates two
coupled GPs: one for inferring the unknown function (the f-process)
and another for capturing the input-dependent noise (the z-process).

Since z appears as a latent variable, the predictive posterior
distribution of y. at a query point . can be derived by integrating
out z and z. using the law of total probability:

p(y«|@«, D) = //p(y*|a:*,z,z*,D) (2, z«|@s, D)dzd 2y,
(6)
where z = [z1,..., zn]T are the log noise variances at n training
input points, and z. is the log noise variance at query point ..
The integral as shown in Equation (6) becomes analytically
intractable concerning the full posterior of the noise levels
p(2z, z«|®«, D), thus we need to resort to approximation methods.
Kersting et al. propose to replace the full posterior distribution of
the varying noise by a point estimate at the most likely value [27].
Since noise z is also modeled by a GP, its posterior follows a normal
distribution. Thus, the most likely value of noise (2, Z.) is given by
the posterior mean:
(%2, 2.) = argmax p(z, z«|@«, D) = (2, p=. ), @)
2,24
where p, and p., are the posterior means of the z-process at training
inputs and query point ., respectively.
By replacing the full posterior p(z,z«|z.,D) with its point
estimate at most likely value (Z,Z.), the integral in Equation (6)
can be approximated by:

p(yle,D) = p(ylx, Z, Z«, D) = p(y|@, pz, piz. , D). ®)

Notice that p(ys|@«, ptz, pt-,, D) shares the same form as Equa-
tion (3), thus the predictive posterior distribution of y. can be
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Fig. 4 (a) Function with input-dependent noise and its VaRg.975
bound; (b) HGP model prediction with the MC simulation data.

written as N(uy, , 0, ). Here, p1,, can be directly obtained from
Equation (4), and since g°(z) can be represented by exp(z(z)), oy,
can be obtained by substituting exp(i., ) for g in Equation (5).

The performance distributions affected by process variations may
not strictly follow Gaussian distributions and vary across different
performance metrics and design points. Accurate characterization
of these distributions requires extensive MC simulations which is
computationally expensive. Instead, we use limited MC samples
at each design point and approximate them with Gaussian models
characterized by mean and variance. This approach can effectively
capture the general trend of performance distributions. In the process
variation aware optimization stage, for each observation point axx,
we utilize & MC samples yi, . .., yr of each individual performance
metric to fit an HGP model. We model the mean using f-process
with g(x) = % S 4 = 1"y, and fit the log-variance using z-process
with 2(z) = log(+15 Zle(yi — f(x))?) respectively. Each HGP
is trained only with samples within its corresponding trust region,
which reduces the running time for model fitting.

Robustness prediction by model. To maintain the required yield
while optimizing performances, we adopt value at risk (VaR), which
provides a probabilistic guarantee on performance values. For a noisy
performance function y(x), VaR at point & with yield requirement
a € [0,1] is defined as:

VaRa [y(x)] = max{z € R: p(y(z) > 2) > a}. ©)

Intuitively, VaR defines the best achievable performance at design
point & while maintaining the yield requirement .

Multivariate Value-at-Risk (MVaR) [28] extends the VaR concept
to the multi-objective scenario. Due to multiple objectives, the single
maximum is replaced by a Pareto optimality set. The MVaR of y(x)
for a given point  and yield requirement « € [0, 1] is:

MVaRa [y(z)] = P({z € RY :p(y(z) > 2) > a}). (10)

Similar to VaR, MVaR can be interpreted as a performance vector z
that satisfies p(y(x) > z) > «. Since the yield requirement « is typ-
ically high, MVaR essentially represents the worst-case performance
vector under process variations. In this high-yield scenario (o = 1),
the joint probability becomes dominated by individual performance
constraints, allowing MVaR to be effectively approximated using the
VaR of individual performance metrics:

MVaR. [y(z)] ~ [VaRa [y (2)],. .., VaRa[y™ (2)]. (D)

HGP provides an efficient way to calculate VaR. As defined in
Equation (9), VaR. can be expressed as the (1—«)-quantile of y().
Given that the predictive posterior follows a Gaussian distribution
N(uy,0p), VaRa can be conveniently computed as p1y, — @' (a) oy,
where ! is the inverse cumulative distribution function of the stan-



dard normal distribution. For instance, VaRg.975 = py — 1.960,. By
substituting this VaR expression into Equation (11), we can efficiently
estimate MVaR at any new design point using HGP predictions.
This analytical form of MVaR prediction is particularly valuable
for our optimization. Here, MVaR serves as a robust optimization
objective that inherently guarantees the specified yield requirement
- by continuously optimizing MVaR, we can systematically search
for design points that not only achieve superior performance but also
maintain robustness against process variations while satisfying the
yield constraints.

Fig. 4 illustrates the VaR approximation and HGP modeling
process. In Fig. 4(a), we demonstrate a function with input-dependent
noise, where the red shaded region represents different confidence
levels, and the dashed line indicates the p & 1.960 interval (95%
confidence interval). The curve at the bottom shows VaRg. 975, which
ensures that the performance exceeds this bound with a probability
of 97.5%, thus satisfying a 97.5% yield requirement. Fig. 4(b) shows
how our heteroscedastic Gaussian process (HGP) model effectively
captures both the mean performance and its variations. The black
dots represent the MC simulation data, while the purple and blue
dashed lines show the actual and predicted means, respectively. The
blue-shaded region indicates the 95% confidence interval of the
prediction. The close alignment between the actual and predicted
means, along with the appropriate coverage of simulation data points
by the confidence interval, validates our HGP model’s capability
to capture both the performance trends and their input-dependent
variations.

Acquisition Function. Our objective is to optimize the robust Pareto
optimality set formed by MVaR values, where each solution inher-
ently satisfies the yield requirement. By maximizing the hypervolume
(HV) of this set, we can improve the quality of solutions while
maintaining their robustness against process variations. To efficiently
select new design points that are most likely to increase the HV, we
propose an acquisition function based on Thompson sampling (TS)
[29]. TS balances exploration and exploitation by randomly sampling
from the posterior distribution of GP models and generating new
query points through optimization on these samples. This approach
naturally supports batch selection. In practice, we determine the batch
size q based on the MC simulation number that can be executed in
parallel.

The selection process begins by computing MVaR values (set M)
for all evaluated design points [@1, ..., @] using HGP, followed by
constructing the current Pareto optimality set P based on M. We
then generate candidate points Xcna from all trust regions, from
which ¢ points will be selected as the next batch. Once a point
is selected, it is removed from Xcia. We use a sequential greedy
strategy where ¢ points are selected one by one. When selecting the
i-th point, we draw samples from the joint posterior distribution over
previously selected points {@1,...,z;—1} and remaining candidate
points in Xcana. For each candidate point &, we combine its predicted
MVaR value with those of previously selected points to form a new
set Muew = {M(x1),..., M(@;—1), M(&)} and evaluate the HV
improvement:

HVI(P, Maew, T) = HV(P U Mpew, 1) — HV(P,1).  (12)

The candidate point yielding the maximum HV improvement
(HVI) is then selected and added to the batch. By calculating the
joint HVI with previously selected points, we can achieve com-
prehensive exploration. If a previously selected point has already
improved specific objectives in a region, nearby candidates with

similar improvements would yield limited HVI, thus encouraging
the acquisition function to explore different regions and objective
trade-offs. This sequential strategy ensures diverse batch selection
while enabling trust regions to collaboratively maximize the global
hypervolume. For a trust region, if at least one proposed candidate im-
proves the global hypervolume, the iteration is considered successful;
otherwise, it is deemed a failure. The trust regions then execute their
corresponding update strategies. As illustrated in Fig. 3(e), during
the process variation-aware optimization phase, through multiple
iterations, our algorithm progressively discovers superior solutions
while trust region centers converge towards the optimal regions in
the design space.

D. Refinement

In the previous phase, we predicted and optimized MVaR using
HGP, expecting designs in Pareto optimality set to meet the yield
requirement . However, this requirement is often not satisfied due to
three main factors. First, the limited number of MC simulations leads
to imprecise mean and variance estimates; second, the performance
variations at individual points may not strictly follow Gaussian distri-
bution, making the VaR calculation based on Gaussian assumptions
less accurate; finally, the MVaR approximation using individual VaRs
in Equation (11) introduces bias when o < 1.

To obtain more reliable solutions, we initiate a refinement phase
when the hypervolume improvement converges. Since TR centers
gradually move towards optimal solutions, their neighborhoods rep-
resent potential high-quality designs. During this phase, we conduct
additional Monte Carlo simulations at selected design points near TR
centers to obtain high-fidelity estimates of critical quantiles governing
yield requirements. Originally, the HGP model estimated quantiles
via the parametric form y — ®'(a)o which relies on Gaussian
assumptions. To address potential non-Gaussian characteristics, we
replace the static coefficient ® () with a correction factor k that
adaptively adjusts the quantile estimation:

k= H — qa
g

where g, denotes the empirical quantile obtained from Monte Carlo
simulations. We use another Gaussian process to model k. By
incorporating additional MC data from the refinement phase, the
framework iteratively improves both the GP model for £ and HGP
model. This joint update enables the framework to better capture
non-Gaussian characteristics and correct potential estimation biases
in the design space. Based on our observations, design points within
local trust region tend to have similar statistical characteristics in
their performance distributions (e.g., skewness and shape). This local
similarity enables us to leverage spatial correlation in the GP model -
when we update the mean, variance, and correction factor k through
MC simulations at selected design points, these updates naturally
propagate to neighboring points.

Fig. 5 demonstrates this calibration process where the performance
distributions under different design parameters exhibit left-skewed
characteristics. In Fig. 5(a), the green solid line represents the actual
VaR, while the red dashed line shows the predicted VaR. Black
dots represent MC simulation samples. Initially, due to limited MC
samples and Gaussian assumptions, the predicted VaR is optimistic
compared to the actual VaR. In Fig. 5(b), through intensive MC
simulations at selected design points (shown as dense black dots),
the calibration effort significantly improves the prediction accuracy
across the input space, as evidenced by the close alignment between
predicted and actual VaR.

. (13)
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Fig. 5 (a) Initial VaR prediction by HGP model; (b) Refined VaR
prediction after calibration.

TABLE I Parameter number and Objectives.

Circuit | # of Param. Objectives
Gain
Static current (Ippg)
Offset voltage (Vos)
CMRR

Dynamic current (Ipp)

Static current (Ippq)
Average current (Ippavg)

Clock signal peak-to-peak voltage (Vpp.cik)

OPAMP 36

0OSC 14

PLL 77

This process iterates until the predicted VaR aligns well with the
MC simulation results, leading to more accurate MVaR estimates and
yield predictions. As shown in Fig. 3(f), the original design points
are calibrated to their refined performance values (shown as black
points). We then output the Pareto optimality set formed by these
calibrated MVaR values as our final solutions, which achieve both
superior performance and guaranteed yield requirements. It is worth
noting that our refinement does not address the approximation error
introduced by MVaR estimation as shown in Equation (11), which
may introduce bias when yield requirements are lower. However,
this approximation error is acceptable in practice since the yield
requirement is typically very high.

IV. EXPERIMENT
A. Experimental Settings

We evaluate our proposed method on benchmark circuits from ITC
2017 [30], which consists of three representative analog circuits: an
operational amplifier (OPAMP), an oscillator (OSC), and a phase-
locked loop (PLL). The circuit schematics are shown in Fig. 6.
We construct the design space by selecting a subset of key design
parameters, and the entire exploration flow is implemented using
Empyrean PyAether [31]. TABLE I shows the dimensions of design
parameters and objectives for each circuit. Circuit simulations are
conducted using the Spectre simulator in the TSMC 40nm process,
where single simulation time is about 5s, 11s, and 1 minute for
OPAMP, OSC, and PLL respectively. All experiments are performed
on a Linux machine equipped with an 80 cores CPU (2.70GHz) and
an A100 GPU with 80GB memory.

For each circuit, three different yield requirements (97.5%, 99.0%,
and 99.9%) are considered to obtain the Pareto optimality set. During
initialization, we perform multi-objective optimization under typical
process conditions using MORBO [22] with a batch size of 5 over
60 iterations. For the process variation aware optimization stage,
the number of MC simulations k is set to 50, which is sufficient
to capture the general trend of performance distributions. Based on
circuit complexity and computational resource constraints, the batch
sizes for OPAMP, OSC, and PLL circuits are set to 6, 4, and 2
respectively. In the refinement stage, the number of MC simulations

at each design point scales with yield requirements - 100 for 97.5%,
200 for 99.0%, and 500 for 99.9%, ensuring sufficient accuracy at
different yield targets.

Since both prior work and commercial EDA tools do not pro-
vide systematic solutions for analog circuit sizing with a fixed
yield constraint, we select the general multi-objective genetic algo-
rithm NSGA-II [8], the state-of-the-art robust Bayesian optimization
method MARS-NEI [19], and efficient PVT and mismatch robust
analog circuit sizing framework PVTSizing [15] as baselines for
comparison. For NSGA-II, the population count is set to 40 and
the number of generations is 50. For yield targets of 97.5%, 99.0%,
and 99.9%, we use the worst results from 40, 100, and 500 MC
simulations respectively as optimization objectives. Due to time-
consuming PLL. MC simulations, NSGA-II was omitted for its
excessive simulation requirements.

MARS-NEI was designed for robust optimization problems with
known input noise, proposing a scalarization method that transforms
multi-objective risks into a scalar value and employs noisy expected
improvement (NEI) [32] as the acquisition function. To overcome the
requirement of prior knowledge on noise distribution, we adapt this
method to handle unknown circuit process variations. In the process
variation aware optimization stage, it uses the same heteroscedastic
Gaussian process as ours to fit 50 MC simulation data and similarly
refines solutions near the Pareto optimality set with additional MC
simulations after the hypervolume converges. The hypervolume ref-
erence point r was set to the worst values found during optimization.
For fair comparison, performance metrics were normalized when
calculating the hypervolume.

PVTSizing aims to find circuit design solutions that meet perfor-
mance constraints across all corners. It uses TURBO [21] to generate
high-quality initial points and employs Actor-Critic reinforcement
learning framework for multi-task optimization. The approach first
optimizes the design across PVT corners before addressing mismatch
effects. In the mismatch phase, it evaluates the current design with
multiple MC simulations, identifies the worst-performing mismatch
corners, and uses the Actor-Critic network to generate and select
optimized solutions. This process repeats until a solution passes
verification across all mismatch and PVT corners. We focused on
5 process corners during the PVT phase, as our method specifically
addresses the impact of process variations. For each circuit, we run
PVTSizing three times, with three different constraint targets selected
from representative points of the Pareto optimality set under Rsizing’s
99.9% yield requirement.

B. Results and Discussion

The actual yield of each Pareto-optimal solution was verified
through 1000 MC simulations. We report the mean yield with its
standard deviation, along with the minimum and maximum yields
observed in TABLE II. The results show our method achieves
consistently satisfactory performance across different circuits and
yield requirements. While the worst-case solutions may not meet
the specified yield requirements, setting a higher target yield during
optimization can address this issue, though at the cost of degraded
circuit performance, representing an trade-off in the design process.

For each circuit, we selected two performance metrics and visual-
ized their Pareto optimality set under different yield requirements
and typical process in Fig. 7. Note that all performance metrics
are transformed to maximization problems by taking their negative
values. The results clearly demonstrate the trend across different
yield requirements: Pareto optimality set corresponding to higher
yield requirements exhibit inferior performance and are located in
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Fig. 6 Benchmark circuits: (a) OPAMP; (b) OSC; (c) PLL.

TABLE II Yield Results (%).

Yield OPAMP [eNe PLL

Req.

Mean Min  Max Mean Min  Max Mean Min  Max

975 96.75+0.34 955 974 97.184022 963 97.7 96.43+£035 951 972
99.0 98.72+£0.25 979 993 98.851+0.18 982 993  98.68£0.29 976 994
99.9 99.794+0.08 99.5 100.0 99.86+0.05 99.7 100.0 99.744+0.10 99.4 100.0

TABLE III Performance Comparison.

Circuits 11l NSGA-II (8] | MARS-NEI [19] | Our RSizing

Req. | Y(%) HV RT (h) ‘ Y (%) HV RT (h) ‘ Y (%) HV RT (h)

97.5 | 9523 3865 2.64 96.83 4512 3.25 96.75 4968 2.18
OPAMP  99.0 | 97.92 2969 3.73 98.77 3486 3.34 98.72 3692 2.27
99.9 | 99.16 2112 8.25 99.82 2465 3.52 99.79 2673 2.41

975 | 9584 2620 645 97.21 2785 4.12 97.18 2897  2.86
0OsC 99.0 | 9825 2574 8.48 98.83 2726 435 98.85 2812  3.02
99.9 | 99.62 2431  20.63 | 99.88 2591 4.69 99.86 2660  3.23

97.5 - - >30 96.49 6183 9.87 96.43 6742  7.62
PLL 99.0 - - >30 98.71 5965 11.08 | 98.68 6561 8.85
99.9 - - >30 99.75 5668 1392 | 99.74 6143 11.34
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Fig. 7 Pareto optimality set of different yield requirements and typical
process: (a) OPAMP; (b) OSC; (c) PLL.

the lower-left region of the plots. This enables flexible design point
selection based on specific yield and performance requirements.
TABLE III presents the comparison of mean yield (Y) across the
Pareto optimality set, hypervolume (HV) measuring solution quality,
and runtime (RT) for different methods. Our RSizing demonstrates
competitive performance across these metrics compared to other
approaches. The results show that both MARS-NEI and our RSizing
achieve yield values closer to the specified requirements compared
to NSGA-II, while also achieving better performance as indicated
by higher hypervolume values. For the comparison between MARS-
NEI and RSizing, RSizing’s yield is occasionally slightly lower than
MARS-NEI, which is primarily because RSizing explores higher-
performance regions where process variations are likely to have
more complex and pronounced effects. However, our method’s space
pruning and efficient robustness evaluation strategies enable superior

TABLE 1V Yield/Runtime Comparison with PVTSizing.

PVTSizing [15] Our RSizing

Y (%) | RT (h) Y (%) RT (h)
T1 95.1 1.53 99.5 (14.4)
OPAMP T2 98.4 1.18 99.8 (11.4) 2.41
T3 96.2 1.25 99.8 (13.6)
T1 99.6 0.73 100.0 (10.4)
0sC T2 98.8 0.95 99.9 (11.1) 3.23
T3 99.0 0.86 99.8 (10.8)
Tl 96.9 6.34 99.8 (12.9)
PLL T2 98.2 5.17 99.8 (11.6) 11.34
T3 97.3 5.46 99.7 (12.4)

Circuit | Target

performance with reduced computational cost across all benchmark
circuits, especially for high-dimensional problems like PLL.
TABLE IV compares yield performance and runtime between our
method and PVTSizing across all circuits at three target points. While
PVTSizing shows individual runtime values for each target point,
RSizing reports a single runtime value as it efficiently generates
multiple yield-compliant Pareto-optimal solutions in one execution.
PVTSizing achieves lower yield values, demonstrating its limitations
in effectively capturing process variation trends. Although PVTSizing
shows runtime advantages for single-point optimization, RSizing’s
strategy enables comprehensive exploration of performance trade-offs
under specified yield constraints. This strategy addresses a common
design concern where performance is compromised by selecting
conservative specifications to guarantee yield requirements, enabling
exploration of the circuit’s maximum achievable performance.

V. CONCLUSION

This paper presents RSizing, a novel approach for robust analog
circuit sizing that effectively handles process variations while op-
timizing circuit performance. Our method combines space pruning
with targeted exploration and employs HGP modeling to accu-
rately capture the non-uniform nature of process-induced perfor-
mance variations. We propose a three-phase optimization strategy
that begins with design space pruning through nominal condition
optimization, followed by process variation-aware optimization using
heteroscedastic Gaussian processes and efficient acquisition func-
tions, and concludes with solution refinement using targeted MC
simulations. Experimental results demonstrate that RSizing achieves
superior performance across benchmark circuits.
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