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Introduction



Winograd Convolution Algorithm
• Compute convolution by element wise multiplication in the Winograd domain.
• 2D Winograd convolution defined by F(k,n): s = d ∗ g ⇒ s = A⊤ [

B⊤dB ⊙ GgG⊤]A
• d: ω × ω input feature map tile (ω = k + n − 1);
• g: n × n kernel;
• s: k × k output.

𝒅𝒅 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Input Feature Map Tile

𝒈𝒈𝒏𝒏×𝒏𝒏
Convolution Kernel

𝒀𝒀 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
EWM Result

⊙

𝑼𝑼 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Feature Map

𝑽𝑽 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Kernel

𝒔𝒔𝒌𝒌×𝒌𝒌
Output

𝑼𝑼 = 𝑩𝑩𝑻𝑻𝒅𝒅𝒅𝒅

𝑽𝑽 = 𝑮𝑮𝑮𝑮𝑮𝑮𝑻𝑻

Kernel Transformation

Input Transformation

Element-wise Multiplication(EWM) 𝒔𝒔 = 𝑨𝑨𝑻𝑻𝒀𝒀𝒀𝒀

Output Transformation
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Winograd Convolution



Winograd Convolution Stages
• Input transformation: U = B⊤dB, B is ω × ω constant matrix decided by ω.
• Kernel transformation: V = GgG⊤, G is ω × n constant matrix decided by {k,n}.
• Element-wise multiplication: Y = U ⊙ V .
• Output transformation: s = A⊤YA, A is ω × k constant matrix decided by {k,n}.

𝒅𝒅 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Input Feature Map Tile

𝒈𝒈𝒏𝒏×𝒏𝒏
Convolution Kernel

𝒀𝒀 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
EWM Result

⊙

𝑼𝑼 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Feature Map

𝑽𝑽 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Kernel

𝒔𝒔𝒌𝒌×𝒌𝒌
Output

𝑼𝑼 = 𝑩𝑩𝑻𝑻𝒅𝒅𝒅𝒅

𝑽𝑽 = 𝑮𝑮𝑮𝑮𝑮𝑮𝑻𝑻

Kernel Transformation

Input Transformation

Element-wise Multiplication(EWM) 𝒔𝒔 = 𝑨𝑨𝑻𝑻𝒀𝒀𝒀𝒀

Output Transformation
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• Advantage: Reduce multiplication operations (from k2n2 to ω2), thus saving DSP
utilization on FPGA accelerators. But this will only be achieved when transformation
stages are efficient enough.

• Disadvantage: When tile or kernel size (k or n) changes, the dimension and values in
transformation matrices (B, G and A) will also change, making it challenging for
efficient and homogeneous hardware implementation.

𝒅𝒅 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Input Feature Map Tile

𝒈𝒈𝒏𝒏×𝒏𝒏
Convolution Kernel

𝒀𝒀 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
EWM Result

⊙

𝑼𝑼 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Feature Map

𝑽𝑽 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Kernel

𝒔𝒔𝒌𝒌×𝒌𝒌
Output

𝑼𝑼 = 𝑩𝑩𝑻𝑻𝒅𝒅𝒅𝒅

𝑽𝑽 = 𝑮𝑮𝑮𝑮𝑮𝑮𝑻𝑻

Kernel Transformation

Input Transformation

Element-wise Multiplication(EWM) 𝒔𝒔 = 𝑨𝑨𝑻𝑻𝒀𝒀𝒀𝒀

Output Transformation
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Challenges Exists in Efficient Winograd Hardware Implementation

• Building efficient and highly compatible IP for arbitrary Winograd convolution on
FPGA needs a lot of manual efforts.

• Dynamically supporting multiple kernel and tile sizes using a single IP remain
under-explored.

• Using Winograd convolution under relatively large kernel or tile sizes while
maintaining high resource efficiency is difficult.

• The Decomposition-based Winograd method needs complex tiling architecture and
dedicated memory hierarchy, thus being unsuitable for IP generation.

Motivation: efficient, automatic and user-friendly Winograd hardware IP
generation for arbitrary kernel & tile size, and being dynamically reconfigurable.
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User Define

Winograd
IP Spec.

Resource
Constraints

IP Arch.
Optimizer

Optimized
Design

Parameters
Chisel-based

Generator

IP Arch.
Template

Verilog HDL

FPGA
Tools

IP
Bit-stream

<latexit sha1_base64="ACkhsKJKNRk6Rbv5K+VgD+N5/L8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSTi17HoQY8V7Ae0oWy2k3bpZhN2J8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFco+t+W4WV1bX1jeJmaWt7Z3fP3j9o6DhVDOosFrFqBVSD4BLqyFFAK1FAo0BAMxjeTv3mCJTmsXzEcQJ+RPuSh5xRNFLXtjsIT4iYNbmM70BOunbZrbgzOMvEy0mZ5Kh17a9OL2ZpBBKZoFq3PTdBP6MKORMwKXVSDQllQ9qHtqGSRqD9bHb5xDkxSs8JY2VKojNTf09kNNJ6HAWmM6I40IveVPzPa6cYXvsZl0mKINl8UZgKB2NnGoPT4woYirEhlClubnXYgCrK0IRVMiF4iy8vk8ZZxbusXDycl6s3eRxFckSOySnxyBWpkntSI3XCyIg8k1fyZmXWi/VufcxbC1Y+c0j+wPr8ATfxlA0=</latexit>

WinoGen

User Specifications
• Winograd convolution config. (k and n in F(k,n)), input/output datawidth.
• Hardware resource constraints.

WinoGen Configurability
• Able to generate IP for arbitrary forms of Winograd convolution F(k,n) computation.
• Generated IPs dynamically support F(k′,n′), as long as ω′ ≤ ω and k′ ≤ k.
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Structured Direct Winograd
Convolution



• We propose SDW with renewed input transformation and output transformation to
realize arbitrary IP generation and dynamic support for multiple tile&kernel sizes.

• WinoGen FPGA IP conducts two stages above with element-wise multiplication
online(on FPGA), and leave kernel transformation offline(off the chip).

𝒅𝒅 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Input Feature Map Tile

𝒈𝒈𝒏𝒏×𝒏𝒏
Convolution Kernel

𝒀𝒀 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
EWM Result

⊙

𝑼𝑼 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Feature Map

𝑽𝑽 𝒌𝒌+𝒏𝒏−𝟏𝟏 ×(𝒌𝒌+𝒏𝒏−𝟏𝟏)
Transformed Kernel

𝒔𝒔𝒌𝒌×𝒌𝒌
Output

𝑼𝑼 = 𝑩𝑩𝑻𝑻𝒅𝒅𝒅𝒅

𝑽𝑽 = 𝑮𝑮𝑮𝑮𝑮𝑮𝑻𝑻

Kernel Transformation

Input Transformation

Element-wise Multiplication(EWM) 𝒔𝒔 = 𝑨𝑨𝑻𝑻𝒀𝒀𝒀𝒀

Output Transformation
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Structured Direct Winograd Convolution (SDW)



Key Idea of RIT

• Compute the Winograd input transformation recursively.

• Build nested hardware to support multiple types of Winograd simultaneously.

𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓𝟏𝟏 𝒙𝒙

𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑𝟏𝟏 𝒙𝒙

𝑩𝑩𝟎𝟎
(𝟒𝟒)𝑻𝑻 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (−𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 + 𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏)

(𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (𝒙𝒙 + 𝟐𝟐)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐)

𝒙𝒙 × 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

1 0 -1 0

0 1 1 0

0 -1 1 0

0 -1 0 1

4 0 -5 0 1 0

0 -4 -4 1 1 0

0 4 -4 -1 1 0

0 -2 -1 2 1 0

0 2 -1 -2 1 0

0 4 0 -5 0 1

𝒄𝒄[𝑴𝑴𝒊𝒊
(𝟒𝟒) 𝒙𝒙 ] 𝑴𝑴𝒊𝒊

(𝟒𝟒) 𝒙𝒙

𝒄𝒄[𝑴𝑴𝒊𝒊
(𝟔𝟔) 𝒙𝒙 ] 𝑴𝑴𝒊𝒊

(𝟔𝟔) 𝒙𝒙

Corresponding Polynomial Terms

Corresponding Polynomial Terms

Map Coefficients

Map Coefficients

𝑩𝑩𝟏𝟏
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟐𝟐
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟑𝟑
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟎𝟎
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟏𝟏
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟐𝟐
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟑𝟑
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟒𝟒
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟓𝟓
(𝟔𝟔)𝑻𝑻

B⊤ for F(ω = 4) and F(ω = 6). F(ω) is used to denote the set of F(k, n) with a same ω.
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Recursive Winograd Input Transformation (RIT)



Observations on Input Transformation Matrix B
• Input transformation (U = B⊤dB) is only determined by ω.
• B⊤ is derived by coefficients of predefined polynomial sequences M(ω)

i (x).
• When ω increases by 2, the M(ω)

i (x) and B⊤ will expand accordingly.
• Additional computations can be calculated incrementally by correlation operations.

𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑 𝒙𝒙𝟒𝟒 𝒙𝒙𝟓𝟓𝟏𝟏 𝒙𝒙

𝒙𝒙𝟐𝟐 𝒙𝒙𝟑𝟑𝟏𝟏 𝒙𝒙

𝑩𝑩𝟎𝟎
(𝟒𝟒)𝑻𝑻 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (−𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 + 𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏)

(𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

𝒙𝒙 × 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (𝒙𝒙 + 𝟐𝟐)

𝒙𝒙 × (𝒙𝒙 − 𝟏𝟏) × (𝒙𝒙 + 𝟏𝟏) × (𝒙𝒙 − 𝟐𝟐)

𝒙𝒙 × 𝒙𝒙 − 𝟏𝟏 × 𝒙𝒙 + 𝟏𝟏 × (𝒙𝒙 − 𝟐𝟐) × 𝒙𝒙 + 𝟐𝟐

1 0 -1 0

0 1 1 0

0 -1 1 0

0 -1 0 1

4 0 -5 0 1 0

0 -4 -4 1 1 0

0 4 -4 -1 1 0

0 -2 -1 2 1 0

0 2 -1 -2 1 0

0 4 0 -5 0 1

𝒄𝒄[𝑴𝑴𝒊𝒊
(𝟒𝟒) 𝒙𝒙 ] 𝑴𝑴𝒊𝒊

(𝟒𝟒) 𝒙𝒙

𝒄𝒄[𝑴𝑴𝒊𝒊
(𝟔𝟔) 𝒙𝒙 ] 𝑴𝑴𝒊𝒊

(𝟔𝟔) 𝒙𝒙

Corresponding Polynomial Terms

Corresponding Polynomial Terms

Map Coefficients

Map Coefficients

𝑩𝑩𝟏𝟏
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟐𝟐
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟑𝟑
(𝟒𝟒)𝑻𝑻

𝑩𝑩𝟎𝟎
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟏𝟏
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟐𝟐
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟑𝟑
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟒𝟒
(𝟔𝟔)𝑻𝑻

𝑩𝑩𝟓𝟓
(𝟔𝟔)𝑻𝑻

B⊤ for F(ω = 4) and F(ω = 6). F(ω) is used to denote the set of F(k, n) with a same ω.
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RIT procedure

1 Perform correlation between input
feature vector and the coefficient
vectors of additional polynomials.

2 Reuse matrix multiplication with B⊤

of (ω − 2).

3 Perform correlation on remaining
vectors.

Advantage of RIT
Preserve the hardware structure of
F(ω′) while implementing the ITrans
functionality of F(ω), where ω′ < ω.

0

0
1

0
-1

0
1
1

0
1
-1
-10

0
0
1
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h2

<latexit sha1_base64="/Iqd8egwaS1Pl3X93p7VOjoUKxQ=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoQr7GChbFI9CG1UeQ4TmvVsSPbqVRF/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnTBlV2nW/rcra+sbmVnW7trO7t39gHx51lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPxfeF3J0QqKviTnqbET9CQ05hipI0U2PYgFCxS08Rc+STwZoFddxvuHM4q8UpShxKtwP4aRAJnCeEaM6RU33NT7edIaooZmdUGmSIpwmM0JH1DOUqI8vN58plzZpTIiYU0h2tnrv7eyFGiinBmMkF6pJa9QvzP62c6vvVzytNME44XD8UZc7RwihqciEqCNZsagrCkJquDR0girE1ZNVOCt/zlVdK5aHjXjavHy3rzrqyjCidwCufgwQ004QFa0AYME3iGV3izcuvFerc+FqMVq9w5hj+wPn8A+5qT5g==</latexit>v1

<latexit sha1_base64="f6I1C7IK/J0dF8Ml3ZBufxU5RWg=">AAAB+XicbVC7TsMwFL3hWcorwMgSUSExVUnFa6xgYSwSfUhtFDmO01p17Mh2KlVR/4SFAYRY+RM2/ganzQAtR7J8dM698vEJU0aVdt1va219Y3Nru7JT3d3bPzi0j447SmQSkzYWTMheiBRhlJO2ppqRXioJSkJGuuH4vvC7EyIVFfxJT1PiJ2jIaUwx0kYKbHsQChapaWKufBI0ZoFdc+vuHM4q8UpSgxKtwP4aRAJnCeEaM6RU33NT7edIaooZmVUHmSIpwmM0JH1DOUqI8vN58plzbpTIiYU0h2tnrv7eyFGiinBmMkF6pJa9QvzP62c6vvVzytNME44XD8UZc7RwihqciEqCNZsagrCkJquDR0girE1ZVVOCt/zlVdJp1L3r+tXjZa15V9ZRgVM4gwvw4Aaa8AAtaAOGCTzDK7xZufVivVsfi9E1q9w5gT+wPn8A/R+T5w==</latexit>v2

<latexit sha1_base64="RUnqXKyLQSgUkOo8puxtKbwONm4=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUp4jxUsjEWiD6mNIsdxWquOHdlOpSrqn7AwgBArf8LG3+C0GaBwJMtH59wrH58wZVRp1/2yKiura+sb1c3a1vbO7p69f9BRIpOYtLFgQvZCpAijnLQ11Yz0UklQEjLSDcd3hd+dEKmo4I96mhI/QUNOY4qRNlJg24NQsEhNE3Plk+B8Fth1t+HO4fwlXknqUKIV2J+DSOAsIVxjhpTqe26q/RxJTTEjs9ogUyRFeIyGpG8oRwlRfj5PPnNOjBI5sZDmcO3M1Z8bOUpUEc5MJkiP1LJXiP95/UzHN35OeZppwvHioThjjhZOUYMTUUmwZlNDEJbUZHXwCEmEtSmrZkrwlr/8l3TOGt5V4/Lhot68LeuowhEcwyl4cA1NuIcWtAHDBJ7gBV6t3Hq23qz3xWjFKncO4Resj2/+pJPo</latexit>v3

<latexit sha1_base64="fuHcFIKh/QOIlcla19L5S+jzOKo=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoQr7GChbFI9CG1UeQ4TmvVsSPbqVRF/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnTBlV2nW/rcra+sbmVnW7trO7t39gHx51lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPxfeF3J0QqKviTnqbET9CQ05hipI0U2PYgFCxS08Rc+SS4nAV23W24czirxCtJHUq0AvtrEAmcJYRrzJBSfc9NtZ8jqSlmZFYbZIqkCI/RkPQN5Sghys/nyWfOmVEiJxbSHK6dufp7I0eJKsKZyQTpkVr2CvE/r5/p+NbPKU8zTThePBRnzNHCKWpwIioJ1mxqCMKSmqwOHiGJsDZl1UwJ3vKXV0nnouFdN64eL+vNu7KOKpzAKZyDBzfQhAdoQRswTOAZXuHNyq0X6936WIxWrHLnGP7A+vwBADiT6Q==</latexit>v4 <latexit sha1_base64="4N5joSxQ3GE23prb2KPf6GPrVlY=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+AQPI1WnHocevE4wbnBVkqapltYmpYkHYyyb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2BFORO0o5nmtJdKiuOA024wviv87oRKxRLxqKcp9WI8FCxiBGsj+bY9CBIeqmlsrnziN2e+XXcazhxolbglqUOJtm9/DcKEZDEVmnCsVN91Uu3lWGpGOJ3VBpmiKSZjPKR9QwWOqfLyefIZOjNKiKJEmiM0mqu/N3IcqyKcmYyxHqllrxD/8/qZjm68nIk001SQxUNRxpFOUFEDCpmkRPOpIZhIZrIiMsISE23KqpkS3OUvr5Kni4Z71Wg+XNZbt2UdVTiBUzgHF66hBffQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDAb2T6g==</latexit>v5

<latexit sha1_base64="3MZyWBDeQYSvQiWZmAr0oiRPjpA=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQniNVawMBaJPqQ2ihzHaU0dJ7KdSlXUP2FhACFW/oSNv8FpM0DLkSwfnXOvfHyClDOlHefbWlldW9/YrGxVt3d29/btg8O2SjJJaIskPJHdACvKmaAtzTSn3VRSHAecdoLRXeF3xlQqlohHPUmpF+OBYBEjWBvJt+1+kPBQTWJz5aH/NPXtmlN3ZkDLxC1JDUo0ffurHyYki6nQhGOleq6Tai/HUjPC6bTazxRNMRnhAe0ZKnBMlZfPkk/RqVFCFCXSHKHRTP29keNYFeHMZIz1UC16hfif18t0dOPlTKSZpoLMH4oyjnSCihpQyCQlmk8MwUQykxWRIZaYaFNW1ZTgLn55mbTP6+5V/fLhota4LeuowDGcwBm4cA0NuIcmtIDAGJ7hFd6s3Hqx3q2P+eiKVe4cwR9Ynz82yJQN</latexit>

dj

<latexit sha1_base64="b8/QDKahyLgxkxArJO++Fmup30c=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwqJqUoQr7ECBsYi0YfURpHjuK2p40S2U6mK+icsDCDEyp+w8Tc4bQZoOZLlo3PulY9PkHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY3eZ+e0ylYrF41JOEehEeCNZnBGsj+bbdC2IeqklkruzOf5r6dtWpOTOgZeIWpAoFGr791QtjkkZUaMKxUl3XSbSXYakZ4XRa6aWKJpiM8IB2DRU4osrLZsmn6MQoIerH0hyh0Uz9vZHhSOXhzGSE9VAtern4n9dNdf/ay5hIUk0FmT/UTznSMcprQCGTlGg+MQQTyUxWRIZYYqJNWRVTgrv45WXSOqu5l7WLh/Nq/aaoowxHcAyn4MIV1OEeGtAEAmN4hld4szLrxXq3PuajJavYOYQ/sD5/AAXok+0=</latexit>

Dj

<latexit sha1_base64="MMG6N3vn6qO/CarRTVJhR9M/+8I=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5JIfSxL3bisYB/QpGUymbZDJzNhZiKUkJUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89fkSJVLb9bRRWVtfWN4qbpa3tnd09c/+gLXksEG4hTrno+lBiShhuKaIo7kYCw9CnuONPbjK/84CFJJzdq2mEvRCOGBkSBJWWBuax63MayGmov6SR9JNK7SxN+4mreJSmA7NsV+0ZrGXi5KQMcjQH5pcbcBSHmClEoZQ9x46Ul0ChCKI4LbmxxBFEEzjCPU0ZDLH0ktkZqXWqlcAacqEfU9ZM/d2RwFBmm+rKEKqxXPQy8T+vF6vhtZcQFsUKMzQfNIyppbiVZWIFRGCk6FQTiATRu1poDAVESidX0iE4iycvk/Z51bmsXtzVyvVGHkcRHIETUAEOuAJ1cAuaoAUQeATP4BW8GU/Gi/FufMxLC0becwj+wPj8AQGymXw=</latexit>

B(4)>

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)

<latexit sha1_base64="fuHcFIKh/QOIlcla19L5S+jzOKo=">AAAB+XicbVC7TsMwFL0pr1JeAUaWiAqJqUoQr7GChbFI9CG1UeQ4TmvVsSPbqVRF/RMWBhBi5U/Y+BucNgO0HMny0Tn3yscnTBlV2nW/rcra+sbmVnW7trO7t39gHx51lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPxfeF3J0QqKviTnqbET9CQ05hipI0U2PYgFCxS08Rc+SS4nAV23W24czirxCtJHUq0AvtrEAmcJYRrzJBSfc9NtZ8jqSlmZFYbZIqkCI/RkPQN5Sghys/nyWfOmVEiJxbSHK6dufp7I0eJKsKZyQTpkVr2CvE/r5/p+NbPKU8zTThePBRnzNHCKWpwIioJ1mxqCMKSmqwOHiGJsDZl1UwJ3vKXV0nnouFdN64eL+vNu7KOKpzAKZyDBzfQhAdoQRswTOAZXuHNyq0X6936WIxWrHLnGP7A+vwBADiT6Q==</latexit>v4
<latexit sha1_base64="4N5joSxQ3GE23prb2KPf6GPrVlY=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+AQPI1WnHocevE4wbnBVkqapltYmpYkHYyyb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2BFORO0o5nmtJdKiuOA024wviv87oRKxRLxqKcp9WI8FCxiBGsj+bY9CBIeqmlsrnziN2e+XXcazhxolbglqUOJtm9/DcKEZDEVmnCsVN91Uu3lWGpGOJ3VBpmiKSZjPKR9QwWOqfLyefIZOjNKiKJEmiM0mqu/N3IcqyKcmYyxHqllrxD/8/qZjm68nIk001SQxUNRxpFOUFEDCpmkRPOpIZhIZrIiMsISE23KqpkS3OUvr5Kni4Z71Wg+XNZbt2UdVTiBUzgHF66hBffQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDAb2T6g==</latexit>v5

Part of RIT for F(ω = 6). It generates same results
as Dj = B⊤dj. And U = (B⊤Dj)

⊤.

13 / 21

Recursive Winograd Input Transformation (RIT)



Key Idea of BOT

• Decompose A⊤ and Y in input transformation (s = A⊤YA) into 2 × 2 sub-matrices to
carry out blockwise computation.

• Build hardware by stacking minimum 2 × 2 units to support multiple types of
Winograd simultaneously.

1 1 1 1 1 1 1 0

0 1 -1 2 -2 4 -4 0

0 1 1 4 4 16 16 0

0 1 -1 8 -8 64 -64 0

0 1 1 16 16 256 256 0

0 1 -1 32 -32 1024 -1024 1

F(2,3)
F(2,5)

F(4,3)

F(6,3)

F(4,1)

1 1

1 -1

0

0

0

1

1

0

0

0

1 1

2 -2

1 1

1 -1

4 4

8 -8

𝑯𝑯𝟏𝟏,𝟏𝟏𝒆𝒆𝟏𝟏 𝒆𝒆𝟔𝟔𝑯𝑯𝟏𝟏,𝟐𝟐

𝑯𝑯𝟐𝟐,𝟏𝟏 𝑯𝑯𝟐𝟐,𝟐𝟐

𝒆𝒆𝟏𝟏 𝒆𝒆𝝎𝝎

𝑯𝑯

Sharing mechanism and block partition of A⊤ (using F(6, 3) and F(4, 3) as examples).
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Blockwise Winograd Output Transformation (BOT)



Observations on Output Transformation Matrix A

• Output transformation (s = A⊤YA) is determined by k and n.
• When k or n increases, the center part of A⊤ will expand in units of 2 × 2 cells.
• Matrix multiplication with each cell can be transformed into add, sub and shift.

1 1 1 1 1 1 1 0

0 1 -1 2 -2 4 -4 0

0 1 1 4 4 16 16 0

0 1 -1 8 -8 64 -64 0

0 1 1 16 16 256 256 0

0 1 -1 32 -32 1024 -1024 1

F(2,3)
F(2,5)

F(4,3)

F(6,3)

F(4,1)

1 1

1 -1

0

0

0

1

1

0

0

0

1 1

2 -2

1 1

1 -1

4 4

8 -8

𝑯𝑯𝟏𝟏,𝟏𝟏𝒆𝒆𝟏𝟏 𝒆𝒆𝟔𝟔𝑯𝑯𝟏𝟏,𝟐𝟐

𝑯𝑯𝟐𝟐,𝟏𝟏 𝑯𝑯𝟐𝟐,𝟐𝟐

𝒆𝒆𝟏𝟏 𝒆𝒆𝝎𝝎

𝑯𝑯

Sharing mechanism and block partition of A⊤ (using F(6, 3) and F(4, 3) as examples).
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Blockwise Winograd Output Transformation (BOT)



BOT procedure

1 2 × 2 sub-matrix partition of
Y and A⊤.

2 Blockwise sub-matrix
multiplication.

3 Involves k/2 types of left-
and right-multiplied
sub-matrices.

4 Accumulate partial results.

Advantage of BOT
Unify hardware generation
for arbitrary F(k,n) and dy-
namically support F(k′,n′),
where k′ < k.

 ②③ Blockwise matrix multiplication 
with H 

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0
0 0
0 0

0 0
0 0
0 0
0 0

0 0
0 0
0 0
0 0

0
0

0
0

0
0

0
0

0 0

0 0

<latexit sha1_base64="bG+7m6rR9Whoc0gYgFwzA4cEYZ4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPDRZwuykNxkyO7vMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeH7oZi5VENe6Wym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Xzu7Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f+PORIQ==</latexit>

Ycorner

<latexit sha1_base64="NNhp4HiCDIt6HWe1guuCXXVMPqg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4eWNAQ==</latexit>s
<latexit sha1_base64="4Jp+YlK2kmg3EJFiGcvIHQYb9qM=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUoQr7GChbFI9IHaUDmO01p17Mh2QFXU/2BhACFW/oWNv8FpO0DLkSwfnXOvfHyChDNtXPfbKSwtr6yuFddLG5tb2zvl3b2mlqkitEEkl6odYE05E7RhmOG0nSiK44DTVjC8zv3WI1WaSXFnRgn1Y9wXLGIEGys9dAPJQz2K7ZXdj3vlilt1J0CLxJuRCsxQ75W/uqEkaUyFIRxr3fHcxPgZVoYRTselbqppgskQ92nHUoFjqv1sknqMjqwSokgqe4RBE/X3RoZjnUezkzE2Az3v5eJ/Xic10aWfMZGkhgoyfShKOTIS5RWgkClKDB9ZgoliNisiA6wwMbaoki3Bm//yImmeVL3z6tntaaV2NaujCAdwCMfgwQXU4Abq0AACCp7hFd6cJ+fFeXc+pqMFZ7azD3/gfP4AJ3GS9A==</latexit>

Y

① Blockwise partition of Y  ④ Partial results accumulation

<latexit sha1_base64="hkfKlbIYGmr/TYFwpnMVvwNqxiY=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiQFWCeI0VLIxFog+pjSLHcVqrjh3ZDlKJIv4KCwMIsfI/2Pg3OG0GaDnJ8unu++TzBQmjSjvOt7WwuLS8slpZq65vbG5t2zu7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gdFP4nQciFRX8Xo8T4sVowGlEMdJG8u39fiBYqMaxubKmn9ETN899u+bUnQngPHFLUgMlmr791Q8FTmPCNWZIqZ7rJNrLkNQUM5JX+6kiCcIjNCA9QzmKifKySfocHhklhJGQ5nANJ+rvjQzFqghoJmOkh2rWK8T/vF6qoysvozxJNeF4+lCUMqgFLKqAIZUEazY2BGFJTVaIh0girE1hVVOCO/vledI+rbsX9fO7s1rjuqyjAg7AITgGLrgEDXALmqAFMHgEz+AVvFlP1ov1bn1MRxescmcP/IH1+QPMMpV1</latexit>

Pi,1
<latexit sha1_base64="wL30gUg0gN8B+UklmK1Lk6BxYc0=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZ4mtZdOOygn1AZyiZTNqGZpIhyQhlGHDjr7hxoYhbf8Kdf2OmnYW2Hgg5nHMv994TxIwq7TjfVmlpeWV1rbxe2djc2t6xd/faSiQSkxYWTMhugBRhlJOWppqRbiwJigJGOsH4Jvc7D0QqKvi9nsTEj9CQ0wHFSBupbx94gWChmkTmSyn0KIde6p7WvSzr21Wn5kwBF4lbkCoo0OzbX14ocBIRrjFDSvVcJ9Z+iqSmmJGs4iWKxAiP0ZD0DOUoIspPpzdk8NgoIRwIaR7XcKr+7khRpPI1TWWE9EjNe7n4n9dL9ODKTymPE004ng0aJAxqAfNAYEglwZpNDEFYUrMrxCMkEdYmtooJwZ0/eZG06zX3onZ+d1ZtXBdxlMEhOAInwAWXoAFuQRO0AAaP4Bm8gjfryXqx3q2PWWnJKnr2wR9Ynz9oTZdf</latexit>

i 2 {1, 2}

<latexit sha1_base64="lcyFSHd70NebXrVTPpmYO2YjF20=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZ4mtZdOOygn1AZyiZTKaNzSRDkhHKMODGX3HjQhG3/oQ7/8ZM24VWD4QczrmXe+8JEkaVdpwvq7SwuLS8Ul6trK1vbG7Z2zttJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0VfideyIVFfxWjxPix2jAaUQx0kbq23teIFioxrH5sjvoUQ69zD2ue3net6tOzZkA/iXujFTBDM2+/emFAqcx4RozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1COYqL8bHJDDg+NEsJISPO4hhP1Z0eGYlWsaSpjpIdq3ivE/7xeqqMLP6M8STXheDooShnUAhaBwJBKgjUbG4KwpGZXiIdIIqxNbBUTgjt/8l/Srtfcs9rpzUm1cTmLowz2wQE4Ai44Bw1wDZqgBTB4AE/gBbxaj9az9Wa9T0tL1qxnF/yC9fENad6XYA==</latexit>

j 2 {1, 2}

<latexit sha1_base64="E6+qEhMqO9wbrdTy36SaYorjw6M=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSfC2LblxWsA9oQplMJu3YyUyYmQglZOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HuPH1MilW1/G6Wl5ZXVtfJ6ZWNza3vH3N3rSJ4IhNuIUy56PpSYEobbiiiKe7HAMPIp7vrj69zvPmAhCWd3ahJjL4JDRkKCoNLSwDx0fU4DOYn0l7opqd27mUuYmzq1hptlA7Nq1+0prEXiFKQKCrQG5pcbcJREmClEoZR9x46Vl0KhCKI4q7iJxDFEYzjEfU0ZjLD00ukdmXWslcAKudCPKWuq/u5IYSTzVXVlBNVIznu5+J/XT1R46aWExYnCDM0GhQm1FLfyUKyACIwUnWgCkSB6VwuNoIBI6egqOgRn/uRF0mnUnfP62e1ptXlVxFEGB+AInAAHXIAmuAEt0AYIPIJn8ArejCfjxXg3PmalJaPo2Qd/YHz+AD8dmY0=</latexit>{i, j} 2 {1, 2}

<latexit sha1_base64="+DPf/6/OXZxSJMIQY0mNI9GkjU0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEgKoE8RorWBhbiT6kJkSO47SmThzZDlIVZWDhV1gYQIiVj2Djb3DbDNByJMtH59yre+/xE0alsqxvo7S0vLK6Vl6vbGxube+Yu3sdyVOBSRtzxkXPR5IwGpO2ooqRXiIIinxGuv7oeuJ3H4iQlMe3apwQN0KDmIYUI6Ulz6w6PmeBHEf6y1p3maN4knuZfXyf555Zs+rWFHCR2AWpgQJNz/xyAo7TiMQKMyRl37YS5WZIKIoZyStOKkmC8AgNSF/TGEVEutn0iBweaiWAIRf6xQpO1d8dGYrkZE9dGSE1lPPeRPzP66cqvHQzGiepIjGeDQpTBhWHk0RgQAXBio01QVhQvSvEQyQQVjq3ig7Bnj95kXRO6vZ5/ax1WmtcFXGUQRUcgCNggwvQADegCdoAg0fwDF7Bm/FkvBjvxsestGQUPfvgD4zPH6p7mMI=</latexit>

Q>
1,j

<latexit sha1_base64="/DirFB9I6/LHi5xXYklOfhATRXE=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgED1J2xdex6MVjBfvAdlmy2bSNzSZLkhXKsuBf8eJBEa/+Dm/+G7PtHrR1IGSY+T4ymSBmVGnH+bZKC4tLyyvl1cra+sbmlr2901IikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORte5334kUlHB7/Q4Jl6EBpz2KUbaSL691wsEC9U4Mld676f0GD5kmW9XnZozAZwnbkGqoEDDt796ocBJRLjGDCnVdZ1YeymSmmJGskovUSRGeIQGpGsoRxFRXjqJn8FDo4SwL6Q5XMOJ+nsjRZHKE5rJCOmhmvVy8T+vm+j+pZdSHieacDx9qJ8wqAXMu4AhlQRrNjYEYUlNVoiHSCKsTWMVU4I7++V50jqpuee1s9vTav2qqKMM9sEBOAIuuAB1cAMaoAkwSMEzeAVv1pP1Yr1bH9PRklXs7II/sD5/AI9lleI=</latexit>

Zi,j

1
2

1
-21

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="fyggjJKyoXp5uYvY5troEceU9VE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCBym74utY9NJjBfuAdlmy2bQNzSZLkhXqsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8W3udx6IVFTwez2JiRehIacDipE2km8f9APBQjWJzJU2/NQ9pVnm21Wn5kwBF4lbkCoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoyHpGcpRRJSXTtNn8NgoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWMWU4M5/eZG0z2ruZe3i7rxavynqKINDcAROgAuuQB00QBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz+/apVt</latexit>

H1,i

4
8

4
-81

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="6JMX+U/+cNOggAB7Fbg+s59FFrQ=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwIGW3+DoWvfRYwT6gXZZsNm1Ds8mSZIW6LP4VLx4U8er/8Oa/MdvuQVsHQoaZ7yOTCWJGlXacb2tpeWV1bb20Ud7c2t7Ztff220okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Db3Ow9EKir4vZ7ExIvQkNMBxUgbybcP+4FgoZpE5kobflo7o1nm2xWn6kwBF4lbkAoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWNmU4M5/eZG0a1X3snpxd16p3xR1lMAROAanwAVXoA4aoAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/A8pVu</latexit>

H2,i

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
4
2

8
-81

1
1
-1

<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>

H>
2,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

1
-21

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="fyggjJKyoXp5uYvY5troEceU9VE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEiyCBym74utY9NJjBfuAdlmy2bQNzSZLkhXqsvhXvHhQxKv/w5v/xmy7B20dCBlmvo9MJogZVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8W3udx6IVFTwez2JiRehIacDipE2km8f9APBQjWJzJU2/NQ9pVnm21Wn5kwBF4lbkCoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoyHpGcpRRJSXTtNn8NgoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWMWU4M5/eZG0z2ruZe3i7rxavynqKINDcAROgAuuQB00QBO0AAaP4Bm8gjfryXqx3q2P2WjJKnb2wR9Ynz+/apVt</latexit>

H1,i

4
8

4
-81

1
1
-1

<latexit sha1_base64="vdS6nf3mHAMoxgwU6pOeWDTB4cY=">AAACBHicbVC7TsMwFHXKq5RXgbGLRYVUlipBvMYKFsYi0YfURJXjuK1VJ47sG6Qq6sDCr7AwgBArH8HG3+C0GaDlSJaPzrlX997jx4JrsO1vq7Cyura+UdwsbW3v7O6V9w/aWiaKshaVQqquTzQTPGIt4CBYN1aMhL5gHX98k/mdB6Y0l9E9TGLmhWQY8QGnBIzUL1dcX4pAT0LzpS7wkGlcc2kg4WTaL1ftuj0DXiZOTqooR7Nf/nIDSZOQRUAF0brn2DF4KVHAqWDTkptoFhM6JkPWMzQiZpqXzo6Y4mOjBHgglXkR4Jn6uyMloc72NJUhgZFe9DLxP6+XwODKS3kUJ8AiOh80SAQGibNEcMAVoyAmhhCquNkV0xFRhILJrWRCcBZPXibt07pzUT+/O6s2rvM4iqiCjlANOegSNdAtaqIWougRPaNX9GY9WS/Wu/UxLy1Yec8h+gPr8wfnEZhD</latexit>⇥(·)
<latexit sha1_base64="6JMX+U/+cNOggAB7Fbg+s59FFrQ=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwIGW3+DoWvfRYwT6gXZZsNm1Ds8mSZIW6LP4VLx4U8er/8Oa/MdvuQVsHQoaZ7yOTCWJGlXacb2tpeWV1bb20Ud7c2t7Ztff220okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB+Db3Ow9EKir4vZ7ExIvQkNMBxUgbybcP+4FgoZpE5kobflo7o1nm2xWn6kwBF4lbkAoo0PTtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slenDtpZTHiSYczx4aJAxqAfMqYEglwZpNDEFYUpMV4hGSCGtTWNmU4M5/eZG0a1X3snpxd16p3xR1lMAROAanwAVXoA4aoAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/A8pVu</latexit>

H2,i

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
4
2

8
-81

1
1
-1

<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>

H>
2,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
1
2

2
-21

1
1
-1

<latexit sha1_base64="ZS+xMcpDyDPUO3MO5MinesVjVlA=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEgKoE8RorWDoWiT6kNkSO47Smjh3ZDlIVZWDhV1gYQIiVj2Djb3DaDNByJMtH59yre+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98nfvdBywk4exWTWLsRnDISEgQVFryzOrA5zSQk0h/afMuHSgeZ17qHN9nmWfW7Lo9hbVInILUQIGWZ34NAo6SCDOFKJSy79ixclMoFEEUZ5VBInEM0RgOcV9TBiMs3XR6RGYdaiWwQi70Y8qaqr87UhjJfE9dGUE1kvNeLv7n9RMVXropYXGiMEOzQWFCLcWtPBErIAIjRSeaQCSI3tVCIyggUjq3ig7BmT95kXRO6s55/ezmtNa4KuIogyo4AEfAARegAZqgBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5xZmLk=</latexit>

H>
1,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

1
2

2
-21

1
1
-1

<latexit sha1_base64="+lO01iNXWDLNxED4kMJDXia3gh8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseglxwjmAWSSejp9CStPd1Dd48ShvkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTN4uBn7zUeqNJPizoxi6kd4IFjICDZW6la7acfIOOul3sl91iuW3LI7AVok3oyUYIZar/jV6UuSRFQYwrHWbc+NjZ9iZRjhNCt0Ek1jTB7wgLYtFTii2k8nV2foyCp9FEplSxg0UX9PpDjSehQFtjPCZqjnvbH4n9dOTHjlp0zEiaGCTBeFCUdGonEEqM8UJYaPLMFEMXsrIkOsMDE2qIINwZt/eZE0TsveRfn89qxUuZ7FkYcDOIRj8OASKlCFGtSBgIJneIU358l5cd6dj2lrzpnN7MMfOJ8/biKSew==</latexit>

H>
1,j

<latexit sha1_base64="l9lUqpTRKZCQh8qv3kXJbNdpzdA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KS4mtZdOOygn1AE8pkOmnHTiZhZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J0g4U9pxvq3Cyura+kZxs7S1vbNbtvf2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORjdTv/1IpWKxuNfjhPoRHggWMoK1kXp2+cFjAnkZQu5pDXmTnl1xqs4MaJm4OalAjkbP/vL6MUkjKjThWKmu6yTaz7DUjHA6KXmpogkmIzygXUMFjqjys9nhE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOVnTCSppoLMF4UpRzpG0xRQn0lKNB8bgolk5lZEhlhiok1WJROCu/jyMmnVqu5F9fzurFK/zuMowiEcwQm4cAl1uIUGNIFACs/wCm/Wk/VivVsf89aClc8cwB9Ynz9tXJGn</latexit>

j 2 {1, 2}

<latexit sha1_base64="QP0zUD+WbaOk+59EfpSTXLzDxgY=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJczOTpIhszPrTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+6uMBHcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4XDu6nfGjFtuJKPME5YEJO+5D1OCVgpqPg0UnDmA4+Z6ZbKbtWdAS8TLydllKPeLX35kaJpzCRQQYzpeG4CQUY0cCrYpOinhiWEDkmfdSyVxC4JstnRE3xqlQj3lLYlAc/U3xMZiY0Zx6HtjAkMzKI3Ff/zOin0boKMyyQFJul8US8VGBSeJoAjrhkFMbaEUM3trZgOiCYUbE5FG4K3+PIyaZ5Xvavq5cNFuXabx1FAx+gEVZCHrlEN3aM6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AF0Okds=</latexit>

(·)⇥
4
2

8
-81

1
1
-1

<latexit sha1_base64="4igz/oqzVphl0zxZ3fGR23PCK30=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJAYUJVUvMYKlo5Fog+pCZHjOK2pY0e2g1RFGVj4FRYGEGLlI9j4G5y2A7QcyfLROffq3nuChBKpbPvbWFpeWV1bL22UN7e2d3bNvf2O5KlAuI045aIXQIkpYbitiKK4lwgM44DibjC6LvzuAxaScHarxgn2YjhgJCIIKi35ZsUNOA3lONZf1rzLXMWT3M/qJ/d57ptVu2ZPYC0SZ0aqYIaWb365IUdpjJlCFErZd+xEeRkUiiCK87KbSpxANIID3NeUwRhLL5sckVtHWgmtiAv9mLIm6u+ODMay2FNXxlAN5bxXiP95/VRFl15GWJIqzNB0UJRSS3GrSMQKicBI0bEmEAmid7XQEAqIlM6trENw5k9eJJ16zTmvnd2cVhtXszhKoAIOwTFwwAVogCZogTZA4BE8g1fwZjwZL8a78TEtXTJmPQfgD4zPH53hmLo=</latexit>

H>
2,j

<latexit sha1_base64="ALbgui4iDIjKdY6rFY8RGIVgpfU=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyURX8uiG5cV7AOaUCaTSTt0kgkzN0IJBTf+ihsXirj1J9z5N07aLLT1wDCHc+7l3nv8hDMFtv1tlJaWV1bXyuuVjc2t7R1zd6+tRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Uc3ud95oFIxEd/DOKFehAcxCxnBoKW+eeD6ggdqHOkvq7kkEHDiAouomvTNql23p7AWiVOQKirQ7JtfbiBIGtEYCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaxlhP8bLpDRPrWCuBFQqpXwzWVP3dkeFI5WvqygjDUM17ufif10shvPIyFicp0JjMBoUpt0BYeSBWwCQlwMeaYCKZ3tUiQywxAR1bRYfgzJ+8SNqndeeifn53Vm1cF3GU0SE6QjXkoEvUQLeoiVqIoEf0jF7Rm/FkvBjvxsestGQUPfvoD4zPH4VomBk=</latexit>

(·)⇥

BOT for F(4, 3). It generates same results as s = A⊤YA.
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Blockwise Winograd Output Transformation (BOT)



WinoGen IP Architecture
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<latexit sha1_base64="amVMrjx4gdWhZGW9EC5sLrqaRUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQ5medoslt+LOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ai+uNVA==</latexit>

(a)

<latexit sha1_base64="uaIHXSVs0aC2hBUjB5XE29ve2TA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQzk47RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AjXCNVQ==</latexit>

(b)
<latexit sha1_base64="Kx2QG/zg2JUWBK9TX8n4Fk15Jp4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHsrstFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/7qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AjvWNVg==</latexit>

(c)
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<latexit sha1_base64="Z0LMsed7fA2eEFPWE8bzAkkhHvY=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEfRWoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/zXZWH</latexit>

PEIT
<latexit sha1_base64="Z0LMsed7fA2eEFPWE8bzAkkhHvY=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEfRWoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/zXZWH</latexit>

PEIT
<latexit sha1_base64="hNNoAWPb1Tuo6kehdGr8QlqxqGs=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEbxZoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/8h5WN</latexit>

PEOT

<latexit sha1_base64="hNNoAWPb1Tuo6kehdGr8QlqxqGs=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEbxZoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/8h5WN</latexit>

PEOT

<latexit sha1_base64="tgJ9NOBVDTZ/vTq8b/cIaEsFAlA=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0tS6mNZEEF3FfqCJoTJZNIOnWTCzEQoITs3/oobF4q49Rfc+TdO2iy0emCYwzn3cu89XkyJkKb5pZWWlldW18rrlY3Nre0dfXevJ1jCEe4iRhkfeFBgSiLclURSPIg5hqFHcd+bXOV+/x5zQVjUkdMYOyEcRSQgCEolufqh7THqi2movrR97aa3naxmsxCP4GnzJHP1qlk3ZzD+EqsgVVCg7eqfts9QEuJIIgqFGFpmLJ0UckkQxVnFTgSOIZrAER4qGsEQCyed3ZEZx0rxjYBx9SJpzNSfHSkMRb6qqgyhHItFLxf/84aJDC6dlERxInGE5oOChBqSGXkohk84RpJOFYGIE7WrgcaQQyRVdBUVgrV48l/Sa9St8/rZXbPaahRxlMEBOAI1YIEL0AI3oA26AIEH8ARewKv2qD1rb9r7vLSkFT374Be0j29y6pj8</latexit>

PEIT (! � 4)

<latexit sha1_base64="z+xLTH09OnsXmObRow87JhrVxv4=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0tS6mNZEEF3FfqCJoTJZNIOnWTCzEQoITs3/oobF4q49Rfc+TdO2iy0emCYwzn3cu89XkyJkKb5pZWWlldW18rrlY3Nre0dfXevJ1jCEe4iRhkfeFBgSiLclURSPIg5hqFHcd+bXOV+/x5zQVjUkdMYOyEcRSQgCEolufqh7THqi2movrR97aa3naxmsxCP4GnjJHP1qlk3ZzD+EqsgVVCg7eqfts9QEuJIIgqFGFpmLJ0UckkQxVnFTgSOIZrAER4qGsEQCyed3ZEZx0rxjYBx9SJpzNSfHSkMRb6qqgyhHItFLxf/84aJDC6dlERxInGE5oOChBqSGXkohk84RpJOFYGIE7WrgcaQQyRVdBUVgrV48l/Sa9St8/rZXbPaahZxlMEBOAI1YIEL0AI3oA26AIEH8ARewKv2qD1rb9r7vLSkFT374Be0j29weJj8</latexit>

PEIT (! � 2)

<latexit sha1_base64="ucEVYodfrbc0Z139KHFzOau6E8U=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUnER5cFEXRXoS9oQphMJu3QSSbMTIQSunHjr7hxoYhb/8Gdf+OkzUJbDwxzOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVH17nffSBCUh631DghboQGMQ0pRkpLnnnk+JwFchzpL2veeNlda1J1eEQG6HTimRWrZk0BF4ldkAoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJFJ2UklSRAeoQHpaxqjiEg3m14xgSdaCWDIhX6xglP1d0eGIpkvqisjpIZy3svF/7x+qsK6m9E4SRWJ8WxQmDKoOMwjgQEVBCs21gRhQfWuEA+RQFjp4Mo6BHv+5EXSOavZl7WL+/NKo17EUQKH4BhUgQ2uQAPcgiZoAwwewTN4BW/Gk/FivBsfs9Ilo+g5AH9gfP4AgfqYjQ==</latexit>

PEIT (!)

Architecture of the Winograd acceleration IP generated by WinoGen: (a) the overall architecture of
WinoGen IP; (b) the detailed architecture of PEIT; (c) the detailed architecture of PEOT.
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Overall Architecture of WinoGen IP
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<latexit sha1_base64="amVMrjx4gdWhZGW9EC5sLrqaRUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQ5medoslt+LOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+td+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8Ai+uNVA==</latexit>

(a)

<latexit sha1_base64="uaIHXSVs0aC2hBUjB5XE29ve2TA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJKPZhyjH9KB5H3OqLHSQzk47RZLbsWdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AjXCNVQ==</latexit>

(b)
<latexit sha1_base64="Kx2QG/zg2JUWBK9TX8n4Fk15Jp4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHsrstFssuRV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/7qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0njrOJdVi7uz0vVmyyOPBzBMZTBgyuowh3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AjvWNVg==</latexit>

(c)
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<latexit sha1_base64="Z0LMsed7fA2eEFPWE8bzAkkhHvY=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEfRWoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/zXZWH</latexit>

PEIT
<latexit sha1_base64="Z0LMsed7fA2eEFPWE8bzAkkhHvY=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEfRWoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/zXZWH</latexit>

PEIT
<latexit sha1_base64="hNNoAWPb1Tuo6kehdGr8QlqxqGs=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEbxZoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/8h5WN</latexit>

PEOT

<latexit sha1_base64="hNNoAWPb1Tuo6kehdGr8QlqxqGs=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkXwVHbFR48FEbxZoS9olyWbTdvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgphRpR3n21paXlldWy9tlDe3tnd27b39thKJxKSFBROyGyBFGOWkpalmpBtLgqKAkU4wvs79zgORigre1JOYeBEacjqgGGkj+fZhPxAsVJPIXGnjxk/vmlnm2xWn6kwBF4lbkAoo0PDtr34ocBIRrjFDSvVcJ9ZeiqSmmJGs3E8UiREeoyHpGcpRRJSXTtNn8MQoIRwIaQ7XcKr+3khRpPKAZjJCeqTmvVz8z+slelDzUsrjRBOOZw8NEga1gHkVMKSSYM0mhiAsqckK8QhJhLUprGxKcOe/vEjaZ1X3snpxf16p14o6SuAIHINT4IIrUAe3oAFaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/8h5WN</latexit>

PEOT

<latexit sha1_base64="tgJ9NOBVDTZ/vTq8b/cIaEsFAlA=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0tS6mNZEEF3FfqCJoTJZNIOnWTCzEQoITs3/oobF4q49Rfc+TdO2iy0emCYwzn3cu89XkyJkKb5pZWWlldW18rrlY3Nre0dfXevJ1jCEe4iRhkfeFBgSiLclURSPIg5hqFHcd+bXOV+/x5zQVjUkdMYOyEcRSQgCEolufqh7THqi2movrR97aa3naxmsxCP4GnzJHP1qlk3ZzD+EqsgVVCg7eqfts9QEuJIIgqFGFpmLJ0UckkQxVnFTgSOIZrAER4qGsEQCyed3ZEZx0rxjYBx9SJpzNSfHSkMRb6qqgyhHItFLxf/84aJDC6dlERxInGE5oOChBqSGXkohk84RpJOFYGIE7WrgcaQQyRVdBUVgrV48l/Sa9St8/rZXbPaahRxlMEBOAI1YIEL0AI3oA26AIEH8ARewKv2qD1rb9r7vLSkFT374Be0j29y6pj8</latexit>

PEIT (! � 4)
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Configurability: can construct IP for arbitrary F(k, n), and dynamically support F(k′, n′), as long as
ω′ ≤ ω and k′ ≤ k.
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Table: Optimized WinoGen IP under different resource constraints on Xilinx ZCU104
FPGA ( ∗ is used to test the throughput of the IP)

IP Type Config. Type
IP Config. Resource Util. (Constraint) Thro. /GOPS

Supported Winograd Type
PNIT PNEWM PNOT PNC DSP LUT FF 1 × 1 Kernel 3 × 3 Kernel 5 × 5 Kernel 7 × 7 Kernel

F(4,1)
PNmin 1 1 1 1 4 1689 2191 1.308 5.559 - -

F(2,3)∗, F(4,1)∗Constrained 4 4 4 1 16(20) 2267(2400) 2901 5.232 22.236 - -
PNmax 4 4 4 4 64 4858 7579 36.624 92.868 - -

F(4,3)
PNmin 1 1 1 1 6 2441 3587 1.308 9.883 7.121 -

F(2,5)∗, F(4,3)∗;
F(2,3), F(4,1)∗

Constrained 2 2 3 4 48(64) 8267(8400) 11678 12.208 123.824 86.764 -
PNmax 6 6 9 4 144 17472 18476 36.624 371.472 260.292 -

F(6,3)
PNmin 1 1 1 1 8 3757 5703 1.308 12.508 16.023 7.930 F(2,7)∗, F(4,5)∗, F(6,3)∗;

F(2,5), F(4,3), F(6,1)∗;
F(2,3), F(4,1)

Constrained 8 8 16 2 128(128) 31899(40000) 25307 35.316 412.02 517.968 255.06
PNmax 8 8 16 4 256 41093 40238 82.404 835.812 1041.168 511.428

Operator-level Comparison

• In cases where hardware resources are abundant, WinoGen can create IPs with
ultra-high computational performance (over 1000 GOPS).

• For other scenarios, WinoGen can utilize its optimizer to generate optimized IPs.
• Generated IPs can support a wide range of Winograd convolutions.
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Table: WinoGen evaluation and comparison with state-of-the-art designs.
DNNBuilder1 LCE2 HybridDNN3 Vitis-AI4 WinoCNN5 WinoGen IP-F(4,3)×12 WinoGen IP-F(6,3)×5

Platform KU115 VCU118 VU9P ZCU102 ZCU102 ZCU104 ZCU104
CNN Model VGG16 AlexNet VGG16 VGG16 VGG16 YOLOv2 VGG16 YOLOv2 VGG16 AlexNet YOLOv2 VGG16 AlexNet YOLOv2

Freq. (MHz) 235 220 200 167 281 214 317 317
Supported Precision 8 bit / 16 bit 8 bit / 16 bit 16 bit 12 bit 8 bit 8-16 bit 8-16 bit 8-16 bit

DSP (% of total) 4318 (78%) 4318 (88%) 3224 (47%) 5163 (75%) 1926 (76%) 2345 (93%) 1728 (100%) 1280 (74.1%)
LUT (% of total) 257862 (39%) 257862 (40%) - - - - 209664 (91%) 205465 (89.2%)

Power (W) 22.3 22.9 - 45.9 - - 8.25 7.45
Thro. (GOPS) 4022 3265 3772 3775.7 1225.2 1008 3120.3 1717.7 4453.2 4190.8 2408.6 4170.7 4863.1 2640.8

DSP Eff. (GOPS/DSP) 0.991 0.764 1.17 0.65 0.636 0.523 1.33 0.73 2.58 2.43 1.39 3.26 3.80 2.06
Energy Eff. (GOPS/W) 180.4 98.3 - 73.5 - - - - 539.78 507.98 291.95 559.83 652.77 354.47

1X. Zhang et al., “DNNBuilder: An automated tool for building high-performance DNN
hardware accelerators for FPGAs”, in Proc. ICCAD, IEEE, 2018, pp. 1–8.

2J. Shen et al., “Toward an efficient deep pipelined template-based architecture for accelerating
the entire 2-D and 3-D CNNs on FPGA”, IEEE TCAD, vol. 39, no. 7, pp. 1442–1455, 2019.

3H. Ye et al., “HybridDNN: A framework for high-performance hybrid DNN accelerator design
and implementation”, in Proc. DAC, IEEE, 2020, pp. 1–6.

4Xilinx, Vitis-ai model zoo,
https://github.com/Xilinx/Vitis-AI/tree/master/model_zoo, 2023.

5X. Liu et al., “WinoCNN: Kernel sharing winograd systolic array for efficient convolutional
neural network acceleration on FPGAs”, in Proc. ASAP, IEEE, 2021, pp. 258–265.
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Table: WinoGen evaluation and comparison with state-of-the-art designs.
DNNBuilder[Zha+18] LCE[She+19] HybridDNN[Ye+20] Vitis-AI[Xil23] WinoCNN[Liu+21] WinoGen IP-F(4,3)×12 WinoGen IP-F(6,3)×5

Platform KU115 VCU118 VU9P ZCU102 ZCU102 ZCU104 ZCU104
CNN Model VGG16 AlexNet VGG16 VGG16 VGG16 YOLOv2 VGG16 YOLOv2 VGG16 AlexNet YOLOv2 VGG16 AlexNet YOLOv2

Freq. (MHz) 235 220 200 167 281 214 317 317
Supported Precision 8 bit / 16 bit 8 bit / 16 bit 16 bit 12 bit 8 bit 8-16 bit 8-16 bit 8-16 bit

DSP (% of total) 4318 (78%) 4318 (88%) 3224 (47%) 5163 (75%) 1926 (76%) 2345 (93%) 1728 (100%) 1280 (74.1%)
LUT (% of total) 257862 (39%) 257862 (40%) - - - - 209664 (91%) 205465 (89.2%)

Power (W) 22.3 22.9 - 45.9 - - 8.25 7.45
Thro. (GOPS) 4022 3265 3772 3775.7 1225.2 1008 3120.3 1717.7 4453.2 4190.8 2408.6 4170.7 4863.1 2640.8

DSP Eff. (GOPS/DSP) 0.991 0.764 1.17 0.65 0.636 0.523 1.33 0.73 2.58 2.43 1.39 3.26 3.80 2.06
Energy Eff. (GOPS/W) 180.4 98.3 - 73.5 - - - - 539.78 507.98 291.95 559.83 652.77 354.47

Network-level Comparison

• DSP efficiency reaches 3.80 GOPS/DSP and energy efficiency reaches 652.77
GOPS/W.

• When computing VGG16, our design achieves DSP efficiency up to 3.26 GOPS/DSP
and energy efficiency up to 559.83 GOPS/W, thus showing 2.45× and 3.10×
improvements compared with state-of-the-arts.
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THANK YOU!
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