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Re-visit DNN Pruning



……

X 2 Rd⇥(k2c)
<latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit>

W 2 R(k2c)⇥n
<latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit>

Y 2 Rd⇥n
<latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

=<latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit>

=<latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit>

⌦
<latexit sha1_base64="BKxXdQ+px1MKj+qr7bW3X9GVajs=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYiJYhbs0WgZsLCOYD0mOsLfZJEt2947dOSEc+RU2ForY+nPs/Ddukis08cHA470ZZuZFiRQWff/b29jc2t7ZLewV9w8Oj45LJ6ctG6eG8SaLZWw6EbVcCs2bKFDyTmI4VZHk7WhyO/fbT9xYEesHnCY8VHSkxVAwik56rPRiFIrbSr9U9qv+AmSdBDkpQ45Gv/TVG8QsVVwjk9TabuAnGGbUoGCSz4q91PKEsgkd8a6jmrotYbY4eEYunTIgw9i40kgW6u+JjCprpypynYri2K56c/E/r5vi8CbMhE5S5JotFw1TSTAm8+/JQBjOUE4docwIdythY2ooQ5dR0YUQrL68Tlq1auD4fa1cr+VxFOAcLuAKAriGOtxBA5rAQMEzvMKbZ7wX7937WLZuePnMGfyB9/kDO5uP9w==</latexit><latexit sha1_base64="BKxXdQ+px1MKj+qr7bW3X9GVajs=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYiJYhbs0WgZsLCOYD0mOsLfZJEt2947dOSEc+RU2ForY+nPs/Ddukis08cHA470ZZuZFiRQWff/b29jc2t7ZLewV9w8Oj45LJ6ctG6eG8SaLZWw6EbVcCs2bKFDyTmI4VZHk7WhyO/fbT9xYEesHnCY8VHSkxVAwik56rPRiFIrbSr9U9qv+AmSdBDkpQ45Gv/TVG8QsVVwjk9TabuAnGGbUoGCSz4q91PKEsgkd8a6jmrotYbY4eEYunTIgw9i40kgW6u+JjCprpypynYri2K56c/E/r5vi8CbMhE5S5JotFw1TSTAm8+/JQBjOUE4docwIdythY2ooQ5dR0YUQrL68Tlq1auD4fa1cr+VxFOAcLuAKAriGOtxBA5rAQMEzvMKbZ7wX7937WLZuePnMGfyB9/kDO5uP9w==</latexit><latexit sha1_base64="BKxXdQ+px1MKj+qr7bW3X9GVajs=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYiJYhbs0WgZsLCOYD0mOsLfZJEt2947dOSEc+RU2ForY+nPs/Ddukis08cHA470ZZuZFiRQWff/b29jc2t7ZLewV9w8Oj45LJ6ctG6eG8SaLZWw6EbVcCs2bKFDyTmI4VZHk7WhyO/fbT9xYEesHnCY8VHSkxVAwik56rPRiFIrbSr9U9qv+AmSdBDkpQ45Gv/TVG8QsVVwjk9TabuAnGGbUoGCSz4q91PKEsgkd8a6jmrotYbY4eEYunTIgw9i40kgW6u+JjCprpypynYri2K56c/E/r5vi8CbMhE5S5JotFw1TSTAm8+/JQBjOUE4docwIdythY2ooQ5dR0YUQrL68Tlq1auD4fa1cr+VxFOAcLuAKAriGOtxBA5rAQMEzvMKbZ7wX7937WLZuePnMGfyB9/kDO5uP9w==</latexit><latexit sha1_base64="BKxXdQ+px1MKj+qr7bW3X9GVajs=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYiJYhbs0WgZsLCOYD0mOsLfZJEt2947dOSEc+RU2ForY+nPs/Ddukis08cHA470ZZuZFiRQWff/b29jc2t7ZLewV9w8Oj45LJ6ctG6eG8SaLZWw6EbVcCs2bKFDyTmI4VZHk7WhyO/fbT9xYEesHnCY8VHSkxVAwik56rPRiFIrbSr9U9qv+AmSdBDkpQ45Gv/TVG8QsVVwjk9TabuAnGGbUoGCSz4q91PKEsgkd8a6jmrotYbY4eEYunTIgw9i40kgW6u+JjCprpypynYri2K56c/E/r5vi8CbMhE5S5JotFw1TSTAm8+/JQBjOUE4docwIdythY2ooQ5dR0YUQrL68Tlq1auD4fa1cr+VxFOAcLuAKAriGOtxBA5rAQMEzvMKbZ7wX7937WLZuePnMGfyB9/kDO5uP9w==</latexit>

Filters: n ⇥ c ⇥ k ⇥ k
<latexit sha1_base64="QcvUOuC/A9a18l9pIaEjFzMO4Rg=">AAACEHicbZDNSsNAFIVv6l+tf1GXbgZb0VVJulFcFQRxWcG2QhvKZDpph04mYWYilNBHcOOruHGhiFuX7nwbJ20Ubb0w8HHOvdy5x485U9pxPq3C0vLK6lpxvbSxubW9Y+/utVSUSEKbJOKRvPWxopwJ2tRMc3obS4pDn9O2P7rI/PYdlYpF4kaPY+qFeCBYwAjWRurZx5eMa+Ofo4pAXc1CqhD5htEPVHp22ak600KL4OZQhrwaPfuj249IElKhCcdKdVwn1l6KpWaE00mpmygaYzLCA9oxKLDZ46XTgyboyCh9FETSPKHRVP09keJQqXHom84Q66Ga9zLxP6+T6ODMS5mIE00FmS0KEo50hLJ0UJ9JSjQfG8BEMvNXRIZYYpJlVDIhuPMnL0KrVnUNX9fKdSePowgHcAgn4MIp1OEKGtAEAvfwCM/wYj1YT9ar9TZrLVj5zD78Kev9C2YQm3k=</latexit><latexit sha1_base64="QcvUOuC/A9a18l9pIaEjFzMO4Rg=">AAACEHicbZDNSsNAFIVv6l+tf1GXbgZb0VVJulFcFQRxWcG2QhvKZDpph04mYWYilNBHcOOruHGhiFuX7nwbJ20Ubb0w8HHOvdy5x485U9pxPq3C0vLK6lpxvbSxubW9Y+/utVSUSEKbJOKRvPWxopwJ2tRMc3obS4pDn9O2P7rI/PYdlYpF4kaPY+qFeCBYwAjWRurZx5eMa+Ofo4pAXc1CqhD5htEPVHp22ak600KL4OZQhrwaPfuj249IElKhCcdKdVwn1l6KpWaE00mpmygaYzLCA9oxKLDZ46XTgyboyCh9FETSPKHRVP09keJQqXHom84Q66Ga9zLxP6+T6ODMS5mIE00FmS0KEo50hLJ0UJ9JSjQfG8BEMvNXRIZYYpJlVDIhuPMnL0KrVnUNX9fKdSePowgHcAgn4MIp1OEKGtAEAvfwCM/wYj1YT9ar9TZrLVj5zD78Kev9C2YQm3k=</latexit><latexit sha1_base64="QcvUOuC/A9a18l9pIaEjFzMO4Rg=">AAACEHicbZDNSsNAFIVv6l+tf1GXbgZb0VVJulFcFQRxWcG2QhvKZDpph04mYWYilNBHcOOruHGhiFuX7nwbJ20Ubb0w8HHOvdy5x485U9pxPq3C0vLK6lpxvbSxubW9Y+/utVSUSEKbJOKRvPWxopwJ2tRMc3obS4pDn9O2P7rI/PYdlYpF4kaPY+qFeCBYwAjWRurZx5eMa+Ofo4pAXc1CqhD5htEPVHp22ak600KL4OZQhrwaPfuj249IElKhCcdKdVwn1l6KpWaE00mpmygaYzLCA9oxKLDZ46XTgyboyCh9FETSPKHRVP09keJQqXHom84Q66Ga9zLxP6+T6ODMS5mIE00FmS0KEo50hLJ0UJ9JSjQfG8BEMvNXRIZYYpJlVDIhuPMnL0KrVnUNX9fKdSePowgHcAgn4MIp1OEKGtAEAvfwCM/wYj1YT9ar9TZrLVj5zD78Kev9C2YQm3k=</latexit><latexit sha1_base64="QcvUOuC/A9a18l9pIaEjFzMO4Rg=">AAACEHicbZDNSsNAFIVv6l+tf1GXbgZb0VVJulFcFQRxWcG2QhvKZDpph04mYWYilNBHcOOruHGhiFuX7nwbJ20Ubb0w8HHOvdy5x485U9pxPq3C0vLK6lpxvbSxubW9Y+/utVSUSEKbJOKRvPWxopwJ2tRMc3obS4pDn9O2P7rI/PYdlYpF4kaPY+qFeCBYwAjWRurZx5eMa+Ofo4pAXc1CqhD5htEPVHp22ak600KL4OZQhrwaPfuj249IElKhCcdKdVwn1l6KpWaE00mpmygaYzLCA9oxKLDZ46XTgyboyCh9FETSPKHRVP09keJQqXHom84Q66Ga9zLxP6+T6ODMS5mIE00FmS0KEo50hLJ0UJ9JSjQfG8BEMvNXRIZYYpJlVDIhuPMnL0KrVnUNX9fKdSePowgHcAgn4MIp1OEKGtAEAvfwCM/wYj1YT9ar9TZrLVj5zD78Kev9C2YQm3k=</latexit>

• Transform convolution to matrix multiplication

• Unified calculation for both convolution and fully-connected layers

Im2col (Image2Column) Convolution
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Y 2 Rd⇥n
<latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit>

=<latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit>

S 2 R(k2c)⇥n
<latexit sha1_base64="QRR/Tl1JVRP3x0Ie9U59ozu+Q4w=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLjBWsDCWRx9Sk1aO67RWHSeyHaQqykew8CssDCDEysDG3+C0GaDlSJaOz7lX997jRYxKZVnfRmFldW19o7hZ2tre2d0z9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vEmV5nfeSBC0pDfq2lE3ACNOPUpRkpLA/Os4gRIjT0/uUsdyuH85yW3aT+pTvp1fOooGhAJeVoZmGWrZs0Al4mdkzLI0RyYX84wxHFAuMIMSdmzrUi5CRKKYkbSkhNLEiE8QSPS05QjPchNZkel8EQrQ+iHQj+u4Ez93ZGgQMpp4OnKbGe56GXif14vVv6Fm1AexYpwPB/kxwyqEGYJwSEVBCs21QRhQfWuEI+RQFjpHEs6BHvx5GXSrtdsq2bf1MuNyzyOIjgCx6AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYlxaMvOcQ/IHx+QMYf54w</latexit><latexit sha1_base64="QRR/Tl1JVRP3x0Ie9U59ozu+Q4w=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLjBWsDCWRx9Sk1aO67RWHSeyHaQqykew8CssDCDEysDG3+C0GaDlSJaOz7lX997jRYxKZVnfRmFldW19o7hZ2tre2d0z9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vEmV5nfeSBC0pDfq2lE3ACNOPUpRkpLA/Os4gRIjT0/uUsdyuH85yW3aT+pTvp1fOooGhAJeVoZmGWrZs0Al4mdkzLI0RyYX84wxHFAuMIMSdmzrUi5CRKKYkbSkhNLEiE8QSPS05QjPchNZkel8EQrQ+iHQj+u4Ez93ZGgQMpp4OnKbGe56GXif14vVv6Fm1AexYpwPB/kxwyqEGYJwSEVBCs21QRhQfWuEI+RQFjpHEs6BHvx5GXSrtdsq2bf1MuNyzyOIjgCx6AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYlxaMvOcQ/IHx+QMYf54w</latexit><latexit sha1_base64="QRR/Tl1JVRP3x0Ie9U59ozu+Q4w=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLjBWsDCWRx9Sk1aO67RWHSeyHaQqykew8CssDCDEysDG3+C0GaDlSJaOz7lX997jRYxKZVnfRmFldW19o7hZ2tre2d0z9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vEmV5nfeSBC0pDfq2lE3ACNOPUpRkpLA/Os4gRIjT0/uUsdyuH85yW3aT+pTvp1fOooGhAJeVoZmGWrZs0Al4mdkzLI0RyYX84wxHFAuMIMSdmzrUi5CRKKYkbSkhNLEiE8QSPS05QjPchNZkel8EQrQ+iHQj+u4Ez93ZGgQMpp4OnKbGe56GXif14vVv6Fm1AexYpwPB/kxwyqEGYJwSEVBCs21QRhQfWuEI+RQFjpHEs6BHvx5GXSrtdsq2bf1MuNyzyOIjgCx6AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYlxaMvOcQ/IHx+QMYf54w</latexit><latexit sha1_base64="QRR/Tl1JVRP3x0Ie9U59ozu+Q4w=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLjBWsDCWRx9Sk1aO67RWHSeyHaQqykew8CssDCDEysDG3+C0GaDlSJaOz7lX997jRYxKZVnfRmFldW19o7hZ2tre2d0z9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vEmV5nfeSBC0pDfq2lE3ACNOPUpRkpLA/Os4gRIjT0/uUsdyuH85yW3aT+pTvp1fOooGhAJeVoZmGWrZs0Al4mdkzLI0RyYX84wxHFAuMIMSdmzrUi5CRKKYkbSkhNLEiE8QSPS05QjPchNZkel8EQrQ+iHQj+u4Ez93ZGgQMpp4OnKbGe56GXif14vVv6Fm1AexYpwPB/kxwyqEGYJwSEVBCs21QRhQfWuEI+RQFjpHEs6BHvx5GXSrtdsq2bf1MuNyzyOIjgCx6AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYlxaMvOcQ/IHx+QMYf54w</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

X 2 Rd⇥(k2c)
<latexit sha1_base64="IWy3Xt/otXJq/d4FeRaOz+jrIBE=">AAACE3icbVC7TsMwFHV4lvIKMLJYtEiFoUq6wFjBwlgQfUhNWjmO01p1nMh2kKoo/8DCr7AwgBArCxt/g9NmgJYjWTo+517de48XMyqVZX0bK6tr6xubpa3y9s7u3r55cNiRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrje5zv3uAxGSRvxeTWPihmjEaUAxUloamudVJ0Rq7AVpL3Moh/Ofl95lg9R3FA2JrE0GDXyWVYdmxapbM8BlYhekAgq0huaX40c4CQlXmCEp+7YVKzdFQlHMSFZ2EklihCdoRPqacqSHuenspgyeasWHQST04wrO1N8dKQqlnIaersxXloteLv7n9RMVXLop5XGiCMfzQUHCoIpgHhD0qSBYsakmCAuqd4V4jATCSsdY1iHYiycvk06jblt1+7ZRaV4VcZTAMTgBNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx7x0xSh6jsAfGJ8/seaeAQ==</latexit><latexit sha1_base64="IWy3Xt/otXJq/d4FeRaOz+jrIBE=">AAACE3icbVC7TsMwFHV4lvIKMLJYtEiFoUq6wFjBwlgQfUhNWjmO01p1nMh2kKoo/8DCr7AwgBArCxt/g9NmgJYjWTo+517de48XMyqVZX0bK6tr6xubpa3y9s7u3r55cNiRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrje5zv3uAxGSRvxeTWPihmjEaUAxUloamudVJ0Rq7AVpL3Moh/Ofl95lg9R3FA2JrE0GDXyWVYdmxapbM8BlYhekAgq0huaX40c4CQlXmCEp+7YVKzdFQlHMSFZ2EklihCdoRPqacqSHuenspgyeasWHQST04wrO1N8dKQqlnIaersxXloteLv7n9RMVXLop5XGiCMfzQUHCoIpgHhD0qSBYsakmCAuqd4V4jATCSsdY1iHYiycvk06jblt1+7ZRaV4VcZTAMTgBNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx7x0xSh6jsAfGJ8/seaeAQ==</latexit><latexit sha1_base64="IWy3Xt/otXJq/d4FeRaOz+jrIBE=">AAACE3icbVC7TsMwFHV4lvIKMLJYtEiFoUq6wFjBwlgQfUhNWjmO01p1nMh2kKoo/8DCr7AwgBArCxt/g9NmgJYjWTo+517de48XMyqVZX0bK6tr6xubpa3y9s7u3r55cNiRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrje5zv3uAxGSRvxeTWPihmjEaUAxUloamudVJ0Rq7AVpL3Moh/Ofl95lg9R3FA2JrE0GDXyWVYdmxapbM8BlYhekAgq0huaX40c4CQlXmCEp+7YVKzdFQlHMSFZ2EklihCdoRPqacqSHuenspgyeasWHQST04wrO1N8dKQqlnIaersxXloteLv7n9RMVXLop5XGiCMfzQUHCoIpgHhD0qSBYsakmCAuqd4V4jATCSsdY1iHYiycvk06jblt1+7ZRaV4VcZTAMTgBNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx7x0xSh6jsAfGJ8/seaeAQ==</latexit><latexit sha1_base64="IWy3Xt/otXJq/d4FeRaOz+jrIBE=">AAACE3icbVC7TsMwFHV4lvIKMLJYtEiFoUq6wFjBwlgQfUhNWjmO01p1nMh2kKoo/8DCr7AwgBArCxt/g9NmgJYjWTo+517de48XMyqVZX0bK6tr6xubpa3y9s7u3r55cNiRUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrje5zv3uAxGSRvxeTWPihmjEaUAxUloamudVJ0Rq7AVpL3Moh/Ofl95lg9R3FA2JrE0GDXyWVYdmxapbM8BlYhekAgq0huaX40c4CQlXmCEp+7YVKzdFQlHMSFZ2EklihCdoRPqacqSHuenspgyeasWHQST04wrO1N8dKQqlnIaersxXloteLv7n9RMVXLop5XGiCMfzQUHCoIpgHhD0qSBYsakmCAuqd4V4jATCSsdY1iHYiycvk06jblt1+7ZRaV4VcZTAMTgBNWCDC9AEN6AF2gCDR/AMXsGb8WS8GO/Gx7x0xSh6jsAfGJ8/seaeAQ==</latexit>

Sparse DNN

• Sparsification: weight pruning;

• Compression: compressed sparse format for storage;

• Potential acceleration: sparse matrix multiplication algorithm.

Compression Approach 1: Sparsity
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irregular sparsity more regular sparsity

=>

fully-dense 
 model

4 types of pruning granularity

=>=>

[Han et al, NIPS’15] [Molchanov et al, ICLR’17]

regular sparsity

6/67



U 2 R(k2c)⇥r
<latexit sha1_base64="gv822Bw48tr9oBmhNhohoXYtP40=">AAACFHicbVC7TsMwFHV4lvIKMLJYtEhFSFXSBcYKFsaCSFupSSvHdVqrjhPZDlIV5SNY+BUWBhBiZWDjb3DaDNByJEvH59yre+/xY0alsqxvY2V1bX1js7RV3t7Z3ds3Dw7bMkoEJg6OWCS6PpKEUU4cRRUj3VgQFPqMdPzJde53HoiQNOL3ahoTL0QjTgOKkdLSwDyvuiFSYz9IncylHM5/fnqX9dPapN/AZ66iIZFQZNWBWbHq1gxwmdgFqYACrYH55Q4jnISEK8yQlD3bipWXIqEoZiQru4kkMcITNCI9TTnSg7x0dlQGT7UyhEEk9OMKztTfHSkKpZyGvq7Md5aLXi7+5/USFVx6KeVxogjH80FBwqCKYJ4QHFJBsGJTTRAWVO8K8RgJhJXOsaxDsBdPXibtRt226vZto9K8KuIogWNwAmrABhegCW5ACzgAg0fwDF7Bm/FkvBjvxse8dMUoeo7AHxifPyHhnjY=</latexit><latexit sha1_base64="gv822Bw48tr9oBmhNhohoXYtP40=">AAACFHicbVC7TsMwFHV4lvIKMLJYtEhFSFXSBcYKFsaCSFupSSvHdVqrjhPZDlIV5SNY+BUWBhBiZWDjb3DaDNByJEvH59yre+/xY0alsqxvY2V1bX1js7RV3t7Z3ds3Dw7bMkoEJg6OWCS6PpKEUU4cRRUj3VgQFPqMdPzJde53HoiQNOL3ahoTL0QjTgOKkdLSwDyvuiFSYz9IncylHM5/fnqX9dPapN/AZ66iIZFQZNWBWbHq1gxwmdgFqYACrYH55Q4jnISEK8yQlD3bipWXIqEoZiQru4kkMcITNCI9TTnSg7x0dlQGT7UyhEEk9OMKztTfHSkKpZyGvq7Md5aLXi7+5/USFVx6KeVxogjH80FBwqCKYJ4QHFJBsGJTTRAWVO8K8RgJhJXOsaxDsBdPXibtRt226vZto9K8KuIogWNwAmrABhegCW5ACzgAg0fwDF7Bm/FkvBjvxse8dMUoeo7AHxifPyHhnjY=</latexit><latexit sha1_base64="gv822Bw48tr9oBmhNhohoXYtP40=">AAACFHicbVC7TsMwFHV4lvIKMLJYtEhFSFXSBcYKFsaCSFupSSvHdVqrjhPZDlIV5SNY+BUWBhBiZWDjb3DaDNByJEvH59yre+/xY0alsqxvY2V1bX1js7RV3t7Z3ds3Dw7bMkoEJg6OWCS6PpKEUU4cRRUj3VgQFPqMdPzJde53HoiQNOL3ahoTL0QjTgOKkdLSwDyvuiFSYz9IncylHM5/fnqX9dPapN/AZ66iIZFQZNWBWbHq1gxwmdgFqYACrYH55Q4jnISEK8yQlD3bipWXIqEoZiQru4kkMcITNCI9TTnSg7x0dlQGT7UyhEEk9OMKztTfHSkKpZyGvq7Md5aLXi7+5/USFVx6KeVxogjH80FBwqCKYJ4QHFJBsGJTTRAWVO8K8RgJhJXOsaxDsBdPXibtRt226vZto9K8KuIogWNwAmrABhegCW5ACzgAg0fwDF7Bm/FkvBjvxse8dMUoeo7AHxifPyHhnjY=</latexit><latexit sha1_base64="gv822Bw48tr9oBmhNhohoXYtP40=">AAACFHicbVC7TsMwFHV4lvIKMLJYtEhFSFXSBcYKFsaCSFupSSvHdVqrjhPZDlIV5SNY+BUWBhBiZWDjb3DaDNByJEvH59yre+/xY0alsqxvY2V1bX1js7RV3t7Z3ds3Dw7bMkoEJg6OWCS6PpKEUU4cRRUj3VgQFPqMdPzJde53HoiQNOL3ahoTL0QjTgOKkdLSwDyvuiFSYz9IncylHM5/fnqX9dPapN/AZ66iIZFQZNWBWbHq1gxwmdgFqYACrYH55Q4jnISEK8yQlD3bipWXIqEoZiQru4kkMcITNCI9TTnSg7x0dlQGT7UyhEEk9OMKztTfHSkKpZyGvq7Md5aLXi7+5/USFVx6KeVxogjH80FBwqCKYJ4QHFJBsGJTTRAWVO8K8RgJhJXOsaxDsBdPXibtRt226vZto9K8KuIogWNwAmrABhegCW5ACzgAg0fwDF7Bm/FkvBjvxse8dMUoeo7AHxifPyHhnjY=</latexit>

V 2 R12r⇥n
<latexit sha1_base64="cZQcePJt5hPp/lQjInQJyWnATx4=">AAACEnicbVC7TsMwFHV4lvIqMLJYtEiwVEkXGCtYGAuiD6lJK8d1WquOE9k3SFWUb2DhV1gYQIiViY2/wW0zQMuRLB2fc6/uvcePBddg29/Wyura+sZmYau4vbO7t186OGzpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sfXU7/9wJTmkbyHScy8kAwlDzglYKR+6bzihgRGfpC2MpdLPP/56V3WS51eTbnAQ6axzCr9Utmu2jPgZeLkpIxyNPqlL3cQ0SRkEqggWncdOwYvJQo4FSwruolmMaFjMmRdQyUxg7x0dlKGT40ywEGkzJOAZ+rvjpSEWk9C31RON9aL3lT8z+smEFx6KZdxAkzS+aAgERgiPM0HD7hiFMTEEEIVN7tiOiKKUDApFk0IzuLJy6RVqzp21bmtletXeRwFdIxO0Bly0AWqoxvUQE1E0SN6Rq/ozXqyXqx362NeumLlPUfoD6zPH/oMnaM=</latexit><latexit sha1_base64="cZQcePJt5hPp/lQjInQJyWnATx4=">AAACEnicbVC7TsMwFHV4lvIqMLJYtEiwVEkXGCtYGAuiD6lJK8d1WquOE9k3SFWUb2DhV1gYQIiViY2/wW0zQMuRLB2fc6/uvcePBddg29/Wyura+sZmYau4vbO7t186OGzpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sfXU7/9wJTmkbyHScy8kAwlDzglYKR+6bzihgRGfpC2MpdLPP/56V3WS51eTbnAQ6axzCr9Utmu2jPgZeLkpIxyNPqlL3cQ0SRkEqggWncdOwYvJQo4FSwruolmMaFjMmRdQyUxg7x0dlKGT40ywEGkzJOAZ+rvjpSEWk9C31RON9aL3lT8z+smEFx6KZdxAkzS+aAgERgiPM0HD7hiFMTEEEIVN7tiOiKKUDApFk0IzuLJy6RVqzp21bmtletXeRwFdIxO0Bly0AWqoxvUQE1E0SN6Rq/ozXqyXqx362NeumLlPUfoD6zPH/oMnaM=</latexit><latexit sha1_base64="cZQcePJt5hPp/lQjInQJyWnATx4=">AAACEnicbVC7TsMwFHV4lvIqMLJYtEiwVEkXGCtYGAuiD6lJK8d1WquOE9k3SFWUb2DhV1gYQIiViY2/wW0zQMuRLB2fc6/uvcePBddg29/Wyura+sZmYau4vbO7t186OGzpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sfXU7/9wJTmkbyHScy8kAwlDzglYKR+6bzihgRGfpC2MpdLPP/56V3WS51eTbnAQ6axzCr9Utmu2jPgZeLkpIxyNPqlL3cQ0SRkEqggWncdOwYvJQo4FSwruolmMaFjMmRdQyUxg7x0dlKGT40ywEGkzJOAZ+rvjpSEWk9C31RON9aL3lT8z+smEFx6KZdxAkzS+aAgERgiPM0HD7hiFMTEEEIVN7tiOiKKUDApFk0IzuLJy6RVqzp21bmtletXeRwFdIxO0Bly0AWqoxvUQE1E0SN6Rq/ozXqyXqx362NeumLlPUfoD6zPH/oMnaM=</latexit><latexit sha1_base64="cZQcePJt5hPp/lQjInQJyWnATx4=">AAACEnicbVC7TsMwFHV4lvIqMLJYtEiwVEkXGCtYGAuiD6lJK8d1WquOE9k3SFWUb2DhV1gYQIiViY2/wW0zQMuRLB2fc6/uvcePBddg29/Wyura+sZmYau4vbO7t186OGzpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sfXU7/9wJTmkbyHScy8kAwlDzglYKR+6bzihgRGfpC2MpdLPP/56V3WS51eTbnAQ6axzCr9Utmu2jPgZeLkpIxyNPqlL3cQ0SRkEqggWncdOwYvJQo4FSwruolmMaFjMmRdQyUxg7x0dlKGT40ywEGkzJOAZ+rvjpSEWk9C31RON9aL3lT8z+smEFx6KZdxAkzS+aAgERgiPM0HD7hiFMTEEEIVN7tiOiKKUDApFk0IzuLJy6RVqzp21bmtletXeRwFdIxO0Bly0AWqoxvUQE1E0SN6Rq/ozXqyXqx362NeumLlPUfoD6zPH/oMnaM=</latexit>

=<latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit>

X 2 Rd⇥(k2c)
<latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

Y 2 Rd⇥n
<latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit>

Low-rank DNN

• Low-rank approximation: matrix decomposition or tensor decomposition.

• Compression and acceleration: less storage required and less FLOP in computation.

Compression Approach 2: Low-Rank
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1 Re-visit DNN Pruning

2 Singular Value Decomposition (SVD)

3 How to Compute SVD?

4 Applications to DNN Decomposition

5 Tensor Decomposition

6 Matrix Regression Approach

Overview
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Singular Value Decomposition
(SVD)



• Gives a decomposition of any matrix into a product of three matrices.

• There are strong constraints on the form of each of these matrices

• Results in a unique decomposition

• From this decomposition, you can choose any number r of intermediate concepts
(latent factors)

• In a way that minimizes the reconstruction error

Reducing Matrix Dimension
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A ≈ UΣV⊤ =

r∑

i=1

σiui ⊗ v⊤
i

m

n

<latexit sha1_base64="y7bjt8Y1Au/bx4/RdAFmVcYosAg=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwaJqUoq8RgLLIxFog+pDZXjOq1Vx4lsB1RF/Q8WBhBi5V/Y+BucNgO0HMnS0Tn36h4fP+ZMacf5tgorq2vrG8XN0tb2zu5eef+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJP57UcqFYvEvZ7E1AvxULCAEayN9GDbvRDrkR+kV1Pb7pcrTtWZAS0TNycVyNHol796g4gkIRWacKxU13Vi7aVYakY4nZZ6iaIxJmM8pF1DBQ6p8tJZ6ik6McoABZE0T2g0U39vpDhUahL6ZjLLqBa9TPzP6yY6uPRSJuJEU0Hmh4KEIx2hrAI0YJISzSeGYCKZyYrICEtMtCmqZEpwF7+8TFq1qntePburVerXeR1FOIJjOAUXLqAOt9CAJhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QMmPpGl</latexit>

A
<latexit sha1_base64="DvJXgABJvoDNvU9fo1A/84dhXcc=">AAACAXicbVDLSgMxFM34rPU16kZwE+wIrspMwcey4KbLCvYB7VAymUwbmkmGJCOWoW78FTcuFHHrX7jzb8y0s9DWAyGHc+7l3nuChFGlXffbWlldW9/YLG2Vt3d29/btg8O2EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC+yf3OPZGKCn6nJwnxYzTkNKIYaSMN7GPH6QeChWoSmy/roySR4mHqOAO74lbdGeAy8QpSAQWaA/urHwqcxoRrzJBSPc9NtJ8hqSlmZFrup4okCI/RkPQM5Sgmys9mF0zhmVFCGAlpHtdwpv7uyFCs8hVNZYz0SC16ufif10t1dO1nlCepJhzPB0Upg1rAPA4YUkmwZhNDEJbU7ArxCEmEtQmtbELwFk9eJu1a1busXtzWKvVGEUcJnIBTcA48cAXqoAGaoAUweATP4BW8WU/Wi/VufcxLV6yi5wj8gfX5AyUplro=</latexit>⇡ m

r r n
r

<latexit sha1_base64="iFhPseFheuN083tetgaV+592wqw=">AAAB+3icbVA7T8MwGHTKq5RXKCOLRYPEVCWVeAwMlVgYi0RKpTaqHMdprTp2ZDuIKupfYWEAIVb+CBv/BqfNAC0nWT7dfZ98vjBlVGnX/bYqa+sbm1vV7drO7t7+gX1Y7yqRSUx8LJiQvRApwignvqaakV4qCUpCRh7CyU3hPzwSqajg93qakiBBI05jipE20tCuO84gFCxS08RcuT9znKHdcJvuHHCVeCVpgBKdof01iATOEsI1ZkipvuemOsiR1BQzMqsNMkVShCdoRPqGcpQQFeTz7DN4apQIxkKawzWcq783cpSoIpyZTJAeq2WvEP/z+pmOr4Kc8jTThOPFQ3HGoBawKAJGVBKs2dQQhCU1WSEeI4mwNnXVTAne8pdXSbfV9C6a53etRvu6rKMKjsEJOAMeuARtcAs6wAcYPIFn8ArerJn1Yr1bH4vRilXuHIE/sD5/ABXrk9E=</latexit>

U

<latexit sha1_base64="MSwpr2GG0gGAxCRO7xaB+uOxjuo=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJBYqqSSjwGhkosjEWiD6kJleM4rVXHjmwHqYqy8CssDCDEymew8Tc4bQZoOZLlo3Pu1b33BAklUjnOt1FZWV1b36hu1ra2d3b3zP2DruSpQLiDOOWiH0CJKWG4o4iiuJ8IDOOA4l4wuSn83iMWknB2r6YJ9mM4YiQiCCotDc0j2/YCTkM5jfWXdfMHT/HEtodm3Wk4M1jLxC1JHZRoD80vL+QojTFTiEIpB66TKD+DQhFEcV7zUokTiCZwhAeaMhhj6WezA3LrVCuhFXGhH1PWTP3dkcFYFhvqyhiqsVz0CvE/b5Cq6MrPCEtShRmaD4pSailuFWlYIREYKTrVBCJB9K4WGkMBkdKZ1XQI7uLJy6TbbLgXjfO7Zr11XcZRBcfgBJwBF1yCFrgFbdABCOTgGbyCN+PJeDHejY95acUoew7BHxifPxP5lhE=</latexit>

V ><latexit sha1_base64="f0aykrKQ8uaZXz0EnHmFxrezq4A=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJBYqqSSjwGhkosjEXQh9REleM4rVUnjmwHqYqy8CssDCDEymew8Tc4bQZoOZLlo3Pu1b33+AmjUtn2t1FZWV1b36hu1ra2d3b3zP2DruSpwKSDOeOi7yNJGI1JR1HFSD8RBEU+Iz1/clP4vUciJOXxg5omxIvQKKYhxUhpaWgeWZbrcxbIaaS/zL2nowjlljU063bDngEuE6ckdVCiPTS/3IDjNCKxwgxJOXDsRHkZEopiRvKam0qSIDxBIzLQNEYRkV42OyCHp1oJYMiFfrGCM/V3R4YiWWyoKyOkxnLRK8T/vEGqwisvo3GSKhLj+aAwZVBxWKQBAyoIVmyqCcKC6l0hHiOBsNKZ1XQIzuLJy6TbbDgXjfO7Zr11XcZRBcfgBJwBB1yCFrgFbdABGOTgGbyCN+PJeDHejY95acUoew7BHxifP/Hplfs=</latexit>

⌃

• A: input data matrix (m × n matrix)

• U: left singular vectors (m × r matrix)

• Σ: Singular values (r × r diagonal matrix)

• V : right singular vectors (n × r matrix)

SVD: Definition
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A ≈ UΣV⊤ =

r∑

i=1

σiui ⊗ v⊤
i

m

n

<latexit sha1_base64="y7bjt8Y1Au/bx4/RdAFmVcYosAg=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwaJqUoq8RgLLIxFog+pDZXjOq1Vx4lsB1RF/Q8WBhBi5V/Y+BucNgO0HMnS0Tn36h4fP+ZMacf5tgorq2vrG8XN0tb2zu5eef+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJP57UcqFYvEvZ7E1AvxULCAEayN9GDbvRDrkR+kV1Pb7pcrTtWZAS0TNycVyNHol796g4gkIRWacKxU13Vi7aVYakY4nZZ6iaIxJmM8pF1DBQ6p8tJZ6ik6McoABZE0T2g0U39vpDhUahL6ZjLLqBa9TPzP6yY6uPRSJuJEU0Hmh4KEIx2hrAI0YJISzSeGYCKZyYrICEtMtCmqZEpwF7+8TFq1qntePburVerXeR1FOIJjOAUXLqAOt9CAJhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QMmPpGl</latexit>

A
<latexit sha1_base64="DvJXgABJvoDNvU9fo1A/84dhXcc=">AAACAXicbVDLSgMxFM34rPU16kZwE+wIrspMwcey4KbLCvYB7VAymUwbmkmGJCOWoW78FTcuFHHrX7jzb8y0s9DWAyGHc+7l3nuChFGlXffbWlldW9/YLG2Vt3d29/btg8O2EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC+yf3OPZGKCn6nJwnxYzTkNKIYaSMN7GPH6QeChWoSmy/roySR4mHqOAO74lbdGeAy8QpSAQWaA/urHwqcxoRrzJBSPc9NtJ8hqSlmZFrup4okCI/RkPQM5Sgmys9mF0zhmVFCGAlpHtdwpv7uyFCs8hVNZYz0SC16ufif10t1dO1nlCepJhzPB0Upg1rAPA4YUkmwZhNDEJbU7ArxCEmEtQmtbELwFk9eJu1a1busXtzWKvVGEUcJnIBTcA48cAXqoAGaoAUweATP4BW8WU/Wi/VufcxLV6yi5wj8gfX5AyUplro=</latexit>⇡

<latexit sha1_base64="USIEKT6qJXsSY9TabmfDp28abD8=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFg0SU5VU4jEwVGJhLBJ9SG0UOY7bWnXsyHaQSlTxV1gYQIiV/8HGv8FpM0DLSZZPd98nny9MGFXadb+t0srq2vpGebOytb2zu2fvH7SVSCUmLSyYkN0QKcIoJy1NNSPdRBIUh4x0wvFN7nceiFRU8Hs9SYgfoyGnA4qRNlJgHzlOPxQsUpPYXFk6DTzHCeyqW3NngMvEK0gVFGgG9lc/EjiNCdeYIaV6nptoP0NSU8zItNJPFUkQHqMh6RnKUUyUn83ST+GpUSI4ENIcruFM/b2RoVjl8cxkjPRILXq5+J/XS/Xgys8oT1JNOJ4/NEgZ1ALmVcCISoI1mxiCsKQmK8QjJBHWprCKKcFb/PIyaddr3kXt/K5ebVwXdZTBMTgBZ8ADl6ABbkETtAAGj+AZvII368l6sd6tj/loySp2DsEfWJ8/eXWUlQ==</latexit>u1

<latexit sha1_base64="UduA4ns6KrDL1ZdOwG7MerMywDE=">AAAB/XicbVA7T8MwGHR4lvIKj43FokFiqpJKPAaGSiyMRaIPqY0ix3Fbq44d2U6lElX8FRYGEGLlf7Dxb3DaDNBykuXT3ffJ5wsTRpV23W9rZXVtfWOztFXe3tnd27cPDltKpBKTJhZMyE6IFGGUk6ammpFOIgmKQ0ba4eg299tjIhUV/EFPEuLHaMBpn2KkjRTYx47TCwWL1CQ2VzaeBp7jBHbFrbozwGXiFaQCCjQC+6sXCZzGhGvMkFJdz020nyGpKWZkWu6liiQIj9CAdA3lKCbKz2bpp/DMKBHsC2kO13Cm/t7IUKzyeGYyRnqoFr1c/M/rprp/7WeUJ6kmHM8f6qcMagHzKmBEJcGaTQxBWFKTFeIhkghrU1jZlOAtfnmZtGpV77J6cV+r1G+KOkrgBJyCc+CBK1AHd6ABmgCDR/AMXsGb9WS9WO/Wx3x0xSp2jsAfWJ8/ev6Ulg==</latexit>v1
<latexit sha1_base64="lZMWW7qHUp7JTbbD4XbUQCtudGk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5IU/Dh4KHjxWMHWQhPKZrtpl+5uwu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzItSzrTxvG+ntLa+sblV3q7s7O7tH1QPjzo6yRShbZLwRHUjrClnkrYNM5x2U0WxiDh9jMa3M//xiSrNEvlgJikNBR5KFjOCjZUC1w00Gwrc9123X615dW8OtEr8gtSgQKtf/QoGCckElYZwrHXP91IT5lgZRjidVoJM0xSTMR7SnqUSC6rDfH7zFJ1ZZYDiRNmSBs3V3xM5FlpPRGQ7BTYjvezNxP+8Xmbi6zBnMs0MlWSxKM44MgmaBYAGTFFi+MQSTBSztyIywgoTY2Oq2BD85ZdXSadR9y/rF/eNWvOmiKMMJ3AK5+DDFTThDlrQBgIpPMMrvDmZ8+K8Ox+L1pJTzBzDHzifPz3bkIE=</latexit>�1

<latexit sha1_base64="vFDmLO1nM8RhJHskNvIfrdj8MxE=">AAAB+3icbVBLSwMxGMzWV62vtR69BLuCIJTdgo9jwUuPFewD2qVks9k2NJssSVYsS/+KFw+KePWPePPfmG33oK0DIcPM95HJBAmjSrvut1Xa2Nza3invVvb2Dw6P7ONqV4lUYtLBggnZD5AijHLS0VQz0k8kQXHASC+Y3uV+75FIRQV/0LOE+DEacxpRjLSRRnbVcYaBYKGaxebKLueOM7Jrbt1dAK4TryA1UKA9sr+GocBpTLjGDCk18NxE+xmSmmJG5pVhqkiC8BSNycBQjmKi/GyRfQ7PjRLCSEhzuIYL9fdGhmKVhzOTMdITterl4n/eINXRrZ9RnqSacLx8KEoZ1ALmRcCQSoI1mxmCsKQmK8QTJBHWpq6KKcFb/fI66Tbq3nX96r5Ra7aKOsrgFJyBC+CBG9AELdAGHYDBE3gGr+DNmlsv1rv1sRwtWcXOCfgD6/MH2VKTsw==</latexit>

+

<latexit sha1_base64="s5iHvPW4MINH2as9QipxR2QUwBg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5IU/Dh4KHjxWMHWQhPKZrtpl+5uwu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzItSzrTxvG+ntLa+sblV3q7s7O7tH1QPjzo6yRShbZLwRHUjrClnkrYNM5x2U0WxiDh9jMa3M//xiSrNEvlgJikNBR5KFjOCjZUC1w00Gwrcb7huv1rz6t4caJX4BalBgVa/+hUMEpIJKg3hWOue76UmzLEyjHA6rQSZpikmYzykPUslFlSH+fzmKTqzygDFibIlDZqrvydyLLSeiMh2CmxGetmbif95vczE12HOZJoZKsliUZxxZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsSH4yy+vkk6j7l/WL+4bteZNEUcZTuAUzsGHK2jCHbSgDQRSeIZXeHMy58V5dz4WrSWnmDmGP3A+fwA/YZCC</latexit>�2

<latexit sha1_base64="nn36D0pml1zj1MFXQBZarHePCYI=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFg0SU5VU4jEwVGJhLBJ9SG0UOY7bWnXsyHaQSlTxV1gYQIiV/8HGv8FpM0DLSZZPd98nny9MGFXadb+t0srq2vpGebOytb2zu2fvH7SVSCUmLSyYkN0QKcIoJy1NNSPdRBIUh4x0wvFN7nceiFRU8Hs9SYgfoyGnA4qRNlJgHzlOPxQsUpPYXFk6DeqOE9hVt+bOAJeJV5AqKNAM7K9+JHAaE64xQ0r1PDfRfoakppiRaaWfKpIgPEZD0jOUo5goP5uln8JTo0RwIKQ5XMOZ+nsjQ7HK45nJGOmRWvRy8T+vl+rBlZ9RnqSacDx/aJAyqAXMq4ARlQRrNjEEYUlNVohHSCKsTWEVU4K3+OVl0q7XvIva+V292rgu6iiDY3ACzoAHLkED3IImaAEMHsEzeAVv1pP1Yr1bH/PRklXsHII/sD5/AHr7lJY=</latexit>u2

<latexit sha1_base64="w+lfLtbijApnNRYVGHx49D6FFpY=">AAAB/XicbVA7T8MwGHR4lvIKj43FokFiqpJKPAaGSiyMRaIPqY0ix3Fbq44d2U6lElX8FRYGEGLlf7Dxb3DaDNBykuXT3ffJ5wsTRpV23W9rZXVtfWOztFXe3tnd27cPDltKpBKTJhZMyE6IFGGUk6ammpFOIgmKQ0ba4eg299tjIhUV/EFPEuLHaMBpn2KkjRTYx47TCwWL1CQ2VzaeBjXHCeyKW3VngMvEK0gFFGgE9lcvEjiNCdeYIaW6nptoP0NSU8zItNxLFUkQHqEB6RrKUUyUn83ST+GZUSLYF9IcruFM/b2RoVjl8cxkjPRQLXq5+J/XTXX/2s8oT1JNOJ4/1E8Z1ALmVcCISoI1mxiCsKQmK8RDJBHWprCyKcFb/PIyadWq3mX14r5Wqd8UdZTACTgF58ADV6AO7kADNAEGj+AZvII368l6sd6tj/noilXsHIE/sD5/AHyElJc=</latexit>v2

• σi: scalar

• ui, vi: vector

• If we set σ2 = 0, then the gree columns may as well not exist.

SVD
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Property

It is always possible to decompose a real matrix A into A = UΣV⊤

• U, Σ, V : unique

• U, V : column orthonormal

• U⊤U = I; V⊤V = I (I: identity matrix)
• Columns are orthogonal unit vectors

• Σ: diagonal

• Entries (singular values) are non-negative
• Sorted in decreasing order (σ1 ≥ σ2 ≥ ... ≥ 0)

https://www.cs.cornell.edu/courses/cs322/2008sp/stuff/TrefethenBau_Lec4_SVD.pdf

SVD: Properties

12/67
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Consider a matrix. What does SVD do?

<latexit sha1_base64="7Tn1nqWmPv5mjyipPCxaHDiDtn4="></latexit>2
666666664

1 1 1 0 0
3 3 3 0 0
4 4 4 0 0
5 5 5 0 0
0 2 0 4 4
0 0 0 5 5
0 1 0 2 2

3
777777775

SciFi

Romance

M
at

rix
A

va
ta

r
D

un
e

Fa
m

ily
 M

an

5c
m

 p
er

se
co

nd

m

n

<latexit sha1_base64="iFhPseFheuN083tetgaV+592wqw=">AAAB+3icbVA7T8MwGHTKq5RXKCOLRYPEVCWVeAwMlVgYi0RKpTaqHMdprTp2ZDuIKupfYWEAIVb+CBv/BqfNAC0nWT7dfZ98vjBlVGnX/bYqa+sbm1vV7drO7t7+gX1Y7yqRSUx8LJiQvRApwignvqaakV4qCUpCRh7CyU3hPzwSqajg93qakiBBI05jipE20tCuO84gFCxS08RcuT9znKHdcJvuHHCVeCVpgBKdof01iATOEsI1ZkipvuemOsiR1BQzMqsNMkVShCdoRPqGcpQQFeTz7DN4apQIxkKawzWcq783cpSoIpyZTJAeq2WvEP/z+pmOr4Kc8jTThOPFQ3HGoBawKAJGVBKs2dQQhCU1WSEeI4mwNnXVTAne8pdXSbfV9C6a53etRvu6rKMKjsEJOAMeuARtcAs6wAcYPIFn8ArerJn1Yr1bH4vRilXuHIE/sD5/ABXrk9E=</latexit>

U

<latexit sha1_base64="MSwpr2GG0gGAxCRO7xaB+uOxjuo=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJBYqqSSjwGhkosjEWiD6kJleM4rVXHjmwHqYqy8CssDCDEymew8Tc4bQZoOZLlo3Pu1b33BAklUjnOt1FZWV1b36hu1ra2d3b3zP2DruSpQLiDOOWiH0CJKWG4o4iiuJ8IDOOA4l4wuSn83iMWknB2r6YJ9mM4YiQiCCotDc0j2/YCTkM5jfWXdfMHT/HEtodm3Wk4M1jLxC1JHZRoD80vL+QojTFTiEIpB66TKD+DQhFEcV7zUokTiCZwhAeaMhhj6WezA3LrVCuhFXGhH1PWTP3dkcFYFhvqyhiqsVz0CvE/b5Cq6MrPCEtShRmaD4pSailuFWlYIREYKTrVBCJB9K4WGkMBkdKZ1XQI7uLJy6TbbLgXjfO7Zr11XcZRBcfgBJwBF1yCFrgFbdABCOTgGbyCN+PJeDHejY95acUoew7BHxifPxP5lhE=</latexit>

V ><latexit sha1_base64="f0aykrKQ8uaZXz0EnHmFxrezq4A=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJBYqqSSjwGhkosjEXQh9REleM4rVUnjmwHqYqy8CssDCDEymew8Tc4bQZoOZLlo3Pu1b33+AmjUtn2t1FZWV1b36hu1ra2d3b3zP2DruSpwKSDOeOi7yNJGI1JR1HFSD8RBEU+Iz1/clP4vUciJOXxg5omxIvQKKYhxUhpaWgeWZbrcxbIaaS/zL2nowjlljU063bDngEuE6ckdVCiPTS/3IDjNCKxwgxJOXDsRHkZEopiRvKam0qSIDxBIzLQNEYRkV42OyCHp1oJYMiFfrGCM/V3R4YiWWyoKyOkxnLRK8T/vEGqwisvo3GSKhLj+aAwZVBxWKQBAyoIVmyqCcKC6l0hHiOBsNKZ1XQIzuLJy6TbbDgXjfO7Zr11XcZRBcfgBJwBB1yCFrgFbdABGOTgGbyCN+PJeDHejY95acUoew7BHxifP/Hplfs=</latexit>

⌃

=
“Concepts”
AKA Latent dimensions
AKA Latent factors

• Ratings matrix where each column corresponds to a movie and each row to a user.

• First 4 users prefer SciFi, while others prefer Romance.

Example: Users-to-Movies
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<latexit sha1_base64="7Tn1nqWmPv5mjyipPCxaHDiDtn4="></latexit>2
666666664

1 1 1 0 0
3 3 3 0 0
4 4 4 0 0
5 5 5 0 0
0 2 0 4 4
0 0 0 5 5
0 1 0 2 2

3
777777775

SciFi

Romance

M
at

rix
A

va
ta

r
D

un
e

Fa
m

ily
 M

an

5c
m

 p
er

se
co

nd

=

<latexit sha1_base64="g29qaK+3gPkFYfpgRO07FbzR6l8="></latexit>2
666666664

0.13 0.02 �0.01
0.41 0.07 �0.03
0.55 0.09 �0.04
0.68 0.11 �0.05
0.15 �0.59 0.65
0.07 �0.73 �0.67
0.07 �0.29 0.32

3
777777775

⇥

2
4

12.4 0 0
0 9.5 0
0 0 1.3

3
5

<latexit sha1_base64="LlOwf2d9MVVFRbahzms0m9fOKdo="></latexit>

⇥

2
4

0.56 0.59 0.56 0.09 0.09
0.12 �0.02 0.12 �0.69 �0.69
0.40 �0.80 0.40 0.09 0.09

3
5

• U: “user-to-concept” factor matrix

• V : “movie-to-concept” factor matrix

• Σ: its diagonal elements: “strength” of each concept

Example: Users-to-Movies
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<latexit sha1_base64="7Tn1nqWmPv5mjyipPCxaHDiDtn4="></latexit>2
666666664

1 1 1 0 0
3 3 3 0 0
4 4 4 0 0
5 5 5 0 0
0 2 0 4 4
0 0 0 5 5
0 1 0 2 2

3
777777775

SciFi

Romance

M
at

rix
A

va
ta

r
D

un
e

Fa
m

ily
 M

an

5c
m

 p
er

se
co

nd

=

<latexit sha1_base64="g29qaK+3gPkFYfpgRO07FbzR6l8="></latexit>2
666666664

0.13 0.02 �0.01
0.41 0.07 �0.03
0.55 0.09 �0.04
0.68 0.11 �0.05
0.15 �0.59 0.65
0.07 �0.73 �0.67
0.07 �0.29 0.32

3
777777775

⇥

2
4

12.4 0 0
0 9.5 0
0 0 1.3

3
5

<latexit sha1_base64="LlOwf2d9MVVFRbahzms0m9fOKdo="></latexit>

⇥

2
4

0.56 0.59 0.56 0.09 0.09
0.12 �0.02 0.12 �0.69 �0.69
0.40 �0.80 0.40 0.09 0.09

3
5

SciFi-concept
Romance-concept

• U: “user-to-concept” factor matrix

• V : “movie-to-concept” factor matrix

• Σ: its diagonal elements: “strength” of each concept

Example: Users-to-Movies

14/67
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<latexit sha1_base64="7Tn1nqWmPv5mjyipPCxaHDiDtn4="></latexit>2
666666664

1 1 1 0 0
3 3 3 0 0
4 4 4 0 0
5 5 5 0 0
0 2 0 4 4
0 0 0 5 5
0 1 0 2 2

3
777777775

SciFi

Romance

M
at

rix
A

va
ta

r
D

un
e

Fa
m

ily
 M

an

5c
m

 p
er

se
co

nd

=

<latexit sha1_base64="g29qaK+3gPkFYfpgRO07FbzR6l8="></latexit>2
666666664

0.13 0.02 �0.01
0.41 0.07 �0.03
0.55 0.09 �0.04
0.68 0.11 �0.05
0.15 �0.59 0.65
0.07 �0.73 �0.67
0.07 �0.29 0.32

3
777777775

⇥

2
4

12.4 0 0
0 9.5 0
0 0 1.3

3
5

<latexit sha1_base64="LlOwf2d9MVVFRbahzms0m9fOKdo="></latexit>

⇥

2
4

0.56 0.59 0.56 0.09 0.09
0.12 �0.02 0.12 �0.69 �0.69
0.40 �0.80 0.40 0.09 0.09

3
5

“strength” of 
SciFi-concept

• U: “user-to-concept” factor matrix

• V : “movie-to-concept” factor matrix

• Σ: its diagonal elements: “strength” of each concept

Example: Users-to-Movies
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<latexit sha1_base64="7Tn1nqWmPv5mjyipPCxaHDiDtn4="></latexit>2
666666664

1 1 1 0 0
3 3 3 0 0
4 4 4 0 0
5 5 5 0 0
0 2 0 4 4
0 0 0 5 5
0 1 0 2 2

3
777777775

SciFi

Romance

M
at

rix
A

va
ta

r
D

un
e

Fa
m

ily
 M

an

5c
m

 p
er

se
co

nd

=

<latexit sha1_base64="g29qaK+3gPkFYfpgRO07FbzR6l8="></latexit>2
666666664

0.13 0.02 �0.01
0.41 0.07 �0.03
0.55 0.09 �0.04
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• U: “user-to-concept” factor matrix

• V : “movie-to-concept” factor matrix

• Σ: its diagonal elements: “strength” of each concept

Example: Users-to-Movies

14/67



• Instead of using two coordinates (x, y) to describe points

• Let’s use only one coordinate

• Point’t position is its location along vector v1

SVD: Dimensionality Reduction
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Variance on the axis

SVD: Dimensionality Reduction
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• Set small singular values to zero

• The above example is rank-2 approximation

• We could also do rank-1 approximation.

• The larger the rank, the more accurate the approximation

SVD: Another Interpretation
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• Reconstruction error is quantified by the Frobenius norm:

||M||F =

√∑

ij

M2
ij

||A − B||F =

√∑

ij

(Aij − Bij)2

Theorem:
The best rank-1 approximation to A is σ1u1v⊤

1 , where σ1 is the largest sngular value, u1 is
the first left singular vector, and v1 is the first right singular vector of A.

SVD Reconstruction Error
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• Let the energy of a set of singular values be the sum of their squares.

• Pick r so the retained singular values have at least 90% of the total energy

Example:

• With singular values 12.4, 9.5, and 1.3, total energy = 245.7

• If we drop 1.3, whose square is only 1.7

• We are left with energy 244, or over 99% of the total

What’s a good value for r?

20/67
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Please prove: AA⊤ and A⊤A are with the same eigenvalues.

Proof:
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1 Re-visit DNN Pruning

2 Singular Value Decomposition (SVD)

3 How to Compute SVD?

4 Applications to DNN Decomposition

5 Tensor Decomposition

6 Matrix Regression Approach

Overview

22/67



How to Compute SVD?



• First we need finding the principal eigenvalue (the largest one)

• and the corresponding eigenvector of a symmetric matrix

• Note: M is symmetric if Mij = Mji for all i and j

Method1:

1 Start with any “guess eigenvecor” x0

2 Construct xk+1 =
Mxk

||Mxk||
, for k = 0, 1, . . . 2

3 Stop when consecutive xi show little change

1Power iteration: https://en.wikipedia.org/wiki/Power_iteration
2||..|| denotes the Frobenius norm

Finding Eigenpairs

23/67
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M =

[
1 2
2 3

]
, x0 =

[
1
1

]

Mx0

∥Mx0∥
=

[
3
5

]
/
√

34 =

[
0.51
0.86

]
= x1

Mx1

∥Mx1∥
=

[
2.23
3.60

]
/
√

17.93 =

[
0.53
0.85

]
= x2

Finding Eigenpairs: Example
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With principal eigenvector x, we can find eigenvalue λ by

λ = x⊤Mx

Prove:

1 We know x · λ = Mx if λ is the eigenvalue

2 Multiply both sides by x⊤ on the left

3 Since x⊤x = 1, we have λ = x⊤Mx

Example: if we take x⊤ = [0.53, 0.85], then

λ = [0, 530.85]
[

1 2
2 3

] [
0.53
0.85

]
= 4.25

Finding the Principal Eigenvalue

25/67
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1 Eliminate the portion of the matrix M that can be generated by the first eigenpair, λ
and x:

M∗ = M − λxx⊤

2 Recursively find the principal eigenpair for M∗
3 Eliminate the effect of that pair, and so on

Example:

M∗ =

[
1 2
2 3

]
− 4.25

[
0.53
0.85

]
[0.530.85] =

[
−0.19 0.09
0.09 0.07

]

Finding More Eigenpairs
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1 Start by supposing A = UΣV⊤

2 A⊤ = (UΣV⊤)⊤ = (V⊤)⊤Σ⊤U⊤ = VΣU⊤

3 A⊤A = VΣU⊤UΣV⊤ = VΣ2V⊤

• Note: U is orthonormal, so U⊤U is an identity matrix
• Note: Σ2 is a diagonal matrix whose i-th element is the square of the i-th

element of Σ

4 A⊤AV = VΣ2V⊤V = VΣ2

• Note: V is also orthonormal

5 We can find V&Σ by finding the eigenpairs for A⊤A

6 Symmetric argument: AA⊤ gives us U

How to Compute the SVD
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Example:

Calculate SVD of matrix A =




1 1
2 2
0 0


.

Solution:

A⊤A =

[
5 5
5 5

]

v1 =

[
1/

√
2

1/
√

2

]
, v2 =

[
1/
√

2
−1/

√
2

]

→ λ1 = v⊤
1 A⊤Av1 = 10; therefore σ1 =

√
λ1 =

√
10

→ λ2 = v⊤
2 A⊤Av2 = 0; therefore σ2 =

√
λ2 = 0

...

A = UΣV⊤ =




1/
√

5 −2/
√

5 0
2/

√
5 1/

√
5 0

0 0 1





√

10 0
0 0
0 0



[

1/
√

2 1/
√

2
1/
√

2 −1/
√

2

]
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1 A⊤Av1 = 10; therefore σ1 =

√
λ1 =

√
10

→ λ2 = v⊤
2 A⊤Av2 = 0; therefore σ2 =

√
λ2 = 0

...

A = UΣV⊤ =




1/
√

5 −2/
√

5 0
2/

√
5 1/

√
5 0

0 0 1





√

10 0
0 0
0 0



[

1/
√

2 1/
√

2
1/
√

2 −1/
√

2

]
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To compute the full SVD using specialized methods:
• O(nm2) or O(n2m) (whichever is less)

But:
• Less work, if we just want singular values

• Or if we want the first k singular vectors

• Or if the matrix is sparse

Implemented in linear algebra packages link
• LINPACK, Matlab, SPlus, Mathematica, ...

SVD: Complexity
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Applications to DNN
Decomposition



3Xiangyu Zhang et al. (2015). “Efficient and accurate approximations of nonlinear convolutional
networks”. In: Proc. CVPR, pp. 1984–1992.

Low Rank Approximation for Conv3
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Low Rank Approximation for Conv
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Zhang et al Efficient and Accurate Approximations of Nonlinear Convolutional Networks CVPR’15

Low Rank Approximation for Conv
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• A new algorithm for computing the low-rank tensor decomposition

• A new method for training low-rank constrained CNNs from scratch

4Cheng Tai et al. (2016). “Convolutional neural networks with low-rank regularization”. In:
Proc. ICLR.

Singular Value Decomposition4
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Pretrained CNN Approximation

• Convolution Calculation

Fn(x, y) =
∑C

c=1
∑X

x′=1
∑Y

y′=1 Zc (x′, y′)Wc
n (x − x′, y − y′)

• Wn ∈ Rd×d×C to represent the n -th filter.Z ∈ RX×Y×U be the input feature map.

• An approximation of W

W̃c
n =

K∑

k=1

Hk
n (Vc

k)
T

where K is a hyper-parameter controlling the rank, H ∈ RN×1×d×R is the horizontal
filter, V ∈ RK×d×1×C is the vertical filter (Notes: Hc

k and Vc
k are both vectors in Rd ).

Both H and V are learnable parameters.

• Then the convolution becomes

W̃n ∗ Z =
∑C

c=1
∑K

k=1 Hk
n
(
Vc

k

)T ∗ Zc =
∑K

k=1 Hk
n ∗
(∑C

c=1 Vc
k ∗ Zc

)

Singular Value Decomposition

34/67



Complexity Analysis

• Standard Convolution Complexity: O(d2NCXY) operations

• Approximation Scheme Complexity
The computational cost associated with the vertical filters is O(dKCXY) and with
horizational fileters is O(dNKXY), a total computational cost is O(dK(N + C)XY)

• If K < dNC
N+C , acceleration can be achieved

Singular Value Decomposition
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Approximate Parameters H and V

• Minimizing the objective function

E1(H,V) :=∑n,c

∥∥∥Wc
n −

∑K
k=1 Hk

n
(
Vc

k

)T
∥∥∥

2

F

• Theorem: Define the following bijection that maps a tensor to a matrix
T : RC×d×d×N 7→ RCd×dN, tensor element (i1, i2, i3, i4) maps to (j1, j2) , where

j1 = (i1 − 1) d + i2, j2 = (i4 − 1) d + i3

Define W := T [W]. Let W = UDQT be the singular Value Decomposition (SVD) of
W. Let

V̂c
k(j) = U(c−1)d+j,k

√
Dk,k

Ĥk
n(j) = Q(n−1)d+j,k

√
Dk,k

then (Ĥ, V̂) is a solution to minimizing the object function

Singular Value Decomposition
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• The proposed parametrization for low-rank regularization.

Left: The original convolutional layer. Right: low-rank constraint convolutional layer with rank-K.

Singular Value Decomposition

37/67



Training Low-rank Constrained CNN From Scratch

• The effect of SVD Decomposition
Each convolutional layer is parameterized as the composition of two convolutional
layers,

• Exploding and vanishing gradients expecially for large networks

• Batch Normalition can handle this problem
(Recall the theory of Batch Normalization)

Singular Value Decomposition
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Tensor Decomposition



(a) Tucker-decomposition (b) CP-decomposition

Introduction to Tensor Decomposition
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• Propose a one-shot whole network compression scheme which consists of simple
three steps: (1) rank selection, (2) low-rank tensor decomposition, and (3) fine-tuning.

• Tucker decomposition (Tucker, 1966) with the rank determined by a global analytic
solution of variational Bayesian matrix factorization is applied on each kernel tensor.

5Yong-Deok Kim et al. (2016). “Compression of deep convolutional neural networks for fast and
low power mobile applications”. In: Proc. ICLR.

Tucker Decomposition5
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Kernel Tensor Approximation

• Convolution Calculation

Yh′,w′,t =

D∑

i=1

D∑

j=1

S∑

s=1

Ki,j,s,tXhi,wj,s

hi = (h′ − 1)∆ + i − P and wj = (w′ − 1)∆ + j − P

where K is a 4-way kernel tensor of size D × D × S × T, δ is stride, and P is
zero-padding size

• Tucker Decomposition:The rank-(R1;R2;R3;R4) Tucker decomposition of 4-way
kernel tensor K has the form:

Ki,j,s,t =
∑R1

r1=1
∑R2

r2=1
∑R3

r9=1
∑R4

r4=1 C′
r1,r2,r3,r4

U(1)
i,r1

U(2)
j,r2

U(3)
s,r3 U(4)

t,r4

where C′ is a core tensor of size R1 × R2 × R3 × R4 and U(1),U(2),U(3), and U(4) are
factor matrices of sizes D × R1,D × R2,S × R3, and T × R4, respectively.

Tucker Decomposition
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Tucker Decomposition

• Every mode does not have to be decomposed(e.g. For example, we do not
decompose mode-1 and mode-2 which are associated with spatial dimensions
because they are already quite small).

• Under this variant called Tucker-2 decomposition, the kernel tensor is decomposed
to:

Ki,j,s,t =
∑R0

r0=1
∑R4

r4=1 Ci,j,r3,r4 U(3)
s,r0 U(4)

t,r4

where C is a core tensor of size D × D × R3 × R4

• With the approximation of kernel, the convolution is as following:

Zh,w,r3 =

S∑

s=1

U(3)
s,r3Xh,w,s

Z ′
h′,w′,r4

=
D∑

i=1

D∑

j=1

R0∑

r0=1

Ci,j,r3,r4Zht,wj,r9

Yh′,w′,t =

R4∑

r4=1

U(4)
t,r4

Z ′
h′,w′,r4

Tucker Decomposition
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• Tucker-2 decompositions for speeding-up a convolution

• Complexity Analysis

M = D2ST
SR3+D2R3R4+TR4

and E = D2STH′W′

SR3HW+D2R3R4H′W′+TR4H′W′

M represents the compression ratio, E represents the speed-up ratio

Tucker Decomposition
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Rank Selection With Global Analytic VBMF

• Motivation: The rank-(R3;R4) control the trade-off between performance (memory,
speed, energy) improvement and accuracy loss.

• Method: variational Bayesian atrix factorization6

• Advantages: VBMF can automatically find noise variance, rank and even provide
theoretical condition for perfect rank recovery

6Shinichi Nakajima et al. (2013). “Global analytic solution of fully-observed variational Bayesian
matrix factorization”. In: Journal of Machine Learning Research 14.Jan, pp. 1–37.

Tucker Decomposition

45/67



• One-shot whole network compression scheme

Three parts: (1) rank selection with VBMF; (2) Tucker decomposition on kernel tensor; (3)
fine-tuning of entire network.

• Notes:Tucker-2 decomposition is applied from the second convolutional layer to the
first fully connected layers, and Tucker-1 decomposition to the other layers.

Tucker Decomposition
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• Take a convolutional layer and decompose its kernel using CP-decomposition

• Fine-tune the entire network using backpropagation.

7Vadim Lebedev et al. (2015). “Speeding-up convolutional neural networks using fine-tuned
CP-decomposition”. In: Proc. ICLR.

CP-Decomposition7
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Advantages

• Ease of the decomposition implementation

• Ease of the CNN implementation

• Ease of fine-tuning

• Efficiency

CP Decomposition
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Principle

• A low-rank decomposition of a matrix A of size n × m with rank R is given by

A(i, j) =
∑R

r=1 A1(i, r)A2(j, r), i = 1,n, j = 1,m

• For a d-dimensional array A of size n1 × · · · × nd a CP-decomposition has the
following form

A (i1, . . . , id) =
∑R

r=1 A1 (i1, r) . . .Ad (id, r)

where the minimal possible R is called canonical rank.

• Profit we need to store only (n1 + · · ·+ nd)R elements instead of the whole tensor
with n1 . . . nd elements.

Notes:
• There is no finite algorithm for determining canonical rank of a tensor when d > 2
• Non-linear least squares (NLS) method minimizes the L2-norm of the approximation

residual (for a user-defined fixed R) using Gauss-Newton optimization.

CP-Decomposition
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Kernel Tensor Approximation

• Convolution Calculation

V(x, y, t) =
∑x+δ

i=x−δ

∑y+δ
j=y−δ

∑S
s=1 K(i − x + δ, j − y + δ, s, t)U(i, j, s)

• K(·, ·, ·, ·) is a 4D kernel tensor of size d × d × S × T d is the spatial dimensions, S is
input channels, T is output channels, while δ denotes "half-width" (d − 1)/2

• Kernel Approximation

K(i, j, s, t) =
∑R

r=1 Kx(i − x + δ, r)Ky(j − y + δ, r)Ks(s, r)Kt(t, r)

• where Kx(·, ·),Ky(·, ·),Ks(·, ·),Kt(·, ·) are the four components of the composition
representing 2D tensors (matrices) of sizes d × R, d × R,S × R, and T × R respectively.

CP-Decomposition
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Convolution Approximation

• Substitue the Kernel Approx to Conv

V(x, y, t) =
R∑

r=1

Kt(t, r)




x+δ∑

i=x−δ

Kx(i − x + δ, r)




y+δ∑

j=y−δ

Ky(j − y + δ, r)

(
S∑

s=1

Ks(s, r)U(i, j, s)

)




• Step by Step Calculation

Us(i, j, r) =
S∑

s=1

Ks(s, r)U(i, j, s)

Usy(i, y, r) =
y+δ∑

j=y−δ

Ky(j − y + δ, r)Us(i, j, r)

Usyx(x, y, r) =
x+δ∑

i=x−δ

Kx(i − x + δ, r)Usy(i, y, r)

V(x, y, t) =
R∑

r=1

Kt(t, r)Usyx(x, y, r)

CP-Decomposition
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Complexity Comparison:

CP-Decomposition
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Matrix Regression Approach



X 2 Rd⇥(k2c)
<latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit><latexit sha1_base64="hB2qTO+GpLSPUbONHsZTIgQeYWQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokUqDFXSBcZKLIwF0YfUpJXjOK1Vx4lsB6mK8g8s/AoLAwixsrDxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9Lzpde73HoiQNOL3ahYTN0RjTgOKkdLSyLyoOSFSEy9I+5lDOVz8vPQuG6a+o2hIZH06bOLzrDYyq1bDmgOuErsgVVCgPTK/HD/CSUi4wgxJObCtWLkpEopiRrKKk0gSIzxFYzLQlCM9zE3nN2XwTCs+DCKhH1dwrv7uSFEo5Sz0dGW+slz2cvE/b5Co4MpNKY8TRTheDAoSBlUE84CgTwXBis00QVhQvSvEEyQQVjrGig7BXj55lXSbDVvz22a1ZRVxlMEJOAV1YINL0AI3oA06AINH8AxewZvxZLwY78bHorRkFD3H4A+Mzx+sfp3v</latexit>

W 2 R(k2c)⇥n
<latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit><latexit sha1_base64="WzkRjOXOa3lALoCKVkFfCC+0rks=">AAACFHicbVC7TsMwFHXKq5RXgJHFokUqQqqSLDBWYmEsiD6kJq0c12mtOk5kO0hVlI9g4VdYGECIlYGNv8FpM0DLkSwdn3Ov7r3HjxmVyrK+jdLa+sbmVnm7srO7t39gHh51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPr3O/+0CEpBG/V7OYeCEacxpQjJSWhuZFzQ2RmvhB2s1cyuHi56d32SCtTwcOPncVDYmEPKsNzarVsOaAq8QuSBUUaA3NL3cU4SQkXGGGpOzbVqy8FAlFMSNZxU0kiRGeojHpa8qRHuSl86MyeKaVEQwioR9XcK7+7khRKOUs9HVlvrNc9nLxP6+fqODKSymPE0U4XgwKEgZVBPOE4IgKghWbaYKwoHpXiCdIIKx0jhUdgr188irpOA1b81un2nSKOMrgBJyCOrDBJWiCG9ACbYDBI3gGr+DNeDJejHfjY1FaMoqeY/AHxucPGkWeJA==</latexit>

Y 2 Rd⇥n
<latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit><latexit sha1_base64="YmPkeJlIVJEaJpLSd9HqFkIjj5g=">AAACD3icbVC7TsMwFHXKq5RXgZHFogUxVUkXGCuxMBZEH6gJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LYZoOVIlo7PuVf33uPHgmuw7W+rsLK6tr5R3Cxtbe/s7pX3D9o6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/PHl1O88MKV5JG9hEjMvJEPJA04JGKlfPq26IYGRH6R3mcslnv/89Ca7Twcu8JBpLLNqv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJzCAvnd2T4ROjDHAQKfMk4Jn6uyMlodaT0DeV03X1ojcV//N6CQQXXsplnACTdD4oSASGCE/DwQOuGAUxMYRQxc2umI6IIhRMhCUTgrN48jJp12uO4df1SsPO4yiiI3SMzpCDzlEDXaEmaiGKHtEzekVv1pP1Yr1bH/PSgpX3HKI/sD5/ACa1nKc=</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

=<latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit><latexit sha1_base64="kaDWDxarIbt8b7begmsQdMm2hCQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVfvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9Dq40b</latexit>

• Matrix approximation: W ≈ W′

• Matrix regression: Y = W · X ≈ W′ · X

Matrix Approximation or Matrix Regression?
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ReLU

• Activation unit: ReLU

• Error more sensitive to positive response;

• Enlarge the solution space.

min
W

N∑

i=1

∥WXi − Yi∥F → min
W

N∑

i=1

∥r(WXi)− Yi∥F

• X: input feature map

• Y: output feature map

Non-linearity Approximation
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+
<latexit sha1_base64="RgQFrgPP09G9wiNkCBnzA2EsptM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVYQhJL0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XLSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVT236t3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEoUY0J</latexit><latexit sha1_base64="RgQFrgPP09G9wiNkCBnzA2EsptM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVYQhJL0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XLSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVT236t3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEoUY0J</latexit><latexit sha1_base64="RgQFrgPP09G9wiNkCBnzA2EsptM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVYQhJL0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XLSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVT236t3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEoUY0J</latexit><latexit sha1_base64="RgQFrgPP09G9wiNkCBnzA2EsptM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVYQhJL0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XLSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVT236t3XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AEoUY0J</latexit>

⇥
<latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit><latexit sha1_base64="o/TztkgjxWN4eKNCgAhptEPqjkA=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfswYa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSoSCUbRSt9pHEXFTHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGeponaLny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawEDCM7zCm/PovDjvzseyteDkM6fwB87nD3ASj44=</latexit>

⇥
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ReLU

• Simultaneous low-rank approximation and network sparsification;

• Non-linearity is taken into account.

• Acceleration is achieved with structured sparsity.

8Yuzhe Ma et al. (2019). “A Unified Approximation Framework for Non-Linear Deep Neural
Networks”. In: Proc. ICTAI.

Proposed Unified Structure8
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Given a pre-trained network, the goal is to minimize the reconstruction error of
the response in each layer after activation, using sparse component and low-rank
component.

min
A,B

N∑

i=1

∥Yi − r((A + B)Xi)∥F ,

s.t. ∥A∥0 ≤ S,
rank(B) ≤ L.

• X: input feature map

• Y: output feature map

Not easy to solve: l0 minimization and rank minimization are NP-hard.

Formulation
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min
A,B

N∑

i=1

∥Yi − r((A + B)Xi)∥2
F + λ1 ∥A∥2,1 + λ2 ∥B∥∗

• The l0 constraint is relaxed by l2,1 norm such that the zero elements in A appear
column-wise;

• The rank constraint on B is relaxed by nuclear norm of B, which is the sum of the
singular values;

• Apply alternating direction method of multipliers (ADMM) to solve it;

Relaxation
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Reference: https://www.stat.cmu.edu/~ryantibs/convexopt/lectures/admm.pdf

Alternating Direction Method of Multipliers (ADMM)
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Reformulating the problem with an auxiliary variable M,

min
A,B,M

N∑

i=1

∥Yi − r(MXi)∥2
F + λ1 ∥A∥2,1 + λ2 ∥B∥∗ ,

s.t. A + B = M.

Then the augmented Lagrangian function is

Lt(A,B,M,Λ)

=

N∑

i=1

∥Yi − r(MXi)∥2
F + λ1 ∥A∥2,1 + λ2 ∥B∥∗ + ⟨Λ,A + B − M⟩+ t

2
∥A + B − M∥2

F ,

Alternating Direction Method of Multipliers (ADMM)

60/67



Iteratively solve with following rules. All of them can be solved efficiently.




Ak+1 = argmin
A

λ1 ∥A∥2,1 +
t
2

∥∥∥∥A + Bk − Mk +
Λk

t

∥∥∥∥
2

F
,

Bk+1 = argmin
B

λ2 ∥B∥∗ +
t
2

∥∥∥∥B + Ak+1 − Mk +
Λk

t

∥∥∥∥
2

F
,

Mk+1 = argmin
M

N∑

i=1

∥Yi − r(MXi)∥2
F + ⟨Λk,Ak+1 + Bk+1 − M⟩+ t

2
∥Ak+1 + Bk+1 − M∥2

F ,

Λk+1 =Λk + t(Ak+1 + Bk+1 − Mk+1).

Alternating Direction Method of Multipliers (ADMM)
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min
A

λ1 ∥A∥2,1 +
t
2

∥∥∥∥A + Bk − Mk +
Λk

t

∥∥∥∥
2

F

Closed Form Update Rule9

Ak+1 = proxλ1
t ∥·∥2,1

(Mk − Bk −
Λk

t
),

C = Mk − Bk −
Λk

t
,

[Ak+1]:,i =





∥[C]:,i∥2 − λ1
t

∥[C]:,i∥2
[C]:,i, if ∥[C]:,i∥2 >

λ1

t
;

0, otherwise.

9G. Liu et al., “Robust recovery of subspace structures by low-rank representation”, TPAMI, 2013.

Solving l2,1-norm

62/67



min
B

λ2 ∥B∥∗ +
t
2

∥∥∥∥B + Ak+1 − Mk +
Λk

t

∥∥∥∥
2

F

Closed Form Update Rule10

Bk+1 = proxλ2
t ∥·∥∗

(Mk − Ak+1 −
Λk

t
),

D = Mk − Ak+1 −
Λk

t
,

Bk+1 = UDλ2
t
(Σ)V, where Dλ2

t
(Σ) = diag({(σi −

λ2

t
)+}).

10J-F. Cai et al., “A singular value thresholding algorithm for matrix completion”, SIOPT, 2010.

Solving nuclear norm
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Model Method Accuracy ↓ CR Speed-up

VGG-16
Original 0.00% 1.00 1.00

ICLR’1711 0.06% 2.70 1.80
Ours 0.40% 4.44 2.20

NIN
Original 0.00% 1.00 1.00

ICLR’1612 1.43% 1.54 1.50
IJCAI’1813 1.43% 1.45 -

Ours 0.41% 2.77 1.70

11Hao Li et al. (2017). “Pruning filters for efficient convnets”. In: Proc. ICLR.
12Cheng Tai et al. (2016). “Convolutional neural networks with low-rank regularization”. In:

Proc. ICLR.
13Shiva Prasad Kasiviswanathan, Nina Narodytska, and Hongxia Jin (2018). “Network

Approximation using Tensor Sketching”. In: Proc. IJCAI, pp. 2319–2325.

Comparison on CIFAR-10 dataset
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Comparison of reconstructing linear response and non-linear response: (a) layer conv2-1; (b) layer
conv3-1.

Preliminary Results
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Approximated filters of conv3-1. Blue dots have non-zero values. Low-rank filter B with rank 136
is decomposed into UV , both of which have rank 136. (a) Matrix U; (b) Matrix V . (c) Column-wise
sparse filter A.

Approximation Example
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Model Method Top-5 Accu.↓ CR Speed-up

AlexNet

Original 0.00% 1.00 1.00
ICLR’1614 0.37% 5.00 1.82
ICLR’1615 1.70% 5.46 1.81
CVPR’1816 1.43% 1.50 -

Ours 1.27% 5.56 1.10

GoogleNet

Original 0.00% 1.00 1.00
ICLR’1610 0.42% 2.84 1.20
ICLR’1611 0.24% 1.28 1.23
CVPR’1812 0.21% 1.50 -

Ours 0.00% 2.87 1.35

14Cheng Tai et al. (2016). “Convolutional neural networks with low-rank regularization”. In:
Proc. ICLR.

15Yong-Deok Kim et al. (2016). “Compression of deep convolutional neural networks for fast and
low power mobile applications”. In: Proc. ICLR.

16Ruichi Yu et al. (2018). “NISP: Pruning networks using neuron importance score propagation”.
In: Proc. CVPR, pp. 9194–9203.

Comparison on ImageNet dataset
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