
WinoGen: A Highly Configurable Winograd Convolution IP
Generator for Efficient CNN Acceleration on FPGA∗

Mingjun Li+
CUHK

Pengjia Li+
CUHK-Shenzhen

Shuo Yin
CUHK

Shixin Chen
CUHK

Beichen Li
CUHK-Shenzhen

Chong Tong
CUHK-Shenzhen

Jianlei Yang
Beihang Univ

Tinghuan Chen
CUHK-Shenzhen

Bei Yu
CUHK

Abstract
The convolution neural network (CNN) has been widely adopted

in computer vision tasks. In the FPGA-based CNN accelerator design,
Winograd convolution can effectively improve computation perfor-
mance and save hardware resources. However, building efficient
and highly compatible IP for arbitrary Winograd convolution on
FPGA remains underexplored. To address this issue, we propose a
novel and efficient reformulation of Winograd convolution, named
Structured Direct Winograd Convolution (SDW). We further develop
WinoGen, a Chisel-based highly configurable Winograd convolu-
tion IP generator. Given arbitrary input/output tile size and kernel
size, it can generate optimized high-performance IP automatically.
Meanwhile, our generated IP can be compatible with multiple kernel
sizes and tile sizes. Experimental results show that the IP generated
by WinoGen achieves DSP efficiency up to 3.80 GOPS/DSP and
energy efficiency up to 652.77 GOPS/W while showing 2.45× and
3.10× improvements when processing a same CNN model compared
with state-of-the-arts.

1 Introduction
With the rapid advancement of Artificial Intelligence (AI), Convo-

lutional Neural Networks (CNNs) have emerged as one of the most
prominent network architectures. To accelerate CNN computations,
FPGA-based CNN accelerators have gained significant attention, as
they offer the potential for high parallelism and energy efficiency [1].
Among the techniques used in these accelerators, Winograd convo-
lution stands out for its ability to improve computation performance
and conserve hardware resources [2]. This advantage becomes sig-
nificant when using FPGA-based accelerators, where the usage of
dedicated Digital Signal Processors (DSPs) can be minimized.

Despite the rapid pace of development in this field, the develop-
ment of efficient IP for arbitrary Winograd convolution on FPGA
remains a challenging task. The existing FPGA IP generation meth-
ods do not adequately support Winograd convolution. For instance,
[3] does not support Winograd convolution, [4] only supports 3 × 3
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WinoGen

Figure 1: WinoGen automation workflow.

kernel, while [5] supports 2D and 3D Winograd convolution but is
limited to a single type of kernel and input tile size. [6] introduces
processing units capable of handling multiple kernel sizes. However,
it cannot be dynamically adjusted to be compatible with different
input tile sizes. The Decomposition-based Winograd method can
dynamically adapt to different kernel or tile sizes [7]. However, this
method requires a complex input tiling and kernel tiling architec-
ture, as well as a specially designed memory hierarchy, which is not
suitable for IP-level generative architecture design.

These issues motivate us to explore Winograd hardware IP gener-
ation in three aspects: (1) Given arbitrary input/output tile size and
kernel size, how to generate Winograd IP rapidly and automatically?
(2) How to make the generated IP compatible with as many types of
Winograd Convolution as possible, without altering the hardware
architecture? (3) How to guarantee the generated IPs maintain high
DSP efficiency and energy efficiency, even for Winograd convolution
under relatively large kernel or tile sizes?

In this paper, to overcome these issues, we propose WinoGen, an
automatic Winograd convolution IP generator for CNN acceleration
on FPGA. The main contributions are listed below:
• A Chisel-based highly configurable Winograd convolution IP
generator, WinoGen, is developed via algorithm-architecture
co-design approaches.

• A Structured Direct Winograd Convolution (SDW) algorithm is
proposed as a novel and efficient reformulation of Winograd
convolution, enabling WinoGen to generate IPs according to a
given arbitrary tile size and kernel size.

• Highly paralleled and fully pipelined architecture is designed as
the IP template. The generated IPs are compatible with multiple
kernel sizes and tile sizes.

• An architecture optimizer is built based on resource and latency
models, enabling WinoGen to generate IPs with optimal config-
urations.

2 WinoGen Workflow
Our automated IP generation flow WinoGen is shown in Figure 1.

Users are required to specify Winograd convolution sizes (formu-
lated as 𝑭 (𝑘, 𝑛) in the following sections), input data width, and
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Figure 2: Winograd convolution flow defined by 𝑭 (𝑘, 𝑛).

output data width. They can specify how many input channels an
IP can compute simultaneously, or leave the decision to WinoGen.
In addition, users can provide hardware resource constraints for IP.
Then WinoGen optimizer will carry out Design Space Exploration
(DSE) to determine optimal design parameters. WinoGen and the
generated IPs have remarkable static and dynamic configurability.
• Static configurability is WinoGen’s ability to generate IP com-
patible with arbitrary forms of Winograd convolution for accel-
eration.

• Dynamic configurability indicates the generated IP’s versa-
tility, which supports multiple convolution kernel sizes and in-
put/output feature tile sizes under a unified architecture.

• WinoGen Optimizer is constructed with resource and latency
modeling, enabling DSE for IP architecture configuration.

3 Structured Direct Winograd Convolution
In this section, we will illustrate how to construct the Winograd

used in WinoGen in a hardware-friendly manner. Based on that,
Structured Direct Winograd Convolution (SDW) is proposed as a
novel and efficient Winograd convolution reformulation.

3.1 Winograd Convolution Construction
A typical Winograd convolution algorithm is depicted in Figure 2.

The two-dimensional Winograd defined by 𝑭 (𝑘, 𝑛) is described as
𝒔 = 𝑨⊤ [

𝑩⊤𝒅𝑩 ⊙ 𝑮𝒈𝑮⊤] 𝑨, (1)
where 𝒔 is a 𝑘×𝑘 output tile, 𝒈 is an𝑛×𝑛 kernel and 𝒅 is a (𝑘+𝑛−1)×
(𝑘+𝑛−1) input feature map tile. We denote the input tile size𝜔 = 𝑘+
𝑛−1 as theWinograd filter size. For the CNN inference stage, usually,
𝑘 is even and 𝑛 is odd. A Winograd convolution consists of the
input transformation (𝑼 = 𝑩⊤𝒅𝑩), the kernel transformation (𝑽 =

𝑮𝒈𝑮⊤), the element-wise multiplication (𝒀 = 𝑼 ⊙ 𝑽 ) and the output
transformation (𝒔 = 𝑨⊤𝒀𝑨). The 𝑩, 𝑮 and 𝑨 are corresponding
transformation matrices, which are constant and determined by
Winograd parameters 𝑘 , 𝑛 and 𝜔 .

The transformation matrices (𝑩, 𝑮 and 𝑨) are generated by Cook-
Toom algorithm [8]. A generation process (using 𝑭 (4, 3) as an exam-
ple) has been provided in [9]. In this section, we will give a more
general derivation to show how we construct the Winograd convo-
lution implementation in WinoGen, given arbitrary 𝑘 and 𝑛.

When constructing Winograd convolution defined by 𝑭 (𝑘, 𝑛),
firstly we need to select 𝜔 interpolation points 𝛼𝑖 and construct a
polynomial sequence:

𝑚𝑖 (𝑥) = 𝑥 + 𝛼𝑖 , 𝑖 = 0, 1, · · · , 𝜔 − 1. (2)
Usually we choose𝑚0 (𝑥) = 𝑥 and𝑚𝜔−1 (𝑥) = 𝑥−∞, using a notation
similar to [9]. (𝑥−∞) denotes a special remainder term. In our design,
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Figure 4: Recursive Input Transformation for 𝑭 (𝜔 = 6). The
1○ 2○ 3○ 4○ correspond to ❶❷❸❹ ofRIT procedure in Section 3.2.
For simplicity, only 𝑫 𝑗 = 𝑩 (6)⊤𝒅 𝑗 is shown.

we select interpolation points that are all powers of 2 (for hardware-
friendly consideration), and obtain:

𝑚𝑖 (𝑥) =


𝑥, 𝑖 = 0,
𝑥 + (−1)𝑖 × 2⌊

𝑖−1
2 ⌋ , 0 < 𝑖 < 𝜔 − 1,

𝑥 −∞, 𝑖 = 𝜔 − 1,
(3)

where ⌊·⌋ is the floor function. For example, for 𝑭 (4, 3), the sequence
will be: 𝑥, (𝑥 − 1), (𝑥 + 1), (𝑥 − 2), (𝑥 + 2), (𝑥 −∞).

Now we are ready to elucidate our Structured Direct Wino-
grad Convolution (SDW) method. It is composed of Recursive
Winograd Input Transformation (RIT) and Blockwise Wino-
grad Output Transformation (BOT). The kernel transformation is
not considered because for hardware accelerators it can be precom-
puted offline. SDW provides a unified approach to transform arbitrary
forms of Winograd input transformation and output transformation
into addition, subtraction, and shift operations. It does not need
decomposition-based methods used in [7, 10] when handling large
kernels or tiles, thus avoiding complex input tiling and kernel tiling.

3.2 Recursive Winograd Input Transformation
The key idea of RIT is computing theWinograd input transforma-

tion recursively. It is based on our observation that given two forms
of Winograd convolution 𝑭 (𝑘1, 𝑛1) and 𝑭 (𝑘2, 𝑛2), if (𝑘1 + 𝑛1 − 1) <
(𝑘2+𝑛2−1), i.e.,𝜔1 < 𝜔2, then the input transformation of 𝑭 (𝑘2, 𝑛2)
can be computed incrementally based on the computation procedure
of 𝑭 (𝑘1, 𝑛1).

The input transformation matrix 𝑩 is decided by the value of 𝜔 .
Therefore we denote it as 𝑩 (𝜔 ) in this section. To get 𝑩 (𝜔 ) , we first
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Figure 5: Sharing mechanism and block partition of𝑨⊤ (using
𝑭 (6, 3) and 𝑭 (4, 3) as examples).

define polynomial sequence𝑀 (𝜔 )
𝑖

(𝑥):

𝑀
(𝜔 )
𝑖

(𝑥) =
{ 1
𝑚𝑖 (𝑥 )

∏𝜔−2
𝑗=0 𝑚 𝑗 (𝑥), 0 ≤ 𝑖 < 𝜔 − 1,∏𝜔−2

𝑗=0 𝑚 𝑗 (𝑥), 𝑖 = 𝜔 − 1.
(4)

Then 𝑩 (𝜔 )⊤ can be derived by mapping coefficients of𝑀 (𝜔 )
𝑖

(𝑥) to
the 𝑖-th row of 𝑩 (𝜔 )⊤, denoted as 𝑩 (𝜔 )

𝑖

⊤
:

𝑩 (𝜔 )
𝑖

⊤
=


𝒄
[
𝑀

(𝜔 )
𝑖

(𝑥) × (−1)
𝜔−2
2
]

𝑖 = 0

𝒄
[
𝑀

(𝜔 )
𝑖

(𝑥)
]

0 < 𝑖 ≤ 𝜔 − 1
(5)

where 𝒄
[
𝑀

(𝜔 )
𝑖

(𝑥)
]
means the coefficient vector of polynomial𝑀 (𝜔 )

𝑖
(𝑥).

Figure 3 shows an example of 𝑭 (𝜔 = 4) and 𝑭 (𝜔 = 6), where 𝑭 (𝜔)
is used to denote the set of 𝑭 (𝑘, 𝑛) with a same 𝜔 .

For 𝑭 (𝜔1) and 𝑭 (𝜔2), when𝜔2−𝜔1 = 2, the polynomial sequence
𝑚𝑖 (𝑥) of 𝑭 (𝜔2) will have 2 additional terms compared with 𝑭 (𝜔1):
𝑚𝜔2−3 (𝑥) and𝑚𝜔2−2 (𝑥). And 𝑩 (𝜔 )⊤ will also expand accordingly,
as shown in Figure 3.

Additionally, based on the relationship between convolution and
polynomial multiplication, we can get the relationship:

𝑐

[
𝑀

(𝜔 )
𝑖

(𝑥) ·𝑚Δ (𝑥)
]
= 𝒄

[
𝑀

(𝜔 )
𝑖

(𝑥)
]
∗ 𝒄 [𝑚Δ (𝑥)] , (6)

where 𝑚Δ (𝑥) denotes any of the additional polynomial or their
product, and ∗ denotes the convolution of two discrete sequences
(distinct from the "convolution" used in CNN). Furthermore, based
on the properties of convolution and cross-correlation, we have the
following relationship:{
𝒄
[
𝑀

(𝜔 )
𝑖

(𝑥 )
]
∗ 𝒄 [𝑚Δ (𝑥 ) ]

}
·𝒅 𝑗 = 𝒄

[
𝑀

(𝜔 )
𝑖

(𝑥 )
]
·
{
𝒅 𝑗 ⊛ 𝒄 [𝑚Δ (𝑥 ) ]

}
, (7)

where 𝒅 𝑗 denotes the 𝑗-th column of the input tile 𝒅, · denotes the
inner product of vectors, and ⊛ denotes cross-correlation. Combining
Equations (6) and (7), we can get the recursive relationship:

𝑩 (𝜔 )
𝑖2

⊤
· 𝒅 𝑗 = 𝑩 (𝜔−2)

𝑖1

⊤
·
{
𝒅 𝑗 ⊛ 𝒄 [𝑚Δ (𝑥)]

}
, (8)

and (−1) will be additionally multiplied when 𝑖 = 0, according to
Equation (5). The correspondence between 𝑖2 and 𝑖1 is determined
by the remaining polynomials after extracting𝑚Δ (𝑥). As the exam-
ple illustrated in Figure 3, the rows with the same color indicate
correspondence.

Based on the relationships above, we propose the RIT method.
When computing the vector dot product between 𝑩 (𝜔 )

𝑖

⊤
and 𝒅 𝑗 ,

we can extract the additional polynomials and first calculate cross-
correlation between their coefficient vectors and 𝒅 𝑗 . Remaining
computations can be done by multiplying the intermediate result
vectors with 𝑩 (𝜔−2)

𝑖

⊤
, or continue calculating cross-correlation by

further decomposing 𝑩 (𝜔−2)
𝑖

⊤
.

 ②③ Blockwise matrix multiplication 
with H 
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<latexit sha1_base64="4Jp+YlK2kmg3EJFiGcvIHQYb9qM=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUoQr7GChbFI9IHaUDmO01p17Mh2QFXU/2BhACFW/oWNv8FpO0DLkSwfnXOvfHyChDNtXPfbKSwtr6yuFddLG5tb2zvl3b2mlqkitEEkl6odYE05E7RhmOG0nSiK44DTVjC8zv3WI1WaSXFnRgn1Y9wXLGIEGys9dAPJQz2K7ZXdj3vlilt1J0CLxJuRCsxQ75W/uqEkaUyFIRxr3fHcxPgZVoYRTselbqppgskQ92nHUoFjqv1sknqMjqwSokgqe4RBE/X3RoZjnUezkzE2Az3v5eJ/Xic10aWfMZGkhgoyfShKOTIS5RWgkClKDB9ZgoliNisiA6wwMbaoki3Bm//yImmeVL3z6tntaaV2NaujCAdwCMfgwQXU4Abq0AACCp7hFd6cJ+fFeXc+pqMFZ7azD3/gfP4AJ3GS9A==</latexit>

Y

① Blockwise partition of Y  ④ Partial results accumulation

<latexit sha1_base64="hkfKlbIYGmr/TYFwpnMVvwNqxiY=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiQFWCeI0VLIxFog+pjSLHcVqrjh3ZDlKJIv4KCwMIsfI/2Pg3OG0GaDnJ8unu++TzBQmjSjvOt7WwuLS8slpZq65vbG5t2zu7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gdFP4nQciFRX8Xo8T4sVowGlEMdJG8u39fiBYqMaxubKmn9ETN899u+bUnQngPHFLUgMlmr791Q8FTmPCNWZIqZ7rJNrLkNQUM5JX+6kiCcIjNCA9QzmKifKySfocHhklhJGQ5nANJ+rvjQzFqghoJmOkh2rWK8T/vF6qoysvozxJNeF4+lCUMqgFLKqAIZUEazY2BGFJTVaIh0girE1hVVOCO/vledI+rbsX9fO7s1rjuqyjAg7AITgGLrgEDXALmqAFMHgEz+AVvFlP1ov1bn1MRxescmcP/IH1+QPMMpV1</latexit>

Pi,1
<latexit sha1_base64="wL30gUg0gN8B+UklmK1Lk6BxYc0=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZ4mtZdOOygn1AZyiZTNqGZpIhyQhlGHDjr7hxoYhbf8Kdf2OmnYW2Hgg5nHMv994TxIwq7TjfVmlpeWV1rbxe2djc2t6xd/faSiQSkxYWTMhugBRhlJOWppqRbiwJigJGOsH4Jvc7D0QqKvi9nsTEj9CQ0wHFSBupbx94gWChmkTmSyn0KIde6p7WvSzr21Wn5kwBF4lbkCoo0OzbX14ocBIRrjFDSvVcJ9Z+iqSmmJGs4iWKxAiP0ZD0DOUoIspPpzdk8NgoIRwIaR7XcKr+7khRpPI1TWWE9EjNe7n4n9dL9ODKTymPE004ng0aJAxqAfNAYEglwZpNDEFYUrMrxCMkEdYmtooJwZ0/eZG06zX3onZ+d1ZtXBdxlMEhOAInwAWXoAFuQRO0AAaP4Bm8gjfryXqx3q2PWWnJKnr2wR9Ynz9oTZdf</latexit>

i 2 {1, 2}

<latexit sha1_base64="lcyFSHd70NebXrVTPpmYO2YjF20=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZ4mtZdOOygn1AZyiZTKaNzSRDkhHKMODGX3HjQhG3/oQ7/8ZM24VWD4QczrmXe+8JEkaVdpwvq7SwuLS8Ul6trK1vbG7Z2zttJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0VfideyIVFfxWjxPix2jAaUQx0kbq23teIFioxrH5sjvoUQ69zD2ue3net6tOzZkA/iXujFTBDM2+/emFAqcx4RozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1COYqL8bHJDDg+NEsJISPO4hhP1Z0eGYlWsaSpjpIdq3ivE/7xeqqMLP6M8STXheDooShnUAhaBwJBKgjUbG4KwpGZXiIdIIqxNbBUTgjt/8l/Srtfcs9rpzUm1cTmLowz2wQE4Ai44Bw1wDZqgBTB4AE/gBbxaj9az9Wa9T0tL1qxnF/yC9fENad6XYA==</latexit>

j 2 {1, 2}

<latexit sha1_base64="E6+qEhMqO9wbrdTy36SaYorjw6M=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSfC2LblxWsA9oQplMJu3YyUyYmQglZOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HuPH1MilW1/G6Wl5ZXVtfJ6ZWNza3vH3N3rSJ4IhNuIUy56PpSYEobbiiiKe7HAMPIp7vrj69zvPmAhCWd3ahJjL4JDRkKCoNLSwDx0fU4DOYn0l7opqd27mUuYmzq1hptlA7Nq1+0prEXiFKQKCrQG5pcbcJREmClEoZR9x46Vl0KhCKI4q7iJxDFEYzjEfU0ZjLD00ukdmXWslcAKudCPKWuq/u5IYSTzVXVlBNVIznu5+J/XT1R46aWExYnCDM0GhQm1FLfyUKyACIwUnWgCkSB6VwuNoIBI6egqOgRn/uRF0mnUnfP62e1ptXlVxFEGB+AInAAHXIAmuAEt0AYIPIJn8ArejCfjxXg3PmalJaPo2Qd/YHz+AD8dmY0=</latexit>{i, j} 2 {1, 2}

<latexit sha1_base64="+DPf/6/OXZxSJMIQY0mNI9GkjU0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEgKoE8RorWBhbiT6kJkSO47SmThzZDlIVZWDhV1gYQIiVj2Djb3DbDNByJMtH59yre+/xE0alsqxvo7S0vLK6Vl6vbGxube+Yu3sdyVOBSRtzxkXPR5IwGpO2ooqRXiIIinxGuv7oeuJ3H4iQlMe3apwQN0KDmIYUI6Ulz6w6PmeBHEf6y1p3maN4knuZfXyf555Zs+rWFHCR2AWpgQJNz/xyAo7TiMQKMyRl37YS5WZIKIoZyStOKkmC8AgNSF/TGEVEutn0iBweaiWAIRf6xQpO1d8dGYrkZE9dGSE1lPPeRPzP66cqvHQzGiepIjGeDQpTBhWHk0RgQAXBio01QVhQvSvEQyQQVjq3ig7Bnj95kXRO6vZ5/ax1WmtcFXGUQRUcgCNggwvQADegCdoAg0fwDF7Bm/FkvBjvxsestGQUPfvgD4zPH6p7mMI=</latexit>

Q>
1,j

<latexit sha1_base64="/DirFB9I6/LHi5xXYklOfhATRXE=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgED1J2xdex6MVjBfvAdlmy2bSNzSZLkhXKsuBf8eJBEa/+Dm/+G7PtHrR1IGSY+T4ymSBmVGnH+bZKC4tLyyvl1cra+sbmlr2901IikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORte5334kUlHB7/Q4Jl6EBpz2KUbaSL691wsEC9U4Mld676f0GD5kmW9XnZozAZwnbkGqoEDDt796ocBJRLjGDCnVdZ1YeymSmmJGskovUSRGeIQGpGsoRxFRXjqJn8FDo4SwL6Q5XMOJ+nsjRZHKE5rJCOmhmvVy8T+vm+j+pZdSHieacDx9qJ8wqAXMu4AhlQRrNjYEYUlNVoiHSCKsTWMVU4I7++V50jqpuee1s9vTav2qqKMM9sEBOAIuuAB1cAMaoAkwSMEzeAVv1pP1Yr1bH9PRklXs7II/sD5/AI9lleI=</latexit>

Zi,j

1
2

1
-21

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="fyggjJKyoXp5uYvY5troEceU9VE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCBym74utY9NJjBfuAdlmy2bQNzSZLkhXqsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8W3udx6IVFTwez2JiRehIacDipE2km8f9APBQjWJzJU2/NQ9pVnm21Wn5kwBF4lbkCoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoyHpGcpRRJSXTtNn8NgoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWMWU4M5/eZG0z2ruZe3i7rxavynqKINDcAROgAuuQB00QBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz+/apVt</latexit>

H1,i

4
8

4
-81

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="6JMX+U/+cNOggAB7Fbg+s59FFrQ=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwIGW3+DoWvfRYwT6gXZZsNm1Ds8mSZIW6LP4VLx4U8er/8Oa/MdvuQVsHQoaZ7yOTCWJGlXacb2tpeWV1bb20Ud7c2t7Ztff220okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Db3Ow9EKir4vZ7ExIvQkNMBxUgbybcP+4FgoZpE5kobflo7o1nm2xWn6kwBF4lbkAoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWNmU4M5/eZG0a1X3snpxd16p3xR1lMAROAanwAVXoA4aoAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/A8pVu</latexit>

H2,i

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
4
2

8
-81

1
1
-1

<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>

H>
2,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

1
-21

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="fyggjJKyoXp5uYvY5troEceU9VE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCBym74utY9NJjBfuAdlmy2bQNzSZLkhXqsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8W3udx6IVFTwez2JiRehIacDipE2km8f9APBQjWJzJU2/NQ9pVnm21Wn5kwBF4lbkCoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoyHpGcpRRJSXTtNn8NgoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWMWU4M5/eZG0z2ruZe3i7rxavynqKINDcAROgAuuQB00QBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz+/apVt</latexit>

H1,i

4
8

4
-81

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="6JMX+U/+cNOggAB7Fbg+s59FFrQ=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwIGW3+DoWvfRYwT6gXZZsNm1Ds8mSZIW6LP4VLx4U8er/8Oa/MdvuQVsHQoaZ7yOTCWJGlXacb2tpeWV1bb20Ud7c2t7Ztff220okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Db3Ow9EKir4vZ7ExIvQkNMBxUgbybcP+4FgoZpE5kobflo7o1nm2xWn6kwBF4lbkAoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWNmU4M5/eZG0a1X3snpxd16p3xR1lMAROAanwAVXoA4aoAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/A8pVu</latexit>

H2,i

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
4
2

8
-81

1
1
-1

<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>

H>
2,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1
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<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>
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<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>
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<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>
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<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

Figure 6: Blockwise Output Transformation for 𝑭 (4, 3). The
1○ 2○ 3○ 4○ correspond to ❶❷❸❹ of BOT procedure in Sec-
tion 3.3.

RIT procedure. For 𝑭 (𝜔), the computation of 𝑫 𝑗 = 𝑩 (𝜔 )⊤𝒅 𝑗 can
be done recursively: ❶ perform correlation of 𝒅 𝑗 with the coefficient
vectors of𝑚𝜔−2 (𝑥),𝑚𝜔−3 (𝑥) and𝑚𝜔−2 (𝑥)𝑚𝜔−3 (𝑥) to get result
vectors 𝒉1, 𝒉2 and 𝒉3; ❷ multiply the 𝑩 (𝜔−2)⊤ with 𝒉3; ❸ continue
to perform correlation operations on 𝒉1 and 𝒉2; ❹ concatenate the
results to get 𝑫 𝑗 . As for the final result, the input transformation
can be obtained similarly through 𝑼 = (𝑩⊤𝑫)⊤. An example of
𝑭 (𝜔 = 6) is shown in Figure 4. For simplicity, only the process of
𝑫 𝑗 = 𝑩 (6)⊤𝒅 𝑗 is shown.

When using RIT to design hardware computing units, it is possi-
ble to preserve all the hardware structures of 𝑭 (𝜔 ′) (where 𝜔 ′ < 𝜔)
while implementing the input transformation functionality of 𝑭 (𝜔).

3.3 Blockwise Winograd Output Transformation
The key idea of BOT is decomposing matrix 𝑨⊤ and matrix 𝒀

into 2 × 2 sub-matrices. It enables the output transformation to be
performed using block matrix computation. Moreover, the sharing
mechanism of 𝑨⊤ and the numerical distribution pattern of its inter-
nal elements are exploited to unify different output transformations.
This approach also transforms associated multiplication operations
into addition, subtraction, and shift calculations.

The sharingmechanism of𝑨⊤ has been observed in [6], indicating
repeated values in 𝑨⊤ across different 𝑭 (𝑘, 𝑛) with same 𝜔 . We
further exploit it to any 𝑭 (𝑘, 𝑛), as shown in the left of Figure 5.
When 𝑘 or 𝑛 increases, the center part of𝑨⊤ will expand accordingly
in units of 2× 2 cells. The first/last column of 𝑨⊤ has a fixed pattern:
the value at the first/last row is 1, while all other positions are 0s.

To exploit these characteristics, we divide 𝑨⊤ to a center matrix
𝑯 and two edge vectors 𝒆1, 𝒆𝜔 , and further divide 𝑯 into 2 × 2
sub-matrices. According to our Winograd polynomial construction
strategy in Equation (3), the value distribution pattern of each sub-
matrix can be summarized as:

𝑯 𝑖, 𝑗 = 2𝑟
[

1 1
2𝑡 −2𝑡

]
, (9)

where 𝑟 = 2(𝑖−1) ( 𝑗−1) and 𝑡 = ( 𝑗−1). An example of the blockwise
breakdown and the value distribution pattern is shown in Figure 5.
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PEIT (!)

Figure 7: Architecture of the Winograd acceleration IP generated by WinoGen: (a) the overall architecture of WinoGen IP; (b)
the detailed architecture of 𝑃𝐸𝐼𝑇 ; (c) the detailed architecture of 𝑃𝐸𝑂𝑇 .

Based on the observations above, we divide𝑨⊤, 𝒀 and𝑨 into 2×2
sub-matrices to perform block matrix computations. The Winograd
output transformation is therefore reformulated as:

𝑨⊤𝒀𝑨 =
[
𝒆1 𝑯 𝒆𝜔

]
×

𝒀 (1, 1) 𝒒⊤

1 𝒀 (1, 𝜔 )
𝒑1 𝒁 𝒑𝜔

𝒀 (𝜔, 1) 𝒒⊤
𝜔 𝒀 (𝜔,𝜔 )

 ×

𝒆⊤1
𝑯⊤

𝒆⊤𝜔


⊤

=


𝒀 (1, 1) 0 𝒀 (1, 𝜔 )

0 0 0
𝒀 (𝜔, 1) 0 𝒀 (𝜔,𝜔 )

 + 𝑯
[
𝒑1 0 𝒑𝜔

]
+

𝒒⊤
1
0
𝒒⊤
𝜔

 𝑯⊤ + 𝑯𝒁𝑯⊤ .

(10)
The 𝒀 matrix is divided into four parts: the four corners, the first

row 𝒒⊤1 and the last row 𝒒⊤𝜔 (excluding corners), the first column
𝒑1 and the last column 𝒑𝜔 (excluding corners), and the central part
𝒁 . We combine the four corners into a single 2 × 2 matrix, combine
𝒒⊤1 and 𝒒⊤𝜔 into several 2 × 2 matrices, and combine 𝒑1 and 𝒑𝜔
into several 2 × 2 matrices. We then divide 𝒁 into several 2 × 2
matrices. Subsequently, we perform blockwise computation between
the partitioned 𝒀 and the partitioned 𝑯 and accumulate the results
onto corresponding positions of the output matrix 𝒔. An example of
𝑭 (4, 3) is shown in Figure 6.

The calculations required in BOT for sub-matrices from the four
parts of 𝒀 are respectively: remain unchanged, left-multiplied by
𝑯 𝑖, 𝑗 , right-multiplied by 𝑯⊤

𝑖, 𝑗
, left-multiplied by 𝑯 𝑖, 𝑗 and right-

multiplied by 𝑯⊤
𝑖, 𝑗
. The multiplication between 𝑯 𝑖, 𝑗 and the sub-

matrices of 𝒀 can be divided into a set of add/sub-operations and a set
of shift operations. Taking 𝒁𝑖, 𝑗 as an example, it can be seen that the
add/sub-operations between the elements and the shift operations
for each output value can be done separately:

𝑯 𝑖1, 𝑗1𝒁𝑖, 𝑗𝑯⊤
𝑖2, 𝑗2

= 2𝑟1
[
1 1
2𝑡1 −2𝑡1

]
×
[
𝑎 𝑏

𝑐 𝑑

]
× 2𝑟2

[
1 2𝑡2
1 −2𝑡2

]
= 2(𝑟1+𝑟2 )

[
(𝑎 + 𝑏 + 𝑐 + 𝑑) 2𝑡2 (𝑎 − 𝑏 + 𝑐 − 𝑑)

2𝑡1 (𝑎 + 𝑏 − 𝑐 − 𝑑) 2𝑡1+𝑡2 (𝑎 − 𝑏 − 𝑐 + 𝑑)

]
.

(11)
BOT procedure. Overall, we can summarize the procedures of

BOT as follows: ❶ divide 𝒀 to 2× 2 sub-matrices, determine the type

of blockwise computation required by each sub-matrix, and identify
corresponding 𝑯 𝑖, 𝑗 matrices; ❷ conduct addition and subtraction
operations according to the type of blockwise computation required
by the sub-matrix; ❸ conduct shift operations according to 𝑯 𝑖, 𝑗 ; ❹

accumulate computation results onto corresponding positions of 𝒔.

4 WinoGen IP Architecture
Based on our SDW algorithm, we propose a powerful and efficient

hardware architecture as a template for WinoGen to generate IPs.
The overall architecture is shown in Figure 7(a). It can be hosted and
dynamically configured by an outside processor or controller, and
takes inputs and weights from external memory and return outputs.

Inside the WinoGen IP, Input Transformation Module, Element-
Wise Multiplication Module and Output Transformation Module are
exploited to compute RIT, element-wise multiplication and BOT.
The IP built under the static configuration of 𝑭 (𝑘, 𝑛) can be dynam-
ically configured to support arbitrary 𝑭 (𝑘′, 𝑛′), as long as 𝜔 ′ ≤ 𝜔

and 𝑘′ ≤ 𝑘 , which will be explained in the following subsections.

4.1 Input Transformation Module
The Input Transformation Module (ITrans Module) computes

Winograd input transformation using RIT method. It takes feature
map tile 𝒅 as an input and outputs transformed feature map 𝑼 . In our
design, we use 𝑃𝑁 to denote parallel numbers. In a single WinoGen
IP, 𝑃𝑁𝐶 ITrans Modules are deployed in parallel to simultaneously
compute 𝑃𝑁𝐶 input channels. 𝑃𝑁𝐶 can be defined by the user or
decided by WinoGen optimizer, varying from 1 to 4.

PEIT is the processing element (PE) deployed in the ITrans Mod-
ule. The detailed architecture is shown in Figure 7(b). Following the
mechanism of RIT in Section 3.2, 𝑃𝐸𝐼𝑇 has a nested structure. We
denote the top layer of 𝑃𝐸𝐼𝑇 as 𝑃𝐸𝐼𝑇 (𝜔), and it recursively contains
𝑃𝐸𝐼𝑇 (𝜔 − 2), 𝑃𝐸𝐼𝑇 (𝜔 − 4), . . . , until reaches 𝑃𝐸𝐼𝑇 (2), whose outputs
directly equals to inputs. After taking in a column or a row of the
input matrix, three Vector Correlation Layers conduct the ❶ proce-
dure of RIT, the 𝑃𝐸𝐼𝑇 (𝜔 − 2) conducts the ❷ procedure, two Vector
Correlation Trees conduct the ❸ procedure. The nodes in Vector



Correlation Layers and Vector Correlation Trees can perform shift
and add/sub operations on input values, thus realizing vector cross-
correlation. The Vector Correlation Layers contain (𝜔 − 2) nodes,
while the Vector Correlation Trees are constructed as reduction trees
with (𝜔 − 4) layers. The data path of 𝑃𝐸𝐼𝑇 is fully pipelined, thus
enabling it to process one column of 𝒅 in one clock cycle.

There are two groups of 𝑃𝐸𝐼𝑇 in the ITrans Module, each contain-
ing 𝑃𝑁𝐼𝑇 PEs. The first group conducts 𝑫 = 𝑩⊤𝒅 and the second
group conducts 𝑼 = (𝑩⊤𝑫⊤)⊤, thus realizing the reuse of 𝑃𝐸𝐼𝑇
architecture. The parallel number 𝑃𝑁𝐼𝑇 (varying from 1 to 𝜔) is
decided by WinoGen optimizer, taking into account the resource
constraints and the throughput of the whole IP.

Buffers in the ITrans Module are built with registers and con-
structed by double-buffering. For D Buffer and U Buffer, all have two
groups of Register Tiles, while each tile consists of 𝜔 registers to
store a column or row of the matrices. For each group of D Buffer, the
tile number is fixed to 𝜔 due to the requirement of matrix transpose.
For Y Buffer, the tile number equals 𝑃𝑁𝐼𝑇 .

Compatibility of the ITrans Module (constructed under 𝑭 (𝑘, 𝑛))
lies in that it supports any 𝑭 (𝑘′, 𝑛′) input transformation as long
as 𝜔 ′ ≤ 𝜔 . This is realized by the Bypasses in 𝑃𝐸𝐼𝑇 , linking all the
nested PEs, as shown in Figure 7(b). The bypass behavior can be
dynamically configured by the ITrans Module Controller.

4.2 Element Wise Multiplication Module
The Element Wise Multiplication Module (EWM Module) com-

putes the element-wise multiplication in Winograd convolution and
conducts channel-wise accumulation. It takes transformed feature
map 𝑼 and transformed kernel 𝑽 from 𝑃𝑁𝐶 input channels as inputs,
and outputs EWM result 𝒀 of an output channel.

MultiplierArray performs the element-wisemultiplication. 𝑃𝑁𝐶

Multiplier Arrays are deployed in parallel, each having 𝜔 × 𝑃𝑁𝐸𝑊𝑀

multipliers. The multipliers are pipeline multipliers with a stage
number of 𝑇𝑚𝑢𝑙𝑡 , decided by WinoGen optimizer.

Adder Array performs channel-wise accumulation. There are
(𝑃𝑁𝐶 − 1) Adder Arrays, each having 𝜔 × 𝑃𝑁𝐸𝑊𝑀 adders imple-
mented by combinational logics.

Buffers in the EWM Module are divided into V Buffer and Y
Buffer. V Buffer comprises 𝑃𝑁𝐶 tiles of 𝜔 × 𝜔 registers to store 𝑽
matrix. Y Buffer is double-buffered, with two groups of 𝜔 × 𝑃𝑁𝐸𝑊𝑀

register tiles.
Compatibility of the EWM Module is the same as the ITrans

Module. By selecting part of the outputs from the Multiplier Arrays
and Adder Arrays, any 𝑭 (𝑘′, 𝑛′) element-wise multiplication is sup-
ported when 𝜔 ′ ≤ 𝜔 . When 𝜔 ′ < 𝜔 , only the first 𝜔 ′ outputs in
each row of the arrays are valid, and stored in Y Buffer under the
control of the EWM Module Controller.

4.3 Output Transformation Module
The Output Transformation Module (OTrans Module) computes

Winograd output transformation using BOT method. It takes EWM
result 𝒀 as an input and outputs Winograd convolution result 𝒔.

PEOT’s architecture is shown in Figure 7(c). Following the rule of
BOT in Section 3.3, 𝑃𝐸𝑂𝑇 is designed as a three-stage structure. Each
𝑃𝐸𝑂𝑇 takes 2 × 2 sub-matrices of 𝒀 as input. The Basic Transfor-
mation Unit, which contains 4 adders and 4 subtractors and several
MUXers, conducts the ❷ procedure of BOT. The Shift Transforma-
tion Unit, organized in groups of 4 shifters, conducts the❸ procedure

of BOT. The Accumulator Unit, organized in groups of 4 accumula-
tors, conducts the ❹ procedure of BOT. For each 𝒁𝑖, 𝑗 , there are (𝑘/2)
types of 𝑯 𝑖1, 𝑗1 be left-multiplied and (𝑘/2) types of 𝑯⊤

𝑖2, 𝑗2
be right-

multiplied to it. Combining Equation (11), each 𝑃𝐸𝑂𝑇 is equipped
with 1 Basic Trans. Unit, (𝑘2/4) groups of Shift Trans. Unit, and
(𝑘2/4) groups of Accumulator Unit. 𝑃𝐸𝑂𝑇 is fully pipelined with
𝑇𝑃𝐸𝑂𝑇

= 3 stages. The parallel number of 𝑃𝐸𝑂𝑇 is defined as 𝑃𝑁𝑂𝑇 ,
varying from 1 to (𝜔2/4).

The OTrans Module Controller and Routers handle the tasks of
2 × 2 partition of 𝒀 , including providing the parameters used in ❶

procedure of BOT. The Adder Array accumulates the outputs from
𝑃𝐸𝑂𝑇 s and saves the final result in the s Buffer.

Compatibility of the OTrans Module (constructed under 𝑭 (𝑘, 𝑛))
lies in that it supports any 𝑭 (𝑘′, 𝑛′) output transformation as long
as 𝑘′ ≤ 𝑘 . This is because the hardware architecture of the OTrans
Module is only affected by 𝑘 , while different 𝑛 affects the number of
blockwise computations and the values in 𝑨⊤. Thus, it can be dy-
namically adjusted by the controller. And the output transformation
of 𝑭 (𝑘′, 𝑛′) when 𝑘′ < 𝑘 can be done by blocking the output from
part of the accumulators in 𝑃𝐸𝑂𝑇 , similar to the idea in [6].

4.4 WinoGen Optimizer
Due to the WinoGen flexibility, we can navigate the design space

of generated IPs, tailoring them to fit specific requirements. The
WinoGen Optimizer models the utilization of DSP and LUT as re-
source constraints, and models the throughput of IP as optimization
target.

DSP utilization is derived by calculating the number of multipliers
in the EWM Module. LUT utilization is derived by calculating the
combinational operators including adders, subtractors and shifters
in each module. And IP throughput is derived by calculating the
expected clock cycles to process a certain number of input tiles (e.g.
1000 tiles).

With the estimation of resource overhead and latency in place, the
design space exploration of IP architecture can be formulated as an
Integer Linear Programming problem. Given the resource constraints
of DSP and LUT, the throughput is maximized under the constraints
by setting the IP hardware parameters 𝑃𝑁𝐼𝑇 , 𝑃𝑁𝐸𝑊𝑀 , 𝑃𝑁𝑂𝑇 and
𝑃𝑁𝐶 .

5 Experiments
For experimental evaluations, we generate IPs with WinoGen,

using Xilinx Vivado 2023.2 to implement and test them on ZCU104.
IP-level Evaluation. We firstly carry out IP-level evaluation to
test the operator-level performance of generated IPs, while testing
the functionality of the WinoGen optimizer. We select three fun-
damental types of IP: 𝑭 (4, 1), 𝑭 (4, 3) and 𝑭 (6, 3) for generality. For
each fundamental IP type, we each test three configuration cases: (a)
"𝑃𝑁𝑚𝑖𝑛" means that when constructing the IP, the parallel numbers
are set to the minimum; (b) "Constrained" means a set of hardware
resource constraints is given, and the parallel numbers are decided
by WinoGen optimizer; (c) "𝑃𝑁𝑚𝑎𝑥 " means the parallel numbers
are set to the maximum.

The configurations, resource utilization, throughput, and com-
patibility of the IPs are shown in Table 1. For extremely limited



Table 1: Optimized WinoGen IP under different resource constraints ( ∗ is used to test the throughput of the IP)

IP Type Config. Type IP Config. Resource Util. (Constraint) Thro. /GOPS Supported Winograd Type
𝑃𝑁𝐼𝑇 𝑃𝑁𝐸𝑊𝑀 𝑃𝑁𝑂𝑇 𝑃𝑁𝐶 DSP LUT FF 1 × 1 Kernel 3 × 3 Kernel 5 × 5 Kernel 7 × 7 Kernel

F(4,1)
𝑃𝑁𝑚𝑖𝑛 1 1 1 1 4 1689 2191 1.308 5.559 - -

F(2,3)∗, F(4,1)∗Constrained 4 4 4 1 16(20) 2267(2400) 2901 5.232 22.236 - -
𝑃𝑁𝑚𝑎𝑥 4 4 4 4 64 4858 7579 36.624 92.868 - -

F(4,3)
𝑃𝑁𝑚𝑖𝑛 1 1 1 1 6 2441 3587 1.308 9.883 7.121 -

F(2,5)∗, F(4,3)∗;
F(2,3), F(4,1)∗

Constrained 2 2 3 4 48(64) 8267(8400) 11678 12.208 123.824 86.764 -
𝑃𝑁𝑚𝑎𝑥 6 6 9 4 144 17472 18476 36.624 371.472 260.292 -

F(6,3)
𝑃𝑁𝑚𝑖𝑛 1 1 1 1 8 3757 5703 1.308 12.508 16.023 7.930 F(2,7)∗, F(4,5)∗, F(6,3)∗;

F(2,5), F(4,3), F(6,1)∗;
F(2,3), F(4,1)

Constrained 8 8 16 2 128(128) 31899(40000) 25307 35.316 412.02 517.968 255.06
𝑃𝑁𝑚𝑎𝑥 8 8 16 4 256 41093 40238 82.404 835.812 1041.168 511.428

Table 2: WinoGen evaluation and comparison with state-of-the-art designs.

[3] [5] [11] Vitis-AI[12][6] [6] WinoGen IP-F(4,3)×12 WinoGen IP-F(6,3)×5
Platform KU115 VCU118 VU9P ZCU102 ZCU102 ZCU104 ZCU104

CNN Model VGG16 AlexNet VGG16 VGG16 VGG16 YOLOv2 VGG16 YOLOv2 VGG16 AlexNet YOLOv2 VGG16 AlexNet YOLOv2

Freq. (MHz) 235 220 200 167 281 214 317 317
Supported Precision 8 bit / 16 bit 8 bit / 16 bit 16 bit 12 bit 8 bit 8-16 bit 8-16 bit 8-16 bit
DSP (% of total) 4318 (78%) 4318 (88%) 3224 (47%) 5163 (75%) 1926 (76%) 2345 (93%) 1728 (100%) 1280 (74.1%)
LUT (% of total) 257862 (39%) 257862 (40%) - - - - 209664 (91%) 205465 (89.2%)

Power (W) 22.3 22.9 - 45.9 - - 8.25 7.45
Thro. (GOPS) 4022 3265 3772 3775.7 1225.2 1008 3120.3 1717.7 4453.2 4190.8 2408.6 4170.7 4863.1 2640.8

DSP Eff. (GOPS/DSP) 0.991 0.764 1.17 0.65 0.636 0.523 1.33 0.73 2.58 2.43 1.39 3.26 3.80 2.06
Energy Eff. (GOPS/W) 180.4 98.3 - 73.5 - - - - 539.78 507.98 291.95 559.83 652.77 354.47

hardware resources, WinoGen can generate IPs with minimal re-
source consumption. In cases where hardware resources are abun-
dant, WinoGen can create IPs with ultra-high computational per-
formance (over 1000 GOPS). For other scenarios, WinoGen can
utilize its optimizer to generate optimized IPs, aiming for maximum
throughput while adhering to the given resource constraints.
System-level Evaluation. We then conduct a system-level evalu-
ation to test the network-level performance of a system equipped
with multiple WinoGen IPs. We select two types of IP: 𝑭 (4, 3) and
𝑭 (6, 3), each is built under 𝑃𝑁𝑚𝑎𝑥 configuration. Then we separately
implement these two IPs on ZCU104, maximizing hardware resource
utilization.

The evaluation results and comparison with other state-of-the-
art designs are shown in Table 2. The selected related works are
all IP-based or template-based. The throughput, DSP efficiency and
energy efficiency are only for the convolution layers, except [3]. For
[3], only the metrics for 8-bit configuration are listed here.

For our implementation, theDSP efficiency reaches 3.80GOPS/DSP
and energy efficiency reaches 652.77 GOPS/W when deploying IP-
F(6,3) to compute AlexNet. Considering the first layer of AlexNet
is not yet supported by WinoGen IPs due to its non-1 stride, we
use the metrics for VGG16 to conduct an apple-to-apple comparison
with other works. When computing VGG16, our design achieves DSP
efficiency up to 3.26 GOPS/DSP and energy efficiency up to 559.83
GOPS/W, thus showing 2.45× and 3.10× improvements compared
with state-of-the-arts [3, 6].

6 Conclusion
In this paper, we propose an efficient IP generation method for ar-

bitraryWinograd convolution on FPGA. By introducing SDWmethod
and leveraging Chisel for algorithm-architecture co-design, we have

successfully developed a highly configurable Winograd convolution
IP generator WinoGen. Based on our resource and latency models,
we optimize the generated IP configurations. Experimental results
demonstrate the effectiveness of WinoGen, showing significant im-
provements in DSP efficiency and energy efficiency compared to
state-of-the-art methods.
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