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Abstract

This paper studies aggregate search in transaction time databases. Specifically, each object in such a
database can be modeled as a horizontal segment, whose y-projection is its search key, and its x-projection
represents the period when the key was valid in history. Given a query timestampqt and a key range~qk,
a count-query retrieves the number of objects that are aliveat qt, and their keys fall in~qk. We provide a
method that accurately answers such queries, with error less than1

ε
+ ε · Nalive(qt), whereNalive(qt) is

the number of objects alive at timeqt, andε is any constant in(0, 1]. Denoting the disk page size asB,
andn = N/B, our technique requiresO(n) space, processes any query inO(logB n) time, and supports
each update inO(logB n) amortized I/Os. As demonstrated by extensive experiments,the proposed
solutions guarantee query results with extremely high precision (median relative error below 5%), while
consuming only a fraction of the space occupied by the existing approaches that promise precise results.

To appear in VLDB Journal.
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1 Introduction

A traditional database discards the old values of a tuple once it has been updated. Such a “now-only”

approach is not sufficient in many applications where it is necessary to query about the past versions of data.

These applications have triggered a large amount of research ontemporal databases(see [30] for an excellent

survey), which preserve all the historical values of a set of entities. Inaddition to its conventional attributes,

a temporal tuple is also associated with a time interval, indicating the period during which the tuple correctly

describes the underlying entity. To illustrate the idea, let us visit two modern applications where a temporal

database plays an imperative role.

Application 1 (Banking). Maintenance of historical versions is crucial in a bank database that stores account

balances. Figure 1 demonstrates some tuples in such a database, where thecurrent time equals 8. Each tuple

is represented as a horizontal segment, whose projection along the x-dimension indicates its valid duration

(with the time granularity being a day), and its projection on the y-dimension captures the balance of an

account in that duration. For instance, segmento1 corresponds to an account whose balance was 3.5k dollars

in the period of[1, 5). Note that the interval is semi-closed, meaning that the balance ceased to be 3.5k on

Day 5 (in Figure 1, this is reflected by a white dot at the end ofo1). Segmentso4 ando5 do not carry white

dots, because they represent the balances of two accounts that are valid now.

Every account deposit or withdrawal generates a new tuple in the database. For instance, segmentso6 ando5

may describe the balances of the same account in different periods. In particular, this account had a balance

of 1k dollars in[1, 6). Then, on the 6th day, 500 dollars were deposited into the account, whosebalance has

remained 1.5k until the current time.

Although o1, o2, o3, o6, ando7 are “obsolete” (since they capture balances that are no longer valid), they

cannot be expunged, because of the need to support queries that explore a past “snapshot” of the database.

For example, a query may be to “retrieve the accounts whose balances areat most 3.5k dollars on Day 6”.

The result includeso3, o4 ando5 (o6 does not satisfy the predicate because its valid period does not include

time 6). These objects correspond to the segments intersecting the vertical column at time 6.

Application 2 (Sensor Monitoring). Consider a meteorology system that monitors the temperatures at

numerous regions in a state. Each temperature reading is taken by a sensor, and periodically (e.g., every 30

minutes) transmitted to a central server. It is easy to imagine that every tuple in the server’s database can also

be visualized as a horizontal segment, whose y-projection is the measured temperature of a sensor, and its x-

projection denotes the interval between two updates. For instance, several consecutive reports from the same

sensor may be recorded as (89F, [9pm, 9:30am)), (90F, [9:30am, 10am)), and so on (in practice, the readings

of nearby sensors may be averaged into a single value, to indicate the temperature of a large district). All the
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Figure 1: Object representations in a temporal database

historical measurements must be retained, for supporting queries like “findthe districts whose temperatures

are above 95F at 2pm on January 1, 2006”.

Motivation. In many applications, a user is interested in onlystatisticalinformation, rather than the IDs of

the qualifying objects. A typical example is an online analytical processing (OLAP) system, which provides

fast aggregate results about the underlying database, according to theuser-specified query conditions. For

instance, in Application 1, an OLAP query may be to “find thenumberof accounts whose balances are

at most 3.5k dollars on Day 6”. The system returns a single answer 3, as opposed to the concrete IDs as

explained earlier. A similar query in Application 2 may demand the number of districts whose temperatures

fall in a certain range on a given day. As reviewed in Section 2, thesecountingqueries have been widely

studied in temporal and non-temporal domains, due to their importance both as astand-alone operator, and

as the building-brick of many other data mining methods, such as association rule mining [1], decision tree

construction [2], etc.

Evidently, a count query can be trivially supported by first enumerating all the objects that satisfy the query

predicate, and then counting the number of retrieved objects. However, since our objective is to return merely

a single integer, we should expect a solution that significantly outperforms that trivial approach (observe that

the trivial approach finds considerable redundant information). Motivated by this, in this paper we explore

methods that are specialized for extracting statistical data.

1.1 Problem Definition

Let DB be a temporal dataset with cardinalityN where each object is defined as follows:

Definition 1. A temporal object o is represented by a constantsearch key, denoted aso.key, and a semi-

closed interval[o.t`, o.ta) called thelifespanof o.

For simplicity, we abbreviate “search key” simply as “key”, which, obviously, should be distinguished with

the “primary key” of a relation. Furthermore, without loss of generality, alltimestamps are assumed to be
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positive. We consider thetransaction time model[30], where every change to the database is stamped with

thecurrent timeCT , which is a monotonically increasing value. The model permits two types of updates:

“insertion” and “logical deletion”. Specifically, aninsertionadds a new objecto to DB with a lifespan

[o.t`, ∗), whereo.t` equalsCT , and the asterisk indicates that the lifespan ofo will continuously evolve

asCT increases. Alogical deletion, on the other hand, terminates the lifespan of an existing objecto, by

replacing its ‘*’ with the currentCT , which becomes the finalo.ta. We say thato is born at timeo.t`, and

diesat timeo.ta, i.e., it isaliveduring its lifespan. Logical deletions are applied only to live objects.

Therefore, a temporal dataset is uniquely decided by a sequence of updates, which we call atemporal

stream. For example, the data in Figure 1 is determined by the following stream:〈INS, 3.5, 1〉, 〈INS, 3, 1〉,

〈INS, 1, 1〉, 〈INS, 0.5, 1〉, 〈INS, 2.5, 2〉, 〈LD, 3, 3〉, 〈LD, 0.5, 3〉, 〈INS, 2, 4〉, ... Each update has the form

〈type, key, time〉, where “type” is INS (insertion) or LD (logical deletion), “key” is the keyof the object

being inserted/logically deleted, and “time” always equals the currentCT . The first 4 updates of the stream

addo1, o2, o6, o7 into DB, all of which have lifespans[1, ∗) at the end of time 1. The 5th update insertso3

with lifespan[2, ∗), whereas the 6th ends the lifespan ofo2 at time 3. The effect of the next two updates can

be understood in the same manner. As a result, at the end of time 4, there are four live objects:o1, o3, o4 and

o6, which have lifespans[1, ∗), [2, ∗), [4, ∗), and[1, ∗), respectively.

We are interested in timestamp range counting formulated as follows:

Definition 2. Given a timestampqt and a range~qk = [qk`, qka], a timestamp range count queryq returns

|QS(qt, ~qk)| (1)

whereQS(qt, ~qk) is the set of objectso ∈ DB alive at timeqt, whoseo.key(qt) at timeqt falls in ~qk.

As reviewed in Section 2, the above query type has been studied previously. The fastest solution [38],

which settles a query inO(logB n) I/Os, requiresO(n logB n) space1. Here,B denotes the disk page size,

andn equalsN/B. TheO(n logB n) space requirement limits the applicability of the solution in practice,

because a temporal database is typically extremely large, and its size continuously grows with time due to

its appending nature (imagine a database which manages bank accounts for10 years).

In practice, a user can often tolerate smallboundederror, provided that finding the approximate answer

requires less storage and computation resources. Motivated by this, we define an approximate version of the

queries in Definition 2:

1If no insertion and deletion are allowed onDB, these exists a solution, based on the CRB-tree [15], which can bring the space

consumption down toO(n), without increasing the query time complexity. Nevertheless, if updates must be supported, as is the

goal of this paper, the query cost of that solution becomesO(log2

B
n). Furthermore, CRB-trees work only on a machine that permits

“bit compression”, a complex process that would be hard to implement inpractice. We discuss the details in Section 2.1.
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Definition 3. Given a timestampqt and a range~qk = [qk`, qka], anapproximate timestamp range count

query q returns a value that deviates from Formula 1 by less than

1

ε
+ ε · Nalive(qt) (2)

whereNalive(qt) is the number of objectso ∈ DB alive at qt, andε is a system constant in the range of

(0, 1] termed theapproximation ratio .

Note that the error bound1
ε
+ε ·Nalive(qt) depends on the “snapshot” ofDB at the query timeqt (analogous

definitions in the form of “approximate quantile” are popular in non-temporal environments [3, 16, 25]).

This is a significant improvement over the work of [32], where the authorsdeal with a similar problem, but

formulate the error bound asε · N . This bound can be extremely loose, since it is proportional to the total

number of objects in history (i.e., including those not alive inqt).

This paper aims at solving the following problem:

Problem 1. PreprocessDB into a space-economical structure such that any query of Definition 3 can be

answered in a small number of I/Os.

1.2 Contributions and Paper Organization

We settle Problem 1 by building a data structure onDB that consumes linear spaceO(n), answers any query

in O(logB n) I/Os, and can be maintained in amortizedO(logB n) I/Os per update2. As a side product, our

solution achieves the same performance, even if the maximum error of a timestamprange count query must

be controlled underε · Nalive(qt), as long as the dataset satisfies a weak condition (see Section 6). Note that

all the complexities are independent ofε.

The above theoretical results are made possible with a novel methodology for tackling temporal aggrega-

tion. Specifically, we aim at replacingDB with a set of “anchor segments”, which can be used to provide

satisfactory answers for queries onDB (as a result,DB does not need to be materialized at all). This set

hasO(N) size in theory, but in practice, issignificantly smallerthanDB. We prove experimentally that our

technique provides extremely accurate results of timestamp range counting (with median relative error below

5%), while consuming only a fraction of the space required by the previousmethods that promise precise

answers.

Our findings directly lead to an approach for approximately processing the“sum” counterpart of the queries

in Definition 3. In that case, each object is associated with an integer weight,and a queryq returns the sum

2If DB does not need to be updated, our technique has better complexities:O(min{n, n · ( 1

ε
)2/Nalive}) space, and

O(min{log
B

n, log
B

n

ε
− log

B
Nalive}) query time, whereNalive is around the average number of objects alive at a timestamp.
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of the weights of all objects inQS(qt, ~qk), where functionQS(.) is explained in Definition 2. Specifically,

we only need to duplicate an object as many times as its weight, and then apply the proposed count-solutions

on the resulting dataset. To guarantee maximum error less than1

ε
+ ε · Walive(qt), whereWalive(qt) is the

sum of the weights of all objects alive atqt, any timestamp range sum query can be answered inO(logB W )

I/Os, using a structure that occupiesO(W/B) space, and incurs amortizedO(logB n) I/Os per update. Here,

W is the sum of the weights of all the original objects inDB. If each object’s weight is confined to no more

than a constant (i.e.,W = O(N)), both the space and query complexities are identical to those for count

retrieval.

The rest of the paper is organized as follows. Section 2 surveys the previous approaches related to temporal

aggregation. Section 3 simplifies timestamp range counting by reducing it to “half-ranged” retrieval. Sec-

tion 4 illustrates the rationale of anchor segments with a relatively simple method forsettling Problem 1.

Then, Section 5 improves the method by reducing its space consumption significantly. Section 6 further

enhances the performance of our solution with a “zoning transformation”,and Section 7 clarifies how to

support data updates. Section 8 contains an extensive experimental evaluation that demonstrates the supe-

riority of the proposed technique over alternative approaches. Finally,Section 9 concludes the paper with

directions for future work.

2 Related Work

In Section 2.1, we summarize the existing approaches that tackle various forms of temporal aggregate search.

Then, Section 2.2 reviews the methods of spatial aggregation, clarifies theirrelevance to our problem, and

discusses other aggregation techniques in non-temporal scenarios. Finally, Section 2.3 provides an introduc-

tion to the multi-version B-tree, which is an important temporal access method, andthe foundation of our

solutions.

2.1 Temporal Aggregation

Based on an interesting taxonomy in [26], the previous research in this area can be classified into two

categories:sequencedandnon-sequenced. Specifically, the former aims at producing the aggregate results at

all timestamps in history, whereas the objective of the latter is to perform aggregation during only a specific

period. In the sequel, we will discuss the two categories in turn (see [9] for richer semantics of “sequenced”

and “non-sequenced”).

Sequenced Retrieval.Conceptually, a sequenced query first divides a dataset into as many partitions as

the number of timestamps in history, such that each partition consists of all the objects alive at the same

timestamp. The partitioning is analogous to the conventional “group-by” operation, except that an object,

depending on the length of its lifespan, may appear in multiple partitions (as opposed to only one group
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in a group-by). Then, the query returns an aggregate value for the objects in each partition, according to

an aggregate function, e.g., COUNT, SUM, AVERAGE, etc. Optionally, a user may also specify a filtering

condition to eliminate the non-qualifying objects before the partitioning. For example, a sequenced request

may be to “return the number of accounts whose balances are larger than 100k dollars on every single day in

the past”, where “larger than 100k dollars” is a condition, and a partition contains all the accounts alive on a

specific day.

All the existing algorithms for sequenced computation are based on a two-stepframework. The first phase

scans the entire database to construct an index structure, which encodes useful information about all the

partitions, and is traversed in the second step to report the aggregate results. Assuming the whole dataset to

fit in memory, Kline and Snodgrass [22] propose ak-ordered aggregate treeas the intermediate index, which

guarantees the overall computation cost ofO(N2), whereN is the cardinality of the dataset. Also focusing

on memory-resident datasets, Kim et al. [21] present a faster method thatreplaces thek-order aggregate tree

with apoint-based aggregation tree, and reduces the query cost toO(N log2 N). Leveraging a new structure

calledthe balanced tree, Moon et al. [27] provide another solution that achieves the same complexity, and

develop several I/O efficient algorithms by combining the solution with ameta-arrayapproach [27].

The aforementioned methods target a machine with only one CPU and disk, whereas accelerating sequenced

queries with parallel computing has been explored in [14, 27, 36]. Recently, Bohlen et al. [8] define new

semantics of sequenced queries by extending the multidimensional join operator in [10].

Non-Sequenced Retrieval.A query of this type returns the aggregate result about the objects alive at a

particular timestamp (c.f., Definitions 2 and 3), or during a continuous time interval (e.g., from January 1

to February 1, 2006). Although an algorithm in the sequenced category can obviously be applied to solve a

non-sequenced query, the application is costly, because it also fetchesa large amount of useless information.

A (much) more efficient approach is to pre-compute an index on the given dataset, which, given a query, can

guide the processing directly to the time period of interest, thus avoiding accessing the irrelevant data.

Yang and Widom [35] propose thesegment B-tree(SB-tree), which is the external-memory counterpart of an

adapted interval tree [7]. Specifically, an SB-tree manages a set ofN one-dimensional intervals usingO(n)

space, and allows finding the number of intervals containing any query value (in the same one-dimensional

domain) inO(logB n) I/Os. For example, we can create an SB-tree on the lifespans of the objectsin Figure 1,

and use it to efficiently “find how many accounts were active on January 1, 2006”. Note that the query is a

special instance of Problem 1 whereqt = 01/01/2006, and~qk covers the entire key (i.e., attribute “balance”)

domain, namely,~qk = (−∞,∞).

Since an SB-tree does not incorporate any information about the key dimension, it entails expensive cost in

processing a general queryq of Definition 2 whose~qk is a subrange of(−∞,∞). In this case, we must first
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retrieve all the objects alive at timeqt, and then filter them according to~qk. To remedy the drawback, Zhang

et al. [38] propose the MVSB-tree (later adapted in [37] to data streams),which extends the SB-tree using

a “multi-version” technique discussed in Section 2.3. An MVSB-tree onN objects consumesO(n logB n)

space, can be updated inO(logB n) I/Os, and permits any query of Definition 2 to be processed inO(logB n)

I/Os. It is the state-of-the-art solution forprecisetemporal aggregation.

As mentioned in Section 1.1, for very large databases, spendingO(n logB n) space cost on indexing may not

be realistic. Thus, it is natural to explore approaches that return approximate answers (with bounded error),

but require space linear ton. Some efforts towards this goal have been made in [32], where the authors show

how to provide an answer to any timestamp range count query with error lessthanε·N , andε is a pre-defined

constant in the range of(0, 1]. Their method takes upO(n
ε
) space, and handles any query inO(logB

n
ε
) I/Os.

Since the error boundε · N is proportional to the total number of objects in the dataset (rather than those

alive at the query timestamp), an approximate result may deviate too much from the real answer, and is thus

of limited use in practice.

Finally, it is worth mentioning that, although the above analysis concentrates oncounting, the non-sequenced

methods mentioned earlier can also tackle other aggregation functions (e.g., SUM and AVERAGE), with

some straightforward modifications.

2.2 Non-Temporal Aggregation

Also closely related to the topic of this paper is aggregate retrieval on rectangles (including points). In

the sequel, we will explain why, and present the relevant previous results. Then, we will discuss other

approximate query processing techniques.

Spatial Aggregation. As demonstrated in Figure 1, each temporal object can be modeled as a horizontal

segment in the key-time space, and similarly, a timestamp range count query as avertical segment. Since

axis-parallel segments are merely degenerated rectangles, timestamp rangecount search is a special instance

of the following “rectangle intersection counting” problem: Given a setS of N data rectangles and a query

rectangleq, find the number of rectangles inS that intersectq. Zhang et al. [40] propose two versions

of the ECDF-B-tree that solve this problem with different tradeoffs between space consumption and query

cost (actually, ECDF-B-trees settle a more general problem termed “dominance-sum”; see [40] for details).

Specifically, the first version requiresO(n logB n) space andO(B log2

B n) query time, while the second one

demandsO(N logB n) space but reduces the query overhead toO(log2

B n) I/Os. All complexities also apply

to queries of Definition 2.

The rectangle intersection counting problem becomes “point enclosure counting” when all the data rectan-

gles degenerate into points. Interestingly, as mentioned in [15], there is a subtle reduction from temporal
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aggregation (Definition 2) to point enclosure counting. In particular, as long as the latter problem can be

settled, the former can also be solved with thesamespace and query asymptotical performance (the reverse

is true, too: point enclosure counting can also be reduced to temporal aggregation [33]). In [33], a structure

called theaggregation point tree(aP-tree) is developed to support point enclosure counting. Specifically,

givenN data points, we can create an aP-tree that occupiesO(n log n) space, and answers any point enclo-

sure count query inO(logB n) I/Os. In other words, the aP-tree has the same performance as the MVSB-tree

(reviewed in Section 2.1) in timestamp range aggregation.

Govindarajan et al. [15] show that, on a machine that permits “bit compression”, point enclosure counting

can be optimally solved inO(logB n) I/Os by acompressed range B-tree(CRB-tree) that consumesO(n)

space. Bit compression [11] requires that every integerx should be stored in exactlydlog2 xe bits; as a

result, multiple integers can be packed into a single machine word to save space. For example,x = 10 must

occupy only 4 bits, so that four integers ‘10’ can be stored using a singleword with 16 bits, as opposed to

using 8 words in a practical machine (32 bits per integer). Although bit compression is technically possible,

it complicates implementation considerably, and, to our knowledge, is not supported by any commercial

database product. Furthermore, the excellent efficiency of the CRB-tree is possible only if the structure

can be preserved in a large number of sequential pages. This is necessary because the CRB-tree contains

numerous secondary structures implemented as arrays, which is essentialto ensure theO(logB n) query time

(benefiting from the fact that accessing any element in an array needsO(1) I/Os). When the vacant pages are

fragmented (as is true, if updates are frequent), an array must be replaced with a linked list, in which case the

query performance can become significantly worse. Finally, the CRB-treeis by default static, that is, it does

not support insertions and deletions. To remedy this defect, Govindarajan et al. [15] apply the “logarithmic

method” [4] to “dynamize” the CRB-tree, which, however, compromises the query efficiency. In particular,

the resulting structure incursO(log2

B n) I/Os per query and update, namely, slower than the MVSB-tree.

Besides the above methods that have low worst-case space and query overhead, there also exist several

“engineering approaches” [23, 28, 39], which deploy heuristics to accelerate aggregate retrieval on spatial

data. Specifically, these heuristics augment an R-tree [6, 17] with variousstatistics in the intermediate

entries, and lead to an alternative structure called theaggregate R-tree(aR-tree). Such a structure consumes

O(n) space, and has reasonably good query performance on “practical” data distributions, although, for an

adversely designed dataset, the query cost can beO(n).

Other Aggregation Techniques.The error bound of Formula 2 is reminiscent of the precision guarantee

of an ε-approximate quantile summary. GivenN one-dimensional values, we can build such a summary

(whose size is by far smaller thanO(N)), which enables reporting the number of data values smaller than

or equal to any query value accurately, with error at mostε · N . Several algorithms [3, 16, 25] have been

proposed to maintain the summary, when the underlying values are updated according to different models
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(e.g., insertion only [16] or “sliding window” [3, 24, 25]). In our context, these algorithms may be applied to

support queries of Definition 3 whose query timeqt equals now (i.e., aggregating the currently alive objects).

In this paper, however, we aim at answering queries concerning any timestamp in the past.

The point enclosure counting problem mentioned earlier also exists in data warehouses, where all the at-

tributes of the workspace have discrete domains. In this scenario, everydata point can be thought of as a

cell in a multidimensional array. In preprocessing [12, 13, 18, 29], a value is computed and materialized for

every cell in the array, regardless of whether it contains a data point; then, every query can be answered in

a small number of lookups on the materialized information. This technique is not applicable to our problem

(even with the reduction from temporal aggregation to point enclosure counting) because objects’ keys are

distributed in a continuous domain. Furthermore, the multidimensional materializationrequires prohibitive

space consumption, i.e., proportional to the size of the array, rather than tothe dataset cardinality.

Finally, approximate aggregate retrieval is also related to selectivity estimation,which has been tackled

using numerous methodologies (typically, histograms [31] and sampling [19]). These approaches can obtain

accurate estimates for most queries, but may suffer from considerable error in the worst case.

2.3 The Multi-Version B-Tree

The multi-version B-tree(MVB-tree) [5, 34] is an access method for transaction time databases thatcan

processtimestamp range queriesoptimally. Given a timestampqt and a key range~qk, such a query returns

the setQS(qt, ~qk) in Definition 2 (i.e., all the objects alive at timeqt whose keys are contained in~qk). An

MVB-tree manages a temporal dataset ofN objects usingO(n) space, and solves any timestamp range query

in O(logB n + m/B) I/Os, wherem is the number of retrieved objects. For a temporal stream explained in

Section 1.1, an MVB-tree can be incrementally maintained inO(logB n) I/Os per update.

Conceptually, for every historical timestampt, an MVB-tree keeps a conventional B-tree, which indexes the

keys of all the objects alive att, and has a node fanoutO(B). Given a timestamp range query, the algorithm

first identifies the B-tree responsible for the query timeqt, and then, retrieves the qualifying objects from this

tree in the same way as executing a one-dimensional range query in a normalB-tree. The identification (of

the responsible B-tree) takesO(logB n) time, and the subsequent processing (in the identified tree) requires

O((logB Nalive(qt)/B) + m/B) I/Os, whereNalive(qt) is the number of objects alive at timeqt.

Evidently, it is intractable to physically retain the B-trees at all timestamps (in particular, this is simply

impossible, if the time dimension has a real domain). However, the B-trees at twoconsecutive timestamps

usually share a large common portion (corresponding to the objects alive atboth timestamps), which only

needs to be stored once. This is the rationale behind a sophisticated “multi-version technique” that embeds a

perhaps infinite number of B-trees inO(n) space (see [5, 34] for the details). In fact, the technique is general,
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since it can be applied to embed a large number (one per timestamp) of other structures (e.g., SB-trees [35],

R-trees [17]) in a space economical fashion. The embedding, however, is not always “linear”; for example,

as mentioned in Section 2.1, although the SB-tree [35] has a linear space complexity, the MVSB-tree [38]

requiresO(n logB n) space.

The solutions developed in this paper will utilize an MVB-tree to perform “timestamp floor search”. For-

mally, letDB be a set ofN temporal objects. Given a timestampqt and a valueqv, a timestamp floor query,

denoted asTF (qt, qv), retrieves the object whose key is the largest, among all the objects inDB that (i) are

alive at timeqt, and (ii) their keys are at mostqv. For example, ifDB consists of the 7 objects in Figure 1,

thenTF (6, 2.3) findso4. To understand why, notice that only objectso4, o5 satisfy conditions (i) and (ii);

between them,o4 has a larger key. IndexingDB with an MVB-tree (occupyingO(n) space), we can process

any timestamp floor query inO(logB n) I/Os [5, 34].

3 Reduction to Half-Ranged Search

We first introduce a special version of approximate timestamp range count search:

Definition 4. Let q be an approximate timestamp range count query formulated in Definition 3. We say that

q is half-ranged if qk` equals−∞, that is, ~qk = (−∞, qka].

The next theorem shows that a normal query with approximation ratioε can be converted to two half-ranged

queriesq whose error is less than1
2ε

+ ε
2
· Nalive(qt).

Theorem 1. Denoteδ as an infinitely small positive value. Given any queryq of Definition 3 with ap-

proximation ratioε, we construct two half-ranged queriesq1 and q2, by setting ~q1k = (−∞, qk` − δ],

~q2k = (−∞, qka], andq1t = q2t = qt. Let v1 andv2 be the approximate results ofq1 andq2 respectively,

with error less than1

2ε
+ ε

2
· Nalive(qt). Then,v2 − v1 is a correct answer for the original queryq.

Proof. The construction ofq1 and q2 ensuresQS(qt, ~qk) = QS(q2t, ~q2k) − QS(q1t, ~q1k). To prove the

lemma, we aim at establishing
∣

∣

∣
v2 − v1 − |QS(qt, ~qk)|

∣

∣

∣
≤ ε +

1

ε
· Nalive(qt) (3)

By the definition ofv1:
∣

∣

∣
v1 − |QS(q1t, ~q1k)|

∣

∣

∣
<

1

2ε
+

ε

2
· Nalive(q1t)

whereQS(q1t, ~q1k) is the set of objectso alive atq1t whoseo.key falls in ~q1k, andNalive(q1t) is the number

of objects alive atq1t. The equation leads to

v1 > |QS(q1t, ~q1k)| −
1

2ε
−

ε

2
· Nalive(qt). (4)
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Symbol Meaning Defined in
(Section)

DB The original temporal database 1.1
B The disk page size 1.1

N andn The cardinality ofDB, andN/B, respectively 1.1
o.key and[o.t`, o.ta) The key and lifespan of an objecto, respectively 1.1

o.rank(t) The rank of an objecto at timet 4
qt The query timestamp 1.1

~qk = [qk`, qka] The key range of a query (qk` = ∞ if q is half-ranged) 1.1
QS(qt, ~qk) The set of objectso ∈ DB alive atqt satisfyingo.key ∈ ~qk 1.1
TF (t, k) A timestamp floor query at timet with query keyk 2.3
Nalive(t) The number of objects inDB alive at timet 1.1
Nalive The average number of objects alive at an anchor timestamp 5.4

ε andεhr The approximation ratio, and its half, respectively 1.1 and 3
Sanchor The set of anchor segments alive at the sweeping line 5.1

seg.key and[seg.t`, seg.ta) The key and lifespan of an anchor segmentseg, respectively 5.2
seg.rank The (constant) associated rank of an anchor segmentseg 5.2

Table 1: Frequently used symbols

Similarly, for v2, it holds that

∣

∣

∣
v2 − |QS(q2t, ~q2k)|

∣

∣

∣
<

1

2ε
+

ε

2
· Nalive(q2t)

which results in

v2 < |QS(q2t, ~q2k)| +
1

2ε
+

ε

2
· Nalive(qt). (5)

From Inequalities 4 and 5, we know

v2 − v1 < |QS(qt, ~q2k)| − |QS(qt, ~q1k)| +
1

ε
+ ε · Nalive(qt)

= |QS(qt, ~qk)| +
1

ε
+ ε · Nalive(qt)

Hence, we knowv2 − v1 − |QS(qt, ~qk)| ≤
1

ε
+ ε · Nalive(qt). By similar reasoning, we can also obtain

v2 − v1 − |QS(qt, ~qk)| ≥ −1

ε
− ε · Nalive(qt). Therefore,v2 − v1 is a correct result ofq.

As an example, consider an approximate timestamp range count queryq with approximation ratio 0.2,qt =

December 31, 2005, and~qk = [$100k, $500k]. We can correctly solveq, as long as there exists a way to

answer half-ranged queries at timeqt with maximum error less than1
0.4

+ 0.1 · Nalive(qt). Specifically, we

can construct two such queriesq1 andq2 with ~q1k = (−∞, $100k−δ], ~q2k = (−∞, $500k], andq1t = q2t

= December 31, 2005, whereδ is as defined in Theorem 1. Ifv1 andv2 are respectively the approximate

answers forq1 andq2 satisfying the precision requirement mentioned earlier, thenv2 − v1 is a correct result

for q.

11



Clearly, the reduction in Theorem 1 requiresO(1) time to construct the result ofq from those ofq1 andq2.

Therefore, towards settling Problem 1, it suffices to solve only:

Problem 2. PreprocessDB into a space-economical structure such that any half-ranged queryq can be

answered in a small number of I/Os, with maximum error lower than1

4εhr
+εhr ·Nalive(qt), whereεhr = ε/2,

andε is the approximation ratio in Definition 3.

We will tackle the above problem in three steps. First, assuming thatDB is static, Sections 4 and 5 propose

several methods that settle:

Problem 3. Same as Problem 2, except that the maximum error ofq must be lower thanεhr · Nalive(qt).

These methods, in the worst case, may take up more space than the dataset itself. Hence, in Section 6 which

also focuses on a staticDB, we extend those solutions with a “zoning technique” to solve Problem 2, while

limiting the space strictly toO(n), and the query cost toO(logB n) I/Os. Finally, Section 7 extends our

solutions to support data updates. Table 1 lists the symbols to be used frequently (some of them have not

appeared so far, but will be introduced later).

4 The First Method

Our methodology converts timestamp range counting to timestamp floor search (explained in Section 2.3)

on a set of selected “anchor segments”. In the sequel, we will illustrate the idea by presenting a method

that solves Problem 3 usingO( n
εhr

) space. For simplicity, the discussion in this section assumes that, if two

objects are alive at the same timestamp, they must have different keys. This assumption will be removed

later in Section 5.

Definition 5. Therank of an objecto at a timestampt equals one more than the number of objects that are

alive at timet, and their keys are smaller thano.key.

We denote the rank ofo at timet aso.rank(t). To explain this concept, let us inspect the dataset in Figure 1.

At timestamp 1, objecto1 has rank 4, since 3 objects are alive at time 1, and possess keys lower than

o1.key = 3.5. At time 2, the rank ofo1 becomes 5, due to the appearance ofo3, whose key is smaller

thano1.key. Similarly, o1.rank(t) equals 3 and 4 whent distributes in[3, 4) and[4, 5), respectively, while

o1.rank(t) is undefined at anyt /∈ [1, 5).

Consider the half-ranged queryq in Figure 1 (i.e.,qt = 6 and ~qk = (−∞, 3.5]), whose real answer equals

3 (sinceQS(qt, ~qk) = {o3, o4, o5}). Note that the value 3 is also the rank ofo3 at qt = 6. In turn,o3 is the

object with the largest key belowqka = 3.5 among all the objects alive at time 6; namely,o3 is the result

of TF (6, 3.5) — a timestamp floor query at timeqt with key qka. In general,for any half-ranged queryq

12
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(a) The clipped segments (b) The anchor segments
(computed by the algorithm in Section 4)

Figure 2: Reduction from a half-range query to timestamp floor search

with parametersqt and (−∞, qka], its result always equals the rank at timeqt of the object retrieved by a

timestamp floor queryTF (qt, qka). As a special case, ifTF (qt, qka) returns∅, the answer forq is 0.

Motivated by this, we clip each object into several segments such that, during the lifespan of eachclipped

segment, the rank of the object remains fixed; in the sequel, we refer to the rank astheassociated rankof

the clipped segment. For instance,o1 in Figure 1 generates 4 clipped segmentso1,1, o1,2, ..., o1,4 shown

in Figure 2a, during which the rank ofo1 equals 4, 5, 3, and 4, respectively. As another example,o4

spawns only a single clipped segmento4,1, since the rank ofo4 remains 2 during its entire lifespan. After

obtaining the clipped segments (of all objects), we index them using an MVB-tree, and store with each

segment its associated rank. Given a half-ranged queryq, we perform timestamp floor searchTF (qt, qka)

using the MVB-tree, and return the rank associated with the retrieved clipped segment as the result forq

(e.g.,TF (6, 3.5), as shown in Figure 2a, retrieveso3,3).

In the worst case, the total number of clipped segments is quadratic to the dataset cardinalityN , rendering

space consumptionO(N2/B) of the MVB-tree (although the processing time of a half-ranged query has

satisfactory complexity:O(logB N2/B)) = O(logB n)). Fortunately, it is sufficient to keep only a subset

of clipped segments, called theanchor segments, for approximate counting.

Definition 6. The setS of anchor segmentscan be regarded as a set of temporal objects (see Definition 1)

with the following properties. (i) Each of them has anassociated rank. (ii) Given any half-ranged query

q with range ~qk = (−∞, qka
], timestampqt, and approximation ratioεhr, we construct a timestamp floor

queryTS(qt, qka). Let r be the result ofq on the original dataset, andr′ the rank of the anchor segment

retrieved by performingTS(qt, qka) onS. Then, it always holds that0 < r − r′ ≤ dεhr · Nalive(t)e − 1.

To illustrate the concept, assume that the approximation ratioεhr of half-ranged search equals 0.5 (strictly

speaking, 0.5 is not an appropriate value forεhr since it implies a uselessε of 1; however, settingεhr to

13



0.5 allows us to avoid complex examples without loss of generality). We only need to store the clipped

segments in Figure 2b, to provide correct approximate results. For example, consider the half-ranged query

q in Figure 1 again. As before, it is transformed to floor searchTF (6, 3.5), which now retrieveso4,1 with

rank 2; hence, we return 2 as the result forq. Remember that the actual answer ofq is 3, so our result has

error 1, which is acceptable since it does not exceedεhr · Nalive(qt) = 0.5 × 3 = 1.5.

The segments in Figure 2b have a common property: their associated ranks are a multiple ofdεhr ·Nalive(t)e

at some timestampt. For example, att = 2, dεhr · Nalive(t)e = d0.5 × 5e = 3; therefore,o3,1 is the only

anchor segment at this timestamp. Att = 4, on the other hand,dεhr ·Nalive(t)e = d0.5×4e = 2; so we take

o4,1 ando1,4 as anchor segments. The property has the following consequence. Given a half-ranged queryq,

let us perform the corresponding timestamp floor searchTS(qt, qka) on (i) the full set of clipped segments,

and (ii) only the set of anchor segments, respectively. If we denoter andr′ as the ranks of the segments

retrieved from (i) and (ii), respectively, it always holds that0 < r−r′ ≤ dεhr ·Nalive(t)e−1 < εhr ·Nalive(t).

Therefore, we can directly returnr′ as an approximate answer forq, which has error less thanεhr ·Nalive(t).

By Definition 6, the segments in Figure 2b constitute a set of anchor segments.

It is not hard to verify that the number of anchor segments isO( N
εhr

). Observe that, at any timestampt, there

can be at mostb1/εhrc anchor segments (sinceO(Nalive(t)) intervals are alive at timet, and the ranks of

anchor segments with consecutive keys differ bydεhr ·Nalive(t)e). On the other hand, a new anchor segment

can be created only at a timestamp when an object is born or dies. The numberof such timestamps isO(2N);

therefore, there areO(2N · 1/εhr) = O( N
εhr

) anchor segments. Thus, an MVB-tree indexing these anchor

segments consumesO( n
εhr

) space, and answers a timestamp floor query (and hence, the original half-ranged

count query) inO(logB
n

εhr
) I/Os.

5 An Improved Method

Next, we will show that the number of anchor segments can be decreased toO(min{ N
εhr

, ( 1

εhr
)2 ·N/Nalive}),

whereNalive is a positive integer, corresponding to the average number of live objectsat an “anchor times-

tamp” (to be defined in Section 5.1). Accordingly, a query of Problem 3 canbe answered by performing

fewer I/Os using a structure occupying less space. To facilitate discussion, Sections 5.1 and 5.2 keep the

assumption that no two objects have the same key at an identical timestamp. Section5.3 extends our results

to the general scenario without this assumption. Finally, Section 5.4 investigates the performance of the

proposed algorithms.

5.1 The Rationale

Assumingεhr = 0.5, next we deploy the running example of Figure 1 to illustrate an improved way of

computing anchor segments. First of all, we collect the set of starting and ending timestamps of all objects’
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Figure 3: Anchor segments obtained by the algorithm in Section 5

lifespans (i.e., the set is{1, 2, ..., 8}) and call them theevent timestamps. Equivalently, the set consists of

the distinct timestamps of all the updates in the temporal stream ofDB. Imagine a vertical sweeping line

perpendicular to the time axis. Initially, the line is positioned att = 0; we will move it gradually towards

right, and carry out a set of operations whenever the line reaches an event timestamp.

When the sweeping line hitst = 1, we retrieve all the objects whose current ranks (at timet) are multiples of

dεhr ·Nalive(1)/2e = d0.5×4/2e = 1, namely, all the objectso1, o2, o6, ando7 alive at time 1 are retrieved.

According to objecto7, we create an anchor segments1, represented with a triplet:

{s1.key = 0.5, (Note: 0.5 is the key ofo7 at time 1)

s1.rank = 1, (Note: 1 is the rank ofo7 at time 1)

s1.[t`, ta) = [1, ∗)}

indicating thats1 has a key 0.5, an associated rank 1 (note that boths1.key ands1.rank areconstantsat all

timestamps), and a lifespans1.[t`, ta) = [1, ∗) (i.e., the ending time is currently unknown). Similarly, from

o6, o2, o1 respectively, we produce another three anchor segmentss2 = {1, 2, [1, ∗)}, s3 = {3, 3, [1, ∗)},

ands4 = {3.5, 4, [1, ∗)}, as demonstrated in Figure 3 (the part of the figure after time 1 will be explained

later). These four anchor segments are incorporated into a setSanchor, which, in general, contains all the

anchor segments alive at the sweeping line.

Any half-ranged queryq with qt = 1 can be correctly answered bySanchor, leveraging the reduction to

timestamp floor search in Section 4. Furthermore, for such queries,Sanchor ensures error of at mostdεhr ·

Nalive(1)/2e = 1, which ishalf of the target precision requirementdεhr ·Nalive(1)e = 2 of Problem 3. In other

words, at time 1, wetake more anchor segments than necessary(Figure 2b shows that only two segments

would have been sufficient), the purpose of which is to postpone the creation of new segments as much as

possible, because the sameSanchor may still provide acceptable answers for queries at many subsequent

timestamps.
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Continuing our example, at the next event timestamp 2, we do not generate any new anchor segment, but

simply use those segments inSanchor, by allowing their lifespans to evolve. Consider a queryq with qt = 2

and ~qk = [−∞, 2.5], whose real answer is 3 (sinceQS(qt, ~qk) = {o3, o6, o7}). Sanchor, instead, provides

an answer 2 (equal to the rank of the anchor segments2 retrieved byTF (2, 2.5)), whose error 1 is indeed

smaller thanεhr · Nalive(2) = 0.5 × 5 = 2.5. In fact, it is easy to verify that all queries at time 2 can be

correctly solved fromSanchor.

By this reasoning, at each event timestampt, we check whether the currentSanchor can support all queries at

time t; if yes, no new anchor segment is spawned, andSanchor remains valid. In the dataset of Figure 1, the

first timestamp at whichSanchor becomes invalid is 7. To understand the invalidation, let us examine a query

q with qt = 7 and ~qk = [−∞, 3.5], whose real answer is 2 (notice thatQS(qt, ~qk) = {o4, o5}). Imagine that

s1, s2, ...,s4 were still employed to answerq; the result would be 4, i.e., the rank ofs4. In this case, the error

4 − 2 = 2 is larger thanεhr · Nalive(7) = 0.5 × 2 = 1.

To fix the problem, we first terminate the lifespans of the segments inSanchor at time 7, and remove them

from Sanchor altogether. Then, we compute a newSanchor, by finding all the live objectso at time 7 whose

o.rank(7) is a multiple ofdεhr · Nalive(7)/2e = d0.5 × 2/2e = 1. Thus, botho4 ando5 are retrieved;

accordingly, two new anchor segments are placed inSanchor: s5 = {1.5, 1, [7, ∗)} ands6 = {2, 2, [7, ∗)},

where 1.5 and 2 areo4.key ando5.key, respectively. Finally, since 8 is the last timestamp of the history, the

lifespans ofs5 ands6 are terminated at 8, which completes the derivation of the segments in Figure 3.We

refer to timestamps 1 and 7, when anchor segments are born, as theanchor timestamps.

We point out that a segment in Figure 3 may not be equivalent to any clippedsegment in Figure 2a (actually,

a segment in Figure 3 such ass4 may still be alive even after its spawning objecto1 has died). However,

such equivalence is really not compulsory; any segment in the key-time space can be an anchor segment, as

long as it helps solving queries. Furthermore, it is not necessary to worry about timestampst that are not an

event timestamp, because no object can incur a rank change at such at.

5.2 The Algorithm

We are ready to explain the formal algorithm of generating the anchor segments for arbitraryDB, based on

the rationale discussed in Section 5.1. The input of the algorithm is the temporalstream ofDB, and the

output is another temporal stream that decides the anchor segments, and can be used directly to construct an

MVB-tree. At a high level, the algorithm follows a simple plane sweep framework, as presented in Figure 4,

where the words in small-cap fonts indicate procedures that will be explained shortly.

Specifically, after some initialization work at Lines 1-2, the algorithm processes every event timestamp in

ascending order (i.e., moving the sweeping line towards the positive directionof the time axis). To handle
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Algorithm GENERATE-ANCHOR-SEGMENT

/* OUTPUT: A temporal stream that determines a set of anchor segments. */

1. Sanchor = ∅
2. INITIALIZATION

3. for the next event timestampCT (in ascending order)
4. STRUCTURE-UPDATE

5. if CHECK-VALIDITY = FALSE /* CT is an anchor timestamp when the if-condition holds */
6. for every segmentseg ∈ Sanchor

7. write to the output temporal stream:〈LD, seg.key, CT 〉
8. Sanchor = NEW-ANCHORS/* the computedSanchor should be able to support any half-ranged

query at timeCT with approximation ratioεhr/2 */
9. for every segmentseg ∈ Sanchor

10. write to the output temporal stream:〈INS, seg.key, CT 〉

Figure 4: The high-level framework of computing anchor segments

an event timestampCT , we first carry out the necessary operations to maintain some structures that capture

the “sweeping state” (Line 4). Then, Line 5 checks whether the currentSanchor can still support all the

queries at timeCT . If the answer is negative, Lines 6-7 terminate the lifespans of the segmentsin Sanchor

at timeCT , write the corresponding logical deletions to the disk, and delete them fromSanchor. Next, Line

8 re-computes anSanchor from the objects alive at timeCT . Finally, Lines 9-10 append the insertions to the

output temporal stream that start the lifespans of the new anchor segments.

In the sequel, we elaborate the details of the algorithm, starting with NEW-ANCHORS and CHECK-

VALIDITY , since they determine the other procedures.

Procedure NEW-ANCHORS. Let Nalive(CT ) be the number of objects alive at the current event timestamp

CT . Among them, NEW-ANCHORSidentifiesm = b2/εhrc objectso1, o2, ...,om whose ranks (at timeCT )

equaldεhr/2 ·Nalive(CT )e, 2 · dεhr/2 ·Nalive(CT )e, ...,m · dεhr/2 ·Nalive(CT )e, respectively. Then, from

objectoi (1 ≤ i ≤ m), NEW-ANCHORScreates an anchor segmentsegi in Sanchor:

{segi.key = oi.key,

segi.rank = i · dεhr/2 · Nalive(CT )e,

segi.[t`, ta) = [CT, ∗)}.

(the above triplet generalizes the triplet in Section 5.1). For any query at timeCT , thesem anchor segments

provide an answer whose maximum error is twice lower than permitted by Problem 3 (in Section 5.1, we

explained this afterSanchor was computed at time 1).

Procedure CHECK -VALIDITY . To inspect the validity ofSanchor at the current event timeCT , CHECK-

17



VALIDITY needs to obtain, for every segmentsegi ∈ Sanchor (1 ≤ i ≤ m = b2/εhrc), a valuevi, which

equals the number of objects alive at timeCT whose keys are less thansegi.key. Then,Sanchor is invalid if

any of the followinginvalidation conditionsis satisfied:

1. v1 ≥ εhr · Nalive(CT );

2. for anyi ∈ [2, m], |vi − segi−1.rank| ≥ εhr · Nalive(CT );

3. |Nalive(CT ) − segm.rank| ≥ εhr · Nalive(CT ).

To understand Condition 1 (or 2), note thatv1 (or vi) is essentially thereal result for a half-ranged query

q with qt = CT andqka being infinitesimally smaller thanseg1.key (or segi.key). On the other hand, if

we use the currentSanchor to answerq, then the approximate result equals 0 (orsegi−1.rank). Hence, if

Condition 1 (or 2) holds, it means that the approximation has error at leastεhr · Nalive(t), which violates

the requirement of Problem 3. Similarly, Condition 3 implies thatSanchor is not able to correctly support a

queryq with qt = CT andqka = ∞.

To illustrate CHECK-VALIDITY with an example, let us review the situation at timestampCT = 7 in Fig-

ure 3, whenSanchor includes four segmentsseg1 = s1, seg2 = s2, seg3 = s3, seg4 = s4, whose associated

ranks are 1 (= seg1.rank), 2, 3, and 4, respectively, with respect to the dataset in Figure 1 (εhr = 0.5).

At time 7, the values ofv1, v2, v3, andv4 are 0, 0, 2, 2, respectively. SinceNalive(7) = 2, Condition 2 is

breached, as|v2 − seg1.rank| = |0 − 1| ≥ εhr · Nalive(7) = 1. Furthermore, Condition 3 is also violated

because|Nalive(7) − segm.rank| = |2 − 4| ≥ 1. This confirms our decision in Section 5.2 thatSanchor is

invalid at time 7.

Sweeping-State Structure. NEW-ANCHORS and CHECK-VALIDITY are built upon two similar, but dif-

ferent, operations on the set of objects alive at the current event timeCT . Specifically, NEW-ANCHORS

requires FIND-KEY(r), which, given a rankr, retrieves the key of the object whose rank at timeCT equals

r. On the other hand, CHECK-VALIDITY demands FIND-RANK (k), which, given a keyk, retrieves the

number of objects whose keys at timeCT are lower thank. The goal of the sweeping-state structure is to

support both operations efficiently.

We choose the structure to be a modified B-tree that indexes the keys of the objects alive at timeCT . Figure 5

shows an example, assuming nine live objects with keys 1, 2., ..., 9, respectively. Compared to a conventional

B-tree, the modification lies in the fact that every intermediate entry is augmentedwith an aggregate, which

counts the number of leaf entries in the subtree. For instance, the first entry “1(2)” in nodeE indicates that

the routing key of the entry equals 1, and there are two leaf entries in nodeA.

A FIND-KEY(r) request can be processed inO(logB Nalive(CT )) I/Os, whereNalive(CT ) is the number
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Figure 5: The structure recording the sweeping state

of live objects at timeCT . Assume that we employ the tree in Figure 5 to perform FIND-KEY(7). The

operation starts by retrieving the rootG. Since only 5 (i.e.,< 7) objects exist in the left subtree ofG, the

key we are searching for must lie in the right subtree. Hence, we load node F into memory, and assert that

the target key must appear in the left subtree ofF (notice that any key in the right subtree ofF has a rank

larger than5 + 2 = 7). Thus, we access nodeC, and return the key 7 (i.e., the second smallest in the node).

Based on this strategy, any FIND-KEY(r) can be solved by accessing a single path of the B-tree.

Processing FIND-RANK (k) incurs the same overhead. Specifically, the operation accesses the samenodes as

looking for the keyk in a normal B-tree. The only difference is that, at an intermediate nodeX, whenever we

descend an entrye, we must add all the counters inX on the left ofe to our temporary result. For instance,

imagine that we need to answer FIND-RANK (7.5). At the beginning, our temporary resultr equals 0. At the

root G, the operation follows the right subtree ofG (since the routing key of the second entry inG is less

than 7.5). Therefore, we add counter 5 of the first entry tor. At nodeF , we follow the left subtree; hence,r

remains unchanged. Since two keys in the leaf nodeC are below 7.5, we add 2 tor, and return the resulting

r = 7.

Procedures INITIALIZATION and STRUCTURE -UPDATE. These procedures are mainly responsible for

initializing and maintaining the B-tree and the value ofNalive(t), respectively. Specifically, INITIALIZA -

TION simply creates an empty tree, and setsNalive(t) to 0. On the other hand, at each event timestampt,

STRUCTURE-UPDATE removes the keys of all the objects that die at timet, inserts the keys of those born at

this timestamp, and updatesNalive(t) according to the numbers of removed and inserted keys. Obviously,

inserting/deleting a key takesO(logB Nalive(t)/B) I/Os. Finally, INITIALIZATION also collects all the event

timestamps, and sorts them in ascending order. In practice, the sorting couldbe avoided, because, under the

transaction time model, objects are born and die in ascending order by default.

5.3 Eliminating the Distinct-Key Assumption

So far our discussion has been based on an assumption: each pair of objects alive at a timestamp should

have different keys. This assumption may be invalid in practice. For example, two accounts in a bank may

have an equivalent balance at the same time. Fortunately, our technique can be easily extended to the general
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Figure 6: The sweeping-state structure without the distinct-key assumption

scenario where this assumption does not hold, without affecting the asymptotic time and space performance.

In the sequel, we elaborate the necessary changes to the algorithm provided in Section 5.2.

Procedure NEW-ANCHORS. Recall that this procedure creates a new setSanchor of anchor segments at the

current event timestampCT . For this purpose, we adopt a modified version of FIND-KEY(r), which returns

the smallest keyk such that at leastr objects alive atCT have search keys at at mostk. Specifically,k

satisfies all the following conditions:

• at least an objecto alive atCT has a key equal tok;

• the ranko.rank(CT ) of o at timeCT is at mostr (recall thato.rank(CT ) − 1 is the number of

objects alive atCT whose keys are lower thano.key);

• o.rank(CT ) + s is strictly larger thanr, wheres is the number of objects that are alive at timeCT ,

and havek as their keys (obviously, these objects have an identical rank at timeCT ).

As a side product, FIND-KEY(r) also reports a valuer′ = o.rank(CT ) + s − 1. Notice thatr′ equals

precisely the number of objects that are alive at timeCT , and their search keys are at mostk.

Equipped with such an operation, NEW-ANCHORSgenerates the anchor segments as follows. First, it sets

r to dε/2 · Nalive(CT )e, and invokes FIND-KEY(r). Let k andr′ be the values returned by the function.

Then, an anchor interval{k, r′, [CT, ∗)} is added toSanchor. After this, NEW-ANCHORSrepeats the above

process, using a newr = r′ + dε/2 · Nalive(CT )e, until the newr is greater thanNalive(CT ).

Procedure CHECK -VALIDITY . Let m be the number anchor segments created by the previous execution

of NEW-ANCHORS(m ≤ b2/εhre). Usingsegi (1 ≤ i ≤ m) to denote the segment with thei-th lowest key,

the procedure CHECK-VALIDITY in Section 5.2 can be directly applied.

Sweeping-State Structure.The structure is again a B-tree indexing the keys of the objects alive at timeCT .

Each leaf entry contains a distinct key, which is associated with a counter, equal to the number of currently

live objects carrying that key. Each intermediate entry is also augmented with acounter, which equals the

sum of the counters of all the leaf entries in the subtree. Figure 6 demonstrates an example. The first entry in
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nodeA indicates that 3 objects alive at timet have a key 1, whereas the counter 11 in the first entry of node

G is the sum of the counters of all the leaf entries in nodesA andB.

FIND-KEY(r) can still be settled by accessing a single path of the B-tree, costingO(logB Nalive(t)) I/Os.

Remember that this operation eventually returns two valuesk andr′. Initially, it setsr′ to 0, and loads the

root. In general, at an intermediate nodeX, FIND-KEY examines its entries from left to right. Given an entry

e, the operation checks whether the sum of its counter and the currentr′ exceedsr. If no, r′ is increased

by the counter ofe, and FIND-KEY inspects the next entry. Otherwise, FIND-KEY accesses the child node

of e, and carries out the above steps recursively, until reaching a leaf nodeX ′. GivenX ′, FIND-KEY scans

its entries from left to right, and adds the counter of an entry tor′, once the entry has been scanned. The

scanning stops, as soon asr′ is larger than or equal tor. The finalk is the key of the last scanned entry, and

the finalr′ is simply the current value of this variable. In Figure 6, for example, FIND-KEY(14) visits nodes

G, F , C, and producesk = 7, r′ = 16.

FIND-RANK (k) is performed in the same way as described in Section 5.2. The only difference is that, after

reaching a leaf node, we increaser by the sum of the counters of all entries whose keys are bounded byk.

Procedures STRUCTURE -UPDATE. The procedure is identical to the one in Section 5.2, except that extra

efforts are needed to maintain the counters in leaf nodes. Specifically, when an object is born with a keyk,

we first check whether there exists a leaf entry in the B-tree having the samek. If yes, the entry’s counter is

added by 1, and no new entry is inserted; otherwise, a new entry is addedwith key k and counter 1. When

an object with keyk dies, we first decrease the counter of the leaf entry with that key. If the counter drops to

0, the entry is removed from the tree.

5.4 Analysis

We proceed to prove the asymptotical space consumption and query performance of the solution in Sec-

tion 5.3. For this purpose, we useT to represent the total number of anchor timestamps, which are denoted

ast1, t2, ..., tT , respectively (recall that, if an anchor segment is born at timet, thent is an anchor times-

tamp). Also, let∆i (2 ≤ i ≤ T ) be the total number of updates in the period of(ti−1, ti] (e.g.,∆i = 3

if two objects are inserted and one is logically deleted). We first establish a result that reveals an important

relationship between∆ andNalive:

Lemma 1. For anyi ∈ [2, T ], ∆i ≥ εhr · Nalive(ti) − εhr · Nalive(ti−1)/2.

Proof. We prove the lemma only fori = 2, because the discussion directly extends to other values ofi as

well. Let Sanchor be the set of anchor segments computed at timet1. Remember that the creation oft2 is

becauseSanchor becomes invalid at timet2, that is, at least one of the three invalidation conditions (referred
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to as Condition 1, 2, and 3 in the sequel) in Section 5.2 is satisfied att = t2. We distinguish three cases.

Case 1 [Condition 1 holds]: At timet1, due to the waySanchor is computed, there arev′
1

= dεhr/2 ·

Nalive(t1)e − 1 objects whose keys are lower thanseg1.key. At time t2, v1 objects have keys smaller than

seg1.key; therefore:

∆2 ≥ |v1 − v′1| (6)

Note thatv′
1
≥ 0; hence3, the right hand side of the above inequality

≥ |v1| − v′1

(By Condition 1) ≥ εhr · Nalive(t2) − (dεhr · Nalive(t1)/2e − 1)

≥ εhr · Nalive(t2) − εhr · Nalive(t1)/2 (7)

Case 2 [Condition 2 holds]: At timet1, there arev′i = segi−1.rank + dεhr/2 ·Nalive(t1)e−1 objects whose

keys are lower thansegi.key. Thus,

∆2 ≥ |vi − v′i|

= |vi − segi−1.rank − (dεhr/2 · Nalive(t1)e − 1)|

Sincedεhr/2 · Nalive(t1)e − 1 ≥ 0, the right hand side of the above inequality

≥ |vi − segi−1.rank| − (dεhr/2 · Nalive(t1)e − 1)

(By Condition 2) ≥ εhr · Nalive(t2) − (dεhr · Nalive(t1)/2e − 1)

≥ εhr · Nalive(t2) − εhr · Nalive(t1)/2 (8)

Case 3 [Condition 3 holds]: Clearly,

∆2 ≥ |Nalive(t2) − Nalive(t1)|

= |(Nalive(t2) − segm.rank) − (Nalive(t1) − segm.rank)|

As 0 ≤ Nalive(t1) − segm.rank < εhr · Nalive(t1)/2, the right hand side of the above inequality

≥ |(Nalive(t2) − segm.rank)| − (Nalive(t1) − segm.rank)

(By Condition 3) ≥ εhr · Nalive(t2) − εhr · Nalive(t1)/2 (9)

According to Inequalities 7, 8, and 9, the lemma holds in all cases, thus completing the proof.

3In general, given any two numbersa andb such thatb ≥ 0, it holds that|a − b| ≥ |a| − b.
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Lemma 2. T = O(min{N, 1

εhr
· N/Nalive}), whereNalive is the average number of live objects at an

anchor timestamp, namely,Nalive = 1

T

∑T
i=1

Nalive(ti).

Proof. T is obviouslyO(N), because the number of anchor timestamps is bounded by the number of event

timestamps. In the sequel, we will proveT = O( 1

εhr
· N/Nalive).

Lemma 1 indicates that:

∆2 ≥ εhr · Nalive(t2) − εhr · Nalive(t1)/2

∆3 ≥ εhr · Nalive(t3) − εhr · Nalive(t2)/2

...

∆T ≥ εhr · Nalive(tT ) − εhr · Nalive(tT−1)/2

Summing up the left and right hand sides of these inequalities, we obtain:

T
∑

i=2

∆i ≥

(

εhr

2
·

T−1
∑

i=2

Nalive(i)

)

+ εhr · Nalive(tT ) − εhr · Nalive(t1)/2

≥

(

εhr

2
·

T
∑

i=2

Nalive(i)

)

− εhr · Nalive(t1)/2

Addingεhr · Nalive(t1) to both sides of the above leads to

εhr · Nalive(t1) +
T
∑

i=2

∆i ≥
εhr

2
·

T
∑

i=1

Nalive(i)

Since there are totally2N updates in the whole history, the left hand side of the above inequality is bounded

by 2N , resulting in

2N ≥
εhr

2
·

T
∑

i=1

Nalive(i)

=
εhr

2
· Nalive · T

Therefore,T ≤ 4

εhr
· N/Nalive = O( 1

εhr
· N/Nalive).

At each anchor timestamp,b2/εhrc = O( 1

εhr
) anchor segments are created; therefore, the total number of

anchor segments equalsO( 1

εhr
· T ) = O(min{ N

εhr
, ( 1

εhr
)2 · N/Nalive}).

Combining the above result with the reduction to timestamp floor search in Section 4, we can preprocess all

the anchor segments into an MVB-tree that consumesO(min{ n
εhr

, ( 1

εhr
)2 · n/Nalive}) space, and answers

any query inO(min{logB n, logB
n

εhr
− logB Nalive}) I/Os. Since each event timestamp can be handled in

O(1

ε
logB n) I/Os, all the anchor segments can be generated inO(N

ε
logB n) I/Os, after which an MVB-tree

can be built inO(n logB n) time, leading toO(N
ε

logB n) overall preprocessing cost.
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6 The Zoning Technique

For Problem 3, we have found a solution that requiresO(min{ n
εhr

, ( 1

εhr
)2 · n/Nalive}) space, entails

O(N
ε

logB n) preprocessing overhead, and guaranteesO(min{logB n, logB
n

εhr
− logB Nalive}) query time.

Although the solution also settles Problem 2 (which allows extra error of1

4εhr
compared to Problem 3), the

appearance of1
εhr

in the complexities is a bit disturbing. For instance, givenεhr = 5%, n
εhr

looks like

20n, namely, 20 times larger than the amount of space occupied by the database.Next, we show that it is

possible to removeεhr completely, i.e., constraining the space cost toO(n), the preprocessing overhead to

O(N logB n), and the query time toO(logB n). Accordingly, the error bound needs to be slightly relaxed:

from εhr · Nalive(qt) to 1

4εhr
+ εhr · Nalive(qt), as permitted by Problem 2.

We start with a simple, yet important observation:

Lemma 3. If the number of event timestamps equalsO(εhr ·N), then the algorithm in Section 5.2 generates

at mostO(N) anchor segments; furthermore, the preprocessing cost isO(N logB n).

Proof. The algorithm of Figure 4 generates at most2/εhr anchor segments at each event timestamp. Hence,

the maximum number of anchor segments equalsO((1/εhr)·(εhr ·N)) = O(N). Since handling each anchor

timestamp takesO( 1

εhr
logB n) I/O, the overall preprocessing overhead isO(( 1

εhr
logB n) · (εhr · N)) =

O(N logB n) I/Os.

Definition 7. A dataset issynchronousif the number of event timestamps equalsO(εhr · N).

For a reasonableεhr (e.g., 5%), many practical datasets are indeed synchronous by default.For example,

in Application 1 of Section 1, every day (i.e., a timestamp) a bank must handle a huge number (sometimes

millions) of deposits/withdrawals. Similarly, in Application 2, all the (thousands of) sensors report their

temperature readings at the same intervals. In both cases, the number of insertions or logical deletions at a

timestamp is significantly larger than1/εhr. When the original datasetDB is synchronous, as a corollary

of Lemma 3, the solution of Section 5 occupiesO(min{n, ( 1

εhr
)2 · n/Nalive}) space, incursO(N logB n)

preprocessing cost, and answers any query inO(min{logB n, logB
n

εhr
− logB Nalive}) I/Os.

If DB is not synchronous, we will transform it, based on a “zoning” technique, into a synchronous oneDB∗:

Definition 8. DB
∗ has the same cardinality asDB, and possesses the following property. Given any half-

ranged queryq, if we obtain an answer by applying the method in Section 5 toDB∗, the answer deviates

from the true result forDB by less than 1

4εhr
+ εhr ·Nalive(qt), whereNalive(qt) is the number of objects in

DB alive atqt.

In the sequel, we will elaborate the transformation algorithm, focusing onεhr < 0.5. In fact, forεhr ≥ 0.5,
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1

εhr
≤ 2. Hence, our approach in the previous section consumesO(n/Nalive) space, requiresO(N logB n)

preprocessing time, and ensuresO(logB n − logB Nalive) query cost.

Given the temporal stream ofDB, the algorithm computes another temporal stream determiningDB∗, and

outputs the updates in this stream in ascending order of their timestamps. Specifically, we scan theDB

stream in chronological order, and buffer its updates in a setBUF . The buffering is carried out in the unit

of a timestamp; that is, once we decide to place an update at timestampt in BUF , then all the updates

at time t must also appear inBUF . After buffering all the updates at an event timestamp, we examine

whether|BUF | is at leastb 1

4εhr
− 1c. If no, the algorithm proceeds to buffer all the updates at the next event

timestamp, and then compares|BUF | with b 1

4εhr
− 1c again. If yes,BUF overflows.

When an overflow occurs, we first create azonez, which is a period[z.t`, z.ta] of time. In particular,z.t`

(or z.ta) equals the smallest (or largest) time of the updates inBUF . Then, we inspect each update inBUF ,

and generate an update in the stream ofDB∗ accordingly. Precisely, given an insertion〈INS, o.key, t〉 in

BUF , we check whethert equalsz.t` or z.ta, in either case the insertion is retained directly. If neither

case holds, we change its timestampt to z.t`. Similarly, given a logical deletion〈LD, o.key, t〉 in BUF ,

we keep it intact, ift coincides with either boundary timestamp ofz. Otherwise,t is replaced withz.ta.

After examining all the updates inBUF , we sort them in ascending order of their timestamps. Note that the

sorting can be completed inO(|BUF |/B) I/Os, since now every update carries a timestamp equal to either

z.t` or z.ta. The sorted list is appended to the stream ofDB∗.

Next, the algorithm clearsBUF , and continues to scan the stream ofDB, until BUF overflows again.

The above steps are repeated until all the updates ofDB have been seen. At this point, regardless of

|BUF |, we invoke the overflow handling process to generate the last zone, as well as |BUF | updates in

the stream ofDB∗. The overall transformation requiresO(n) I/Os. The total number of zones is at most

1 + 2N/b 1

4εhr
− 1c = O(εhr ·N) (since at leastb 1

4εhr
− 1c updates ofDB happen in each zone); therefore,

DB∗ is synchronous.

To illustrate the algorithm, Figure 7a shows aDB with 5 objects, assumingεhr = 1

16
. After all the updates

of DB at timestamp 3 have been scanned,BUF contains 4 insertions〈INS, 5k, 1〉, 〈INS, 4k, 2〉, 〈INS, 3k, 3〉

and〈INS, 2k, 3〉, and overflows (since4 > b 1

4εhr
− 1c = 3). To handle the overflow, we first create a zone

z1 = [1, 3], and then examine each update inBUF . The first insertion is not modified, since its timestamp

coincides with the starting time ofz. The time 2 of the second update, however, is not a boundary timestamp

of z; hence, the time of the update is changed to 1. The next two updates are retained directly. Thus,

the overflow handling creates 4 updates in the stream ofDB∗: 〈INS, 5k, 1〉, 〈INS, 4k, 1〉, 〈INS, 3k, 3〉 and

〈INS, 2k, 3〉, which start the lifespans ofo∗
1
, o∗

2
, o∗

3
, ando∗

4
in Figure 7b, respectively.

Similarly, the second overflow happens at time 6, whenBUF involves〈INS, 1k, 4〉, 〈LD, 1k, 5〉, 〈LD, 4k, 6〉
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(a) Identifying the time zones forDB (b) The converted objects inDB∗

Figure 7: The zoning transformation

and〈LD, 3k, 6〉. In this case, the overflow handling creates another zonez2 = [4, 6], alters only〈LD, 1k, 5〉,

and adds the resulting updates to the stream ofDB∗. In particular, the alternation changes the timestamp

5 to 6, which is necessary, because 5 is not the starting/ending time ofz2. Finally, at the last timestamp 8,

BUF includes〈LD, 2k, 8〉 and〈LD, 5k, 8〉. After producing the third zonez3 = [7, 8], we directly append

both logical deletions to theDB∗ stream. Now the stream contains 10 updates, which spawn the 5 objects in

Figure 7b. In general, the zoning transformation converts each objecto ∈ DB to another objecto∗ ∈ DB∗

with the same key, but perhaps a longer lifespan.

Lemma 4. Given any half-ranged queryq with approximation ratioεhr, let x be the answer obtained by

applying our solution toDB∗; then,x is also a correct result with respect toDB, i.e.,x satisfies the precision

requirement of Problem 2.

Proof. Let v be the precise answer of processingq on DB. To establish the lemma, we will show that

|x − v| < 1

4εhr
+ εhr · Nalive(qt), whereNalive(qt) is the number of objects inDB alive at timeqt.

Let us usev∗ to denote the precise result ofq with respect toDB∗, i.e.,v∗ is the number of objectso∗ ∈ DB

alive at timeqt whose keys are in~qk. By the wayx is computed, we know:

|x − v∗| < εhr · N
∗

alive(qt) (10)

whereN∗

alive(qt) is the number of objects inDB∗ alive at timeqt.

Let S (andS∗) be the set of keys of the objects inDB (andDB∗) alive at timeqt. In the zoning transfor-

mation, wheno ∈ DB is converted to its counterparto∗ ∈ DB∗, the lifespan ofo∗ always covers that ofo.

Hence,S ⊆ S∗. Furthermore, the transformation guarantees thatS∗ contains at mostb 1

4εhr
− 1c elements

that do not belong toS. Therefore:

|v∗ − v| ≤
1

4εhr

− 1, and (11)

|N∗

alive(qt) − Nalive(qt)| ≤
1

4εhr

− 1. (12)
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Thus,

|x − v| = |(x − v∗) + (v∗ − v)|

(By Inequalities 10 and 11)< εhr · N
∗

alive(qt) +
1

4εhr

− 1

(By Inequality 12) < εhr ·

(

Nalive(qt) +
1

4εhr

− 1

)

+
1

4εhr

− 1

<
1

4εhr

+ εhr · Nalive(qt)

which concludes the proof.

Summarizing the results in Sections 4 through 6, we have

Theorem 2. Let DB be a set ofN temporal objectso. We can build an MVB-tree that consumes

O(min{n, n · (1

ε
)2/Nalive}) space, wheren = N/B, B is the disk page size, andNalive the average

number of live objects at an anchor timestamp. The tree permits any queryof Definition 3 to be answered in

O(min{logB n, logB
n
ε
− logB Nalive}) I/Os. The preprocessing can be completed inO(N logB n) I/Os, or

equivalently,O(logB n) amortized time per object.

7 Supporting Data Updates

Our discussion so far focuses on a staticDB. In this section, we will explain how to apply the proposed

technique to a dynamicDB. For this purpose, let us assume thatDB is initially empty, and then updated

with insertions and logical deletions in a temporal stream. Accordingly, we interpret N as the number of

objects that have been inserted (but may or may not have been logically deleted); as before,n = N/B. We

will present a solution that always occupiesO(n) space, answers any half-ranged query inO(logB n) I/Os,

and incorporates the next update in amortizedO(logB n) I/Os.

Recall that, given a staticDB, we will (i) first perform the zoning transformation to convert it toDB∗, (ii)

then apply the algorithm of Figure 4 onDB∗ to generate anchor segments, and (iii) finally build an MVB-tree

on the resulting segments. Note that the three modules, zoning transformation,anchor (segment) generation,

and MVB construction, all accept a temporal stream as their inputs, i.e., streams ofDB, DB∗, and anchor

segments, respectively. Furthermore, the first two modules also output a temporal stream, namely, streams

of DB∗ and anchor segments, respectively.

To support a dynamicDB, we will perform these modules simultaneously in a pipelined fashion, as illus-

trated in Figure 8. Whenever an insertion or logical deletion (in the stream ofDB∗) is generated by the

zoning transformation, it is fed immediately into anchor generation4. In turn, any update (in the stream of

4Remember that, to process an event timestampt, anchor generation must have all the updates at timet. Fortunately, this does

not create any problem in pipelining, because zoning transformation produces updates of the same timestamp together.
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Figure 8: Pipelining for supporting a dynamicDB

anchor segments) produced by anchor generation will be forwarded toMVB construction right away. Other

than these connections, the three modules are independent, and work in exactly the same way as in the case

of staticDB. Therefore, the amortized I/O cost is identical to that of the static case, i.e.,O(logB N) I/Os,

as stated in Theorem 2.

Query answering under the pipelined framework is slightly more complex. LetCTDB andCTDB∗ be the

most recent timestamps that have been fully processed by the modules of zoning transformation and anchor

generation, respectively (a timestampt is fully processed if all the updates att have been tackled). Appar-

ently, CTDB ≥ CTDB∗ . The query timeqt of a half-ranged queryq may equal any value between 0 and

CTDB. Depending onqt, queryq should be answered in different ways:

• Case 1 [qt ≤ CTDB∗ ]: The MVB-tree has already captured the anchor segments alive atqt. Hence,

using the reduction in Section 4, we perform timestamp floor searchTF (qt, qka
) on the MVB-tree,

and return the rank associated with the retrieved anchor segment.

• Case 2 [CTDB∗ < qt ≤ CTDB]: The anchor segments alive atqt have not been computed yet; thus, it

is not possible to employ the MVB-tree for solvingq. As a crucial observation, in this case, theBUF

employed by the zoning transformation module contains less thanb 1

4εhr
− 1c updates (sinceBUF

would have been emptied if|BUF | ≥ b 1

4εhr
− 1c). Furthermore, these updates all bear a timestamp

larger thanCTDB∗ (notice thatCTDB∗ equals the time whenBUF was cleared last time).

Remember that, as explained in Section 5.2, the anchor generation module maintains a “sweeping-

state” structure, which is an augmented B-tree, indexing the keys of all the objects inDB∗ alive at

CTDB∗ . Let us maintain a similar structure, denoted asΥ, which is an augmented B-tree managing

the keys of all the objects inDB alive atCTDB. To processq, we simply invoke FIND-RANK (qka)

on Υ, and directly return the result (FIND-RANK is a procedure explained in Section 5.3). Such

a result has error less thanb 1

4εhr
− 1c, because all the updates onDB between timestampsqt and
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CTDB must exist inBUF , whose size, as mentioned earlier, does not exceedb 1

4εhr
− 1c. Υ occupies

size O(Nalive(CTDB)) and can be maintained inO(logB Nalive(CTDB)) I/Os per update, where

Nalive(CTDB) is the number of objects inDB alive atCTDB, and may be by far lower thanN . The

cost of performing FIND-RANK (qka) onΥ is O(logB Nalive(CTDB)) I/Os.

Theorem 3. Given a temporal streamDB, we can maintain several structures that consume totallyO(n)

space, and can be maintained inO(logB n) I/Os per update, wheren = N/B, N is the total number of

insertions in the stream so far, andB is the disk page size. Using these structures, we can solve any query of

Definition 3 inO(logB n) I/Os.

8 Experiments

This section experimentally evaluates the effectiveness and efficiency ofthe proposed solution, referred to

asAncSeg(for “anchor segments”) in the sequel. Towards this purpose, we synthesize temporal datasets,

each of which simulates the balance changes of 100k bank accountsacc1, acc2, ...,acc100k, during a history

of H discrete timestamps 1, 2, ...,H. Specifically, the temporal stream of a dataset is generated as follows.

At time 1, 100k insertions are created in the stream, registering the initial balances of all accounts. Then, at

every subsequent timestampt, the balances ofa ·100k accounts are updated (in a way to be clarified shortly),

wherea is a dataset parameter calledagility. In particular, each update is performed by a logical deletion,

followed by an insertion, both at timet. In other words, there area · 100k logical deletions/insertions per

timestamp (hence, a dataset with a largera is more “agile”). Notice that each account is modifieda ·H times

in expectation during the entire history.

To generate balance updates, we choose two distributionsDISTs andDISTe, to be the balance distribu-

tions at the first and last timestamps of the history, respectively. The initial balanceacci.keys (1 ≤ i ≤

100k) is randomly decided followingDISTs. Similarly, we also generateacci.keye according toDISTe,

which is the (expected) balance ofacci at the final timestampH. Then, at each update ofacci, we add
acci.keye−acci.keys

a·H
to its current balance (so that, aftera ·H updates, the balance ofacci becomesacci.keye).

Note thatacci.keye may be smaller thanacci.keys, in which case the addition essentially decreases the

balance.

DISTs andDISTe are selected from the following four distributions:Uniform, Zipf, CA, andLB, all of

which have a key domain[0, 10000]. Specifically,Uniform represents the uniform distribution, whereasZipf

stands for a Zipf distribution skewed towards 0 with a coefficient5 0.8. CA, on the other hand, is obtained

from a real spatial dataset, containing 63k two-dimensional points denotingaddresses in California. For

each point, we take its distance to the center of the two-dimensional data space. After being normalized to

5When the coefficient equals 1, all numbers in the distribution equal 0; when it equals 0, the distribution degenerates into

uniformity.
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Figure 9: Probability density functions of key distributions

[0, 10000], all the distances constitute the distributionCA. Generating a value according toCAmeans setting

the value to a distance randomly.LB is created similarly, except from another spatial dataset including 53k

locations in the Long Beach county. Both spatial datasets are the products of the TIGER project of the US

Census Bureau, and available athttp://www.census.gov/geo/www/tiger/.

Figure 9 visualizes the probability density functions ofUni, Zipf, CA, andLB, respectively. We will denote

a temporal dataset by the names of theDISTs and DISTe used to generate it. For example,Zipf-CA

indicates a dataset withDISTs = Zipf andDISTe = CA. Figures 10a through 10d illustrate the balance

distributions ofZipf-CA(with agility a = 5% and history lengthH = 300) at timestamps 60, 120, 180, and
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Figure 10: Key distribution transition ofZipf-CA(a = 5%, H = 300)
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Parameters Values
history lengthH 100,300, 500

agility a 1%, 2.5%,5%, 7.5%, 10%
approximation ratioε 1%, 2%, 3%, 4%, 5%

length of a query’s key rangeqklen 100, 500,1000, 1500, 2000

Table 2: Experiment parameters (bold values are defaults)

H 100 300 500
Cardinality 600k 1.6 million 2.6 million

(a) Cardinality vs.H (a = 5%)

a 1% 2.5% 5% 7.5% 10%
Cardinality 400k 850k 1.6 million 2.35 million 3.1 million

(b) Cardinality vs.a (H = 300)

Table 3: Cardinalities of the datasets in our experiments

240, respectively. Remember that the distributions at timestamps 1 andH areZipf andCA, respectively. We

will examine datasets with 4 distribution transitions:Uni-CA, Uni-LB, Zipf-CA, andZipf-LB.

Eachworkloadcontains 10000 queriesq obtained as follows. The query timestampqt of q is a random

integer in the range of[1, 100]. To create its key range~qk = [qk`, qka], we first decide the value ofqk`

in [0, 10000 − qklen], following the key distribution of the underlying dataset at timeqt. Here,qklen is a

workload parameter dictating the length of~qk. Then,qka is set toqk` + qklen.

Table 2 summarizes the parameters of the subsequent experiments, togetherwith their values, of which

those in bold are the defaults. Unless specifically stated, each parameter is set to its default. Assuming

a = 5%, Table 3a demonstrates the cardinalities of the datasets with variousH (regardless of theirDISTs

andDISTe). Similarly, fixing H to 300, Table 3b presents the cardinalities with respect to differenta.

Observe that the cardinality increases linearly with bothH anda.

The page size is set to 4k bytes in all the experiments. We will compare the proposedAnsSegtechnique

against theMVSB-tree, which is the state-of-the-art for precise temporal aggregation, as reviewed in Sec-

tion 2. Section 8.1 demonstrates thatAnsSegconsumes significantly less space thanMVSB. In fact, as shown

later, AnsSegactually takes up only a fraction of the space occupied by the original dataset. Section 8.2

proves that our solution retrieves highly accurate answers with very low I/O cost.

8.1 Space Consumption

The first set of experiments evaluates the number of anchor segments produced byAnsSeg, which depends

on the key distribution, history lengthH, dataset agilitya, and approximation ratioε. Figure 11a plots
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Figure 11: Volume of anchor segments vs.H (a = 5%, ε = 1%)
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Figure 12: Volume of anchor segments vs.a (H = 300, ε = 1%)

the number as a function ofH, for datasets with different distribution transitions. AsH increases, the

dataset cardinality becomes higher, too (see Table 3a). Therefore, wealso inspect theto-cardinality ratio,

equal to the number of anchor segments divided by the cardinality. Figure 11b presents the corresponding

ratios for the results in Figure 11a. Unlike the linear growth of cardinality withH, the number of anchor

segments increases only sub-linearly, such that the to-cardinality ratios continuously drops asH escalates.

This phenomenon suggests thatAnsSegis well-suited for a practical database, where the history is typically

very lengthy.

Figure 12a (12b) illustrates the number of anchor segments (to-cardinality ratio) with respect to various

agilitiesa. The number of anchor segments again accounts for only a small percentage of the dataset size

(maximum 11% of the cardinality), and monotonically decreases asa grows. In Figure 13, we increaseε up

to 5%, and measure the volume of anchor segments accordingly. As expected, fewer anchor segments are

necessary when the accuracy requirement is weaker.

The next set of experiments examines the space consumption ofAncSegandMVSB. Focusing onUni-CA,

Figure 14a compares the amount of space occupied byAncSeg, MVSB, and the underlying datasets. Note
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Figure 13: Volume of anchor segments vs.ε (H = 300, a = 5%)
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Figure 14: Space overhead vs.H (a = 5%, ε = 1%)

that the y-axis is in logarithmic scale. Due to itsO(n log n) complexity, an MVSB-tree is several times

larger than the original database. The space cost of the proposed technique, on the other hand, is only a

small fraction of the database volume, and lower than that ofMVSBby an order of magnitude. Figures 14b,

14c, and 14d present the comparison forUni-LB, Zipf-CA, andZipf-LB, respectively, confirming the same

observations.

We repeat the experiments of Figure 14, but by fixingH to 300, and varyinga instead. The results are

presented in Figure 15. The overall phenomena are analogous to those inFigure 14, except that the difference
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Figure 15: Space overhead vs.a (H = 5%, ε = 1%)

betweenAncSegandMVSBis ever more significant (recall that, as shown in Figure 12, the number of anchor

segments accounts for a smaller percentage of the cardinality, asa grows).

The last experiment of this subsection evaluates the space volume ofAncSeg, when the approximation ratio

ε is raised from 1% to 5%. Figure 16 demonstrates the results. For convenience of comparison, the figure

also provides the volumes of the database andMVSB, which, apparently, do not vary withε. As is consistent

with the findings in Figure 13, the space cost ofAncSegdecreases drastically asε grows. In particular, for

ε ≥ 4%, our technique requires less than 100k bytes, for a dataset of over 20mega bytes!

8.2 Query and Update Performance

Having shown thatAncSegentails low space overhead, we proceed to examine its query and update effi-

ciency. In particular, we study three aspects of performance in turn: query error, processing cost, and update

cost.

The relative error of a query (in the approximate answer returned byAncSeg) is calculated as|est−act|/act,

whereact andest denote the precise and approximate results, respectively. Given a workload, we measure

the quality of (the answers produced by)AncSegusing two metrics: themedian error, and theconfidence

bound. Specifically, the former is the median of the relative error of all the queriesin the workload. The
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Figure 16: Space overhead vs.ε (H = 5%, a = 5%)

confidence bound, on the other hand, equals the 9000-th largest relative error in a workload. In other words,

the relative error of 90% of the queries in a workload do not exceed the confidence bound.

Currently, there does not exist any method that can rigorously match the space consumption and query

precision ofAncSegat the same time. Thus, we compareAncSegagainst the histogram methodology, since

histograms are a highly popular selectivity estimation approach. Regarding each temporal object and a

timestamp range count query as special rectangles, we implemented a solution developed in [20], which is

designed to support selectivity estimation of rectangular range search over data rectangles; that solution is

referred to asHistogramin the sequel. In each experiment, the amount of space allocated toHistogramis

equivalent to the space occupied byAncSeg.

Figure 17 compares the query error ofAncSegand Histogramby varying H, using the default settings

of a, ε, andqklen. Specifically, Figure 17a shows the results for the datasetUni-CA. The white (grey)

columns represent the median error ofAncSeg(Histogram). The horizontal bar above a column indicates

the confidence bound of the corresponding median. Figures 17b, 17c,and 17d illustrate similar results with

respect to datasetsUni-LB, Zipf-CAandZipf-LB, respectively. Note that the y-axis is in logarithmic scales.

Histogramincurs huge error, which is often over 100%, and higher than the errorof AncSegby orders of

magnitude. The poor effectiveness ofHistogramis expected for two reasons. First, (unlikeAncSeg) this
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Figure 17: Query precision comparison betweenAncSegandHistogramunder differentH (a = 5%, ε = 1%,
qklen = 1000)

solution does not have any provably-good precision guarantees suchthat in the worst case its absolute error

can be as large as the dataset cardinality. Second, it is well-known that histograms perform well only if

they are allowed a sufficiently large amount of space. In other words, thespace consumption ofAncSegis

considerably below the threshold whereHistogramis able to yield accurate estimates. SinceHistogramis

consistently much worse in all the following experiments, we do not discuss thissolution further.

Figure 18 demonstrates the precision ofAncSegasa varies from 1% to 10%. Two crucial observations

can be made from Figures 17 and 18. First,AncSegproduces extremely accurate answers, with maximum

confidence bound below 3% in all cases. Remember that such high accuracy is achieved by occupying a tiny

fraction (around 1/10) of the space of the database (see Figures 14 and 15). Second, the quality ofAncSegis

fairly stable, and is hardly affected byH anda. Particularly, in Figure 17 (18), the results at variousH (a)

in the same diagram differ by less than 0.5%.

To study the impact ofε, we measure the median error and confidence bound, asε grows from 1% to 5%.

As shown in Figure 19, although the answers fromAncSegare less precise for a greaterε, they are still

reasonably accurate. These results, combined with those in Figure 16, indicate that our technique offers a

tradeoff between accuracy and space consumption. A user can setε to the lowest value satisfying her/his

precision requirement, to achieve the minimum space overhead. In Figure 20, we study the error changes
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Figure 18: Relative error ofAncSegvs. a (H = 300, ε = 1%, qklen = 1000)
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Figure 19: Relative error ofAncSegvs. ε (H = 300, a = 5%, qklen = 1000)

with respect toqklen. AncSegis especially effective when the query results are large. This is not surprising,

because the absolute error is always limited within a bound, which is not influenced byqklen; therefore,

given a greater actual result, the relative error decreases.

The next set of experiments investigates the query cost ofAncSeg, and how it compares withMVSB. Re-

call that the indexing schemes ofAncSegandMVSBleverage the multi-version methodology described in

Section 2.3. In particular, for both solutions, query processing is carried out only in the logical tree (in the

multi-version structure) that is responsible for the query timestamp. Assuming that the tree has a heighth,

the query cost is always2h. For AncSeg, this is due to the fact that, it answers a query by two timestamp

floor retrievals, each of which scans a single path of the tree. The reason for MVSBis similar; it reduces

a timestamp range count query to two “single-time-less-key” operations [38], each of which also accesses

one path of the tree. Therefore, the relative superiority (in query efficiency) betweenAncSegandMVSBis

determined by the heights of their logical trees for processing the same query.

The height of a logical tree at a timestampt, in turn, is proportional to the number of objects alive att. For

AncSeg, each “object” means an anchor segment, whereas, forMVSB, it refers to an ordinary object in the

dataset. Hence, a logical tree inAncSeghas fewer levels than in an MVSB-tree. For all the experiments in
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Figure 20: Relative error ofAncSegvs. qklen (H = 300, a = 5%, ε = 1%)

Figures 17-20,AncSeganswers every query in 4 I/Os (i.e., the height equals 2), compared to 6 I/Os ofMVSB.

The only exception happens in the scenario of Figure 19. Here, forε ≥ 2%, each logical tree inAncSeghas

only a single level; therefore, the query overhead becomes 2 I/Os (while theMVSBcost remains 6 I/Os).

Finally, we discuss the update cost ofAncSeg. It requires more expensive update overhead thanMVSB,

because each object needs to be inserted to and then removed from two structures. Specifically, as explained

in Section 7, when an objecto arrives, it is first added to a structureΥ in the “zone transformation” module.

Later,o is deleted fromΥ, then included in the sweeping-state structure in the module of “anchor segment

generation”, and finally, evicted from that structure as well. Both structures have a height of 3; therefore, the

overall update cost ofAncSegis 12 I/Os per object. This is 4 times higher than the update overhead ofMVSB

since, for each object,MVSBperforms a single insertion into an MVSB-tree with 3 levels.

9 Conclusions

Temporal aggregation is an important operator for two reasons. First, aggregates are the direct target of

analysis in a large number of applications of temporal databases. Second,the numbers of objects qualifying

various range predicates are essential inputs to many sophisticated data mining tasks, such as association rule

mining, decision tree learning, etc. Motivated by the fact that precise aggregation demands expensive space

or query overhead, in this paper, we propose a novel technique for efficiently computing approximate results

with good quality guarantees. Our solution possesses rigorous theoretical bounds:O(n) space consumption

andO(logB n) query time. Furthermore, as proved by extensive experiments, the solutionalso exhibits

excellent practical performance. In particular, it requires only a tiny fraction (around 1/10) of the space of

the database, settles any query in a small number (maximum 4 in all tested cases)of I/Os, and provides

answers with median relative error below 5%. The space and query overhead is significantly lower than that

of the current state-of-the-art.

For future research, it would be interesting to study temporal aggregationon more complex data. In this paper
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we assume only one non-temporal attribute in a query’s predicate whereas, in general, multiple such attributes

may be involved. For example, in weather monitoring, a sensor may perform multiple types of measurement

such as temperature, humidity, and so on. Hence, a query may retrieve the regions where the temperature

and humidity readings fall in certain ranges at a particular timestamp. Extendingthe proposed solutions to

support such queries remains a challenging topic. Another exciting direction is to investigate objects that are

modeled as segments with arbitrary orientations (not just horizontal segments, as are discussed in our work).

Such objects are abundant in spatiotemporal scenarios. For example, consider the locations of vehicles on

a highway. Treating the highway as a one-dimensional key domain, each location (i.e., the key) can be

represented as a single value. When a vehicle is traveling with a fixed velocityv, its trajectory is a line

segment in the key-time space, whose slope equals exactlyv (hence, the segment is horizontal only if the

vehicle is static). Another segment is created whenever the object alters its velocity. Here, a temporal range

count query would “find the number of vehicles on I-95 between Exits 4 and 8 at 11am yesterday”.
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