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ABSTRACT
Approximate computing, being able to tradeoﬀ computation
quality (e.g., accuracy) and computational eﬀort (e.g., energy) for error-tolerant applications such as media processing
and the emerging Recognition, Mining, and Synthesis (RMS)
applications, has gained signiﬁcant traction in recent years.
Many of these applications employ iterative methods for solutionﬁnding, wherein a sequence of improving approximate solutions are generated before reaching the ﬁnal converged solution. In this work, we propose ApproxIt, a novel approximate computing framework for iterative methods with quality
guarantees. To be speciﬁc, we present a lightweight quality
estimator that is able to capture the solution quality of each
iteration and use it to guide the selection of approximate computing mode in the next iteration. With the proposed dynamic
eﬀort scaling technique, ApproxIt is able to dramatically improve application energy eﬃciency under quality guarantees,
as demonstrated in our experimental results.

1. INTRODUCTION
Approximate computing is an emerging design paradigm
that is able to tradeoﬀ computation quality (e.g., accuracy)
and computational eﬀort (e.g., energy) by exploiting the inherent error resilience of a wide spectrum of applications [1, 2],
such as multimedia, digital signal processing, and the broad
class of applications referred to as Recognition, Mining, and
Synthesis (RMS). For these applications, there is usually no
speciﬁc “golden” output value that must be computed. Consequently, by relaxing the numerical equivalence between the
speciﬁcation and implementation of such applications, designers could use more energy-eﬃcient approximate hardware
building blocks for their applications and thus achieve significant energy savings and/or performance improvement.
Most existing works in approximate computing are static
designs that replace fully accurate arithmetic components with
approximate units to achieve various beneﬁts with slight quality degradation. As the computation quality requirement of
an application can vary signiﬁcantly at runtime, however, it is
preferable to design quality-conﬁgurable systems (QCSs) that
can adapt themselves to the changing application needs onthe-ﬂy [3–5]. The critical components in a QCS include: (i).
quality estimators that monitor the output quality in each in-
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termediate computation step; (ii). control mechanisms that
tune approximation modes at runtime so that an optimized
system consumes minimum computational eﬀorts with quality guarantees. Chippa et al. [3] proposed to embed sensors at various levels for quality estimation and employ a
proportional-integral-derivative (PID) controller to regulate
computational eﬀort levels based on sensor outputs. While
interesting and inspiring, these sensors cannot tell the “true”
computation quality at intermediate step, and more importantly, there is no guarantee for the quality of the ﬁnal result.
It is very diﬃcult, if not impossible, to develop an end-toend approximate computing framework for all kinds of errortolerant applications. In this work, we focus on applying approximate computing on iterative methods (IMs) [6], for the
following reasons: (i). IMs are the most widely-used solutions
for large linear/non-linear systems of equations and combinatorial optimization problems, which have a broad application
in many ﬁelds [7]; (ii). the computation quality requirement
in each iteration of IMs varies at runtime, which makes it
a perfect candidate for QCS design. The proposed approximate computing framework for iterative methods is namely
ApproxIt and its main contributions include:
∙ ApproxIt is an end-to-end solution with quality guarantees. To the best of our knowledge, this is the only
approximate computing work in the literature that ensures the quality of ﬁnal outputs at algorithm-level;
∙ We propose a lightweight quality estimator that is able
to eﬀectively capture the computation quality in each
iteration of IMs;
∙ We present a novel optimization framework that dynamically adjust approximation modes to minimize computational eﬀorts under quality guarantees.
The paper is organized as follows. In Section 2, we introduce prior works and motivation. Section 3 presents our
framework and theoretical analysis. Online reconﬁguration
strategies and experimental results are then detailed in Section 4 and 5, respectively. Finally, Section 6 concludes this
paper.

2. PRELIMINARIES AND MOTIVATION
2.1 Iterative Methods
In computational mathematics, an iterative method produces a sequence of approximate answers that, in the best
case, converges to the solution of the problem. Typically, it
involves a relatively simple calculation, performed repeatedly.
Thanks to their computational eﬃciency, IMs are widely
used in solving large linear/non-linear systems of equations
and combinatorial optimization problems, and hence they are
playing a prominent role in a variety of applications (e.g., computational biology, chemistry, ﬁnance and aerospace). For example, the iterative-based ﬁnite diﬀerence and ﬁnite element

methods give us perfect solutions, both in theory and practice,
to tackle partial diﬀerential equations.
Consider convex optimization is at the heart of machine
learning problems and IMs are generally regarded as the only
possible solution, without loss of generality, let us consider
such a problem on 𝑓 : ℝ𝑛 → ℝ:
(1)
min𝑛 𝑓 (𝑥) .
𝑥∈ℝ

Let a random 𝑥0 ∈ ℝ𝑛 be an initial iterate with ▽𝑓 (𝑥0 ) ∕= 0.
To achieve progress, we need to proceed in a certain search
direction 𝑑𝑘 ∈ ℝ𝑛 . The family of update rules parameterized
by the search directions {𝑑𝑘 }𝑘≥0 and step sizes {𝛼𝑘 }𝑘≥0 are:
𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝑑𝑘 𝑓 𝑜𝑟 𝑘 = 0, 1, ...
(2)
which shows that there are two kinds of computations in the
whole procedure of iterative method. One is to get the moving direction, and the other is to update the current position.
From this point of view, errors caused by approximate techniques are either from direction calculation (called “direction
error”) or update calculation (called “update error”).

2.2

Related Work

Recent years have witnessed a large and growing number of
applications that are inherently error-tolerant. Because these
applications do not require “strict” correctness but rather approximate correctness, various approximate computing techniques, spanning from transistor-level designs [8, 9] to highlevel programming languages [10], were proposed to exploit
this feature to achieve improved performance and/or energy
eﬃciency.
Generally speaking, approximate hardware designs implement a slightly diﬀerent yet more energy-eﬃcient and/or faster
Boolean function, when compared to exact designs. Various
approximate designs for speciﬁc arithmetic components were
presented in the literature (e.g., [11–14]), taking advantage
of the structural properties of these components. In addition, there are also a few attempts to systematically evaluate
and/or generate approximate circuits [15–17]. The quality of
the above approximate hardware designs were usually demonstrated with some speciﬁc case studies.
In practice, the application quality requirement can vary
signiﬁcantly at runtime under diﬀerent datasets and computational steps. The concept of dynamic eﬀort scaling (DES)
was thus proposed in [3], wherein scalable eﬀort systems (SES)
are designed to achieve the maximum beneﬁts under varying
quality requirements. Due to the criticality of adder design in
building up approximate circuits, accuracy-conﬁgurable adders
are designed in [4, 5] to serve the changing computation requirement.

2.3

satisﬁed at the end, which is not guaranteed with the PID
control mechanism in [3].
Let us take the application of approximate computing on
K-means clustering problem discussed in [3] as an example.
K-means clustering is a well-known data mining technique
that clusters a set of given data points into 𝐾 groups. In [3],
the authors proposed to use mean centroid distance (MCD),
i.e., the average distance of a point from its corresponding
centroid, as the algorithm-level sensor for quality evaluation,
and employ a PID control mechanism to tune approximation modes based on sensor outputs. While intuitive, this design cannot provide a quality-guaranteed end-to-end solution.
This is because: (i). such kind of metrics are rather ad-hoc
and its eﬀectiveness depends heavily on the datasets; (ii). the
control mechanism does not take the error-tolerance capability of the application into consideration. Consequently, the
iterative clustering scheme might be unstable, causing convergence diﬃculty (i.e., large changes in many iterations) or
even false clustering results at the end.
From the above, we argue that it is extremely diﬃcult, if not
impossible, to have a general approximate computing framework that is applicable for all kinds of error-tolerant applications. This has motivated us to study particular types of
algorithms and develop speciﬁc quality-guaranteed QCSs for
them. Due to the broad application of iterative methods on
many ﬁelds, we focus on it and propose the so-called ApproxIt
framework, as detailed in the following sections.

3.

THE PROPOSED FRAMEWORK

The proposed approximate computing framework for IMs,
ApproxIt, is comprised of two stages: the oﬄine characterization stage and the online reconﬁguration stage, as demonstrated in Figure. 1. As each application has its unique errorresilient behavior, at oﬄine stage, we try to capture those
features that diﬀerentiate an application from others. This is
achieved by identifying the error-resilient and error-sensitive
parts of each application and characterizing the impact of approximate hardware building blocks on it. Then, at online
stage, reconﬁguration of approximation modes are performed
at certain iterations considering the time-varying resilience
requirements of the application.
Application
Error-Resilience
Identification
Offline
Initial Configuration

Motivation

To the best of our knowledge, [3] is the only work that
presented an approximate computing framework for general
error-tolerant applications, which tries to regulate scaling mechanisms to operate the hardware at the lowest possible eﬀort
while meeting the target quality constraints.
One of the most critical issues in such a DES system design is how to continuously monitor the output quality so that
the system can adapt to changes in the degree of resilience.
In [3], the authors proposed to conduct sensor-based quality
estimation. In particular, they proposed to use some of the internal variables of the computation as algorithm-level sensors
to estimate the output quality. While the concept is interesting and inspiring, because the quality of the ﬁnal outputs
is the real concern, the critical challenge of how to derive an
eﬀective quality measure at intermediate computation steps
remains an open question. More importantly, such quality
measures should be able to guide the reconﬁguration of approximation modes so that the target quality constraints are
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Figure 1: The proposed ApproxIt framework.

3.1

Offline Characterization

Even for error-tolerant applications, there exist error-sensitive
parts (e.g., control ﬂow) that using inexact computations for
them may cause fatal errors or even crash the system. Consequently, a critical step at oﬄine stage is to ﬁrst extract those
error-resilient computations that can be conducted on approximate hardware. In this work, we resort to the analysis and
characterization techniques in [2] to achieve this objective.
Various metrics have been proposed in the literature (e.g., [5,
18]) to evaluate the quality degradation of approximate hardware, e.g., worst-case error (WCE), error rate (ER), and mean

error (ME). These low-level evaluation metrics, however, cannot be directly used to characterize the quality degradation
at the application-level because of the error masking and/or
error accumulation eﬀects. To tackle the above problem, we
introduce a new metric quality error for IMs to evaluate the
impact of approximate hardware at high level:

(4)
𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑑𝑘 + 𝜖𝑘 𝑓 𝑜𝑟 𝑘 = 0, 1...
𝑘
𝑛
where {𝜖 } is a sequence of errors in ℝ . Similarly it is
also theoretically provable [19] that the condition ∥𝜖𝑘 ∥ ≤
∥𝑥𝑘 − 𝑥𝑘+1 ∥ for scaled data must be satisﬁed, such that the
algorithm would not deviate much from the standard gradient
descent and can eventually converge.

Deﬁnition 1. Denoting the accurate and approximate results of one iteration of an IM application as 𝑓 (𝑥) and 𝑓 ′ (𝑥)
respectively, the quality error 𝜖 is deﬁned as the relative difference between 𝑓 (𝑥) and 𝑓 ′ (𝑥), i.e.,
∣𝑓 (𝑥) − 𝑓 ′ (𝑥)∣
𝜖=
.
𝑓 (𝑥)
Since iterative applications conduct the same computations
in each iteration, error measurements at the iteration level
can better reﬂect the computation quality than the above low
level metrics. In our work, the quality errors of diﬀerent approximate hardwares (or diﬀerent approximation modes of a
QCS) are pre-characterized at oﬄine stage by simulating several iterations on representative workloads.

4.

3.2

Online Reconfiguration

Needless to say, eﬀective online reconﬁguration is the key to
achieve optimized QCS designs. There are two critical issues
to resolve: (i). the quality requirement for the ﬁnal result
must be satisﬁed; (ii). the reconﬁguration strategy should be
eﬀective in terms of computational eﬀort. In the following,
we detail how ApproxIt is able to provide quality guarantees
for iterative methods. The detailed reconﬁgurable strategy is
then discussed in Section 4.
While it is extremely diﬃcult, if not impossible, to ensure
the computation quality with approximate hardware for general applications, fortunately, this is achievable for iterative
methods. This is because, it is known that the quality of IMs
is guaranteed if the speciﬁc iterative algorithms can converge
to a local minimum [6, 19]. Therefore, essentially, the problem
of guaranteeing application quality for IMs is equivalent to the
problem of ensuring the correct convergence of iterative algorithms. By theoretical analysis below, we acquire two useful
criterion on direction error and update error, the two types of
errors caused by approximate techniques (see Section 2.1 for
details).
According to [20], we have a proposition related to “direction error” as follows:
Proposition 1. If there exists a 𝑑 in ℝ𝑛 such that we have
▽𝑓 (𝑥𝑘 )𝑇 𝑑 < 0, then there exists an 𝛼0 > 0 such that 𝑓 (𝑥𝑘 +
𝛼𝑑) < 𝑓 (𝑥𝑘 ) for all 𝛼 ∈ (0, 𝛼0 ).
where 𝛼 and 𝑑 are the same with relevant ones in Section 2.1.
That means, since IMs (e.g., ﬁrst-order Gradient Descent,
second-order Newton’s Method) are to minimize an approximation of function 𝑓 at the current iterative 𝑥𝑘 ∈ ℝ𝑛 , we
need to choose 𝑥 ∈ ℝ𝑛 such that ▽𝑓 (𝑥𝑘 )𝑇 𝑑𝑘 < 0, where 𝑑𝑘 is
the current search direction. In particular, we transform into
the following optimization problem:
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒

▽𝑓 (𝑥𝑘 )𝑇 𝑑𝑘

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜

∥𝑑∥22

≤ ∥▽𝑓 (𝑥

𝑘

𝑘

)∥22

.

(3)
𝑘

𝑘

After solving it, we obtain the 𝑑 that satisﬁes ▽𝑓 (𝑥 )𝑑 < 0,
e.g., the steepest descent 𝑑𝑘 = −▽𝑓 (𝑥𝑘 ) for gradient descent
and 𝑑𝑘 = −(▽2 𝑓 (𝑥𝑘 ))−1 ▽𝑓 (𝑥𝑘 ) for newton’s method. By doing this, the move of IM iteration can be ensured towards the
local minimum and hence guarantee the convergence. This is
the ﬁrst criteria to handle with “direction error”. Interested
readers may refer to [20, 21] for the proof.
Next, we have the second criteria considering the “update
error” (denoted by 𝜖) introduced by the update function in
the following:

RECONFIGURATION STRATEGY

This section presents two reconﬁguration strategies that can
be used in ApproxIt to change the operational modes of the
approximate hardware at certain iterations.

4.1

Incremental Strategy

The basic idea for our incremental strategy is as follows:
considering the fact that IMs generally start with random solutions with low quality requirement in the beginning while
the quality requirements gradually increase, we always start
with conﬁguring approximate component at the lowest accuracy level. Each reconﬁguration then updates the conﬁguration to its adjacent one with higher accuracy level (no other
reconﬁgurations are allowed), until we get to the fully accurate mode.
The convergence nature of iterative methods guarantees
that the program will reach certain local minimum as long
as the accurate mode is eventually applied. However, the error of approximate component may lead to the situation that
searching direction deviates too much from the standard descent direction and even cause extra iterations. For saving
the unnecessary energy consumption, we proposed to observe
some runtime information and to perform light computation
to guide the reconﬁguration process.
We deﬁne three tightly related schemes, namely gradient,
quality, and function scheme, respectively. Based on the criteria related to “direction error”, which we have discussed in last
section, gradient scheme considers the dot production of moving direction and current gradient is less than zero, to make
sure the direction computed by approximate component is
correct. The quality scheme takes the second criteria on “update error” into account, as shown in [19]. However, since the
oﬄine choice of impact characterization (such as ME) cannot represent all cases, our last function scheme provides a
recovery mechanism when error happened.
Suppose we use the 𝑖𝑡ℎ approximate component with error
inﬂuence character 𝜖𝑖 , the above three schemes are formally
deﬁned as:
∙ Gradient Scheme: Reconﬁgure whenever
▽𝑓 (𝑥𝑘−1 )𝑇 (𝑥𝑘 − 𝑥𝑘−1 ) > 0.
∙ Quality Scheme: Reconﬁgure whenever
𝑓 (𝑥𝑘 ) − 𝑓 (𝑥𝑘−1 ) < ∥𝑥𝑘 ∥𝜖𝑖 .
∙ Function Scheme: Reconﬁgure and roll back one iteration whenever
𝑓 (𝑥𝑘 ) > 𝑓 (𝑥𝑘−1 ).
Gradient and quality are error prevention schemes, and we
perform a reconﬁguration if the constraint deﬁned by any one
of these schemes is violated. The gradient scheme reconﬁgures whenever the momentum term and the negative gradient
are making an obtuse angle. In other words we reconﬁgure
when the momentum seems to be taking us in a bad direction, as measured by the negative gradient at that point. The
quality scheme reconﬁgures whenever estimated error is bigger than the distance(ℓ2 norm) of two iterations. If there is
an error, the recovery based function scheme reconﬁgures and
rolls back one iteration to avoid the extreme cases in which
we are moving away from the optimum or falsely stopped (not
truly converged) caused by approximation.

Note that, all the above quantities involved are already
available along with conducting IMs, and hence the extra computations used in such incremental reconﬁguration strategy is
negligible.

4.2

Adaptive Angle-Based Strategy

The above iterative reconﬁguration strategy is simple, but
there is only one reconﬁgurable direction, i.e., from low-accuracy
level to high-accuracy one. In the following, we present a more
ﬂexible adaptive angle-based reconﬁgurable scheme.
Generally speaking, gradually increasing the accuracy level
at runtime works well when the parameter manifold is convex. However, the manifold can be much more complex, which
means the error-tolerance capability of the application is not
gradually decreasing, as shown in Figure. 2. To tackle such
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Figure 2: Parameter Manifold in 3D Space
kind of problem with maximum beneﬁts, it is better to let
the online reconﬁguration strategy select the most suitable
approximate components adaptively instead of simply changing it to the adjacent one with higher accuracy level.
We deﬁne the hyperplane that is perpendicular to the objective direction (i.e. z direction in Figure. 2) as our base
plane, and denote the angle between the current point’s tangent plane of parameter manifold and this base plane as 𝛼.
When 𝛼 gets bigger, the manifold will gets steeper. In the
case that the angle is big, as long as the moving direction is
correct, the point has more freedom to go to somewhere else
below than itself. In another word, algorithm is more tolerant to approximation error when 𝛼 get larger, thus we can
use approximate mode with lower accuracy levels to get better performance and power saving. While when the angle is
getting to zero, the computing is much likely to be converged
and becoming more sensitive to errors, so components with
higher accuracy levels are preferred.
It is easy to see that 𝛼 ∈ [0, 90∘ ]. The key issue in our adaptive angle based strategy is to form and keep a lookup table
which contains the best 𝛼 ranges for approximate components
with diﬀerent accuracy level, so that we can select appropriate
component based on 𝛼 in each iteration to minimize energy
consumption. In the remaining part of this subsection, we ﬁrst
formulate this as an optimization problem, and then propose
online lookup table updating method to make our reconﬁguration strategy applicable to diﬀerent dataset by learning
runtime information.

4.2.1

Offline Lookup Table Initialization

We use Ω = {𝜔0 , 𝜔1 ...} and 𝐽 = {𝑗0 , 𝑗1 ...} to denote the
angle percentage and energy consumption of diﬀerent approximate components, respectively.
Our objective function is deﬁned as minimizing energy consumption in one iteration with respect to that errors are under
control, as follows.
(5)
𝑚𝑖𝑛
Ω𝑇 𝐽
𝑠.𝑡.

𝑛=4
∑

𝜔𝑖 = 1, 𝜔𝑖 > 0

𝑖=0

Ω𝑇 𝜖 ≤ 𝐸

where 𝐸 is the error which can be tolerated in this iteration.
In the initialization step, 𝐸 = 𝑓 (𝑥1 )−𝑓 (𝑥0 ), and both of 𝑓 (𝑥1 )
and 𝑓 (𝑥0 ) can be obtained from the oﬄine impact characterization procedure. Fortunately, this optimization problem can
be eﬀectively solved by introducing Lagrange multipliers, and
the initialized lookup table is put into the framework to guide
the selection of approximation modes.

4.2.2

Online F-Step Fixed Update

At runtime, we take 𝑓 as the update parameter, which
means the lookup table will be updated after every 𝑓 steps.
In this way, we give programmers more freedom to tradeoﬀ
computation quality and computational eﬀort.
Suppose we are currently at 𝑘 = 𝑓 iteration, Ω will be
updated following Equation.6 with respect to 𝐸 = 𝑓 (𝑥𝑘 ) −
𝑓 (𝑥𝑘−1 ). When 𝑓 = 1, the framework always keeps the latest
state of lookup table in every single iteration, and this means
in every step, the strategy greedily select the most suitable
component to maximize power saving with quality guarantees.
The complexity of updating this lookup table is decided by
the number of approximation modes that are used. In our current implementation, this state space is only 5*1, which can be
safely ignored when compared to the application complexity.
In other words, the proposed adaptive angle-based reconﬁguration strategy is lightweight even though the lookup table is
updated at runtime.

5.

EXPERIMENTAL RESULTS

In this section, we present experimental results of ApproxIt
on various iterative methods with diﬀerent datasets.

5.1

Experimental Setup

In our experimental results, the output generated with fully
accurate component is denoted as the 𝑇 𝑟𝑢𝑡ℎ. As our candidate approximate components, we implement four kinds of
approximate adders (as illustrated in [5]), and denote the accuracy level of these approximate components by 𝐿𝑒𝑣𝑒𝑙 =
{𝑙𝑒𝑣𝑒𝑙1, ..., 𝑙𝑒𝑣𝑒𝑙4}, where the larger level index means higher
the accuracy level. It should be noticed that our proposed
framework is also applicable to other approximate component
designs.
Based on above hardware platform, we perform experiments
on a benchmark suite consisting 2 representative iterative
methods in diﬀerent application ﬁelds, and Table. 1 describes
their detailed information. For the sake of fairness, each algorithm uses the same initialization for diﬀerent datasets, and
the quality of generated approximate results are evaluated by
comparing with above true results. The quality evaluation
metric (QEM) is dependent on application. The datasets and
parameter settings for each application are illustrated in Table. 2.

5.2

Single Mode Results

Our ﬁrst experiment is conducted for single mode conﬁguration, that is, only one approximate component is applied
through the entire algorithm lifetime. The numerical results
for GMM are presented in Table. 3(a), where column “Conﬁguration” indicates the applied approximation component,
column QEM presents data of quality evaluation metric, and
column “Iteration” and “Energy”(energy model in [22]) give
the number of iterations and the normalized energy consumption on total approximate parts, respectively. The graphical
clustering results on dataset “3cluster” are also presented in
Figure. 3 as the visualized quality evaluation.
First of all, decreasing the accuracy level can bring beneﬁt on energy saving. However, this can be the other way
around if the error caused by approximation becomes out of
control. As illustrated in the ﬁrst row of rightmost column in
Table.3(a), accuracy level 1 will give an output using 4 times

Table 1: Benchmark Suite Description
Benchmark
Gaussian Mixture Models

Representative Fields
Nonlinear Clustering and Classiﬁcation, Convex Optimization
Time Series, Regression Problems

AutoRegression

Quality Evaluation Metric
Hamming Distance
Least Square Error with ℓ2 Norm

Table 2: Dataset and Parameter Description
Dataset
3cluster
3d3cluster
4cluster
HangSeng INDEX
NASDAQ Composite
S&P 500

Application
Gaussian Mixture Model
Gaussian Mixture Model
Gaussian Mixture Model
AutoRegression
AutoRegression
AutoRegression

Samples
1000*2
1900*3
2350*2
6694*10
10799*10
16080*10

Source
Matlab
Matlab
Matlab
Yahoo!
Yahoo!
Yahoo!

MAX ITER
500
500
500
1000
1000
1000

Convergence
1e-10
1e-6
1e-6
1e-13
1e-13
1e-13

Adder Impact
Mean Value
Mean Value
Mean Value
80% Conﬁdence Space
80% Conﬁdence Space
80% Conﬁdence Space

Table 3: Results on Gaussian Mixture Models
(a) Single Mode Results
Conﬁgurations
level1
level2
level3
level4
Truth

3cluster
QEM
695
186
137
0
0

Iteration
4
59
63
67
81

3d3cluster
Iteration QEM Energy
3
1796
0.0526
37
951
0.474
45
764
0.579
53
476
0.737
68
0
1

Energy
0.0513
0.658
0.718
0.769
1

4cluster
Iteration
QEM
MAX ITER
1309
25
470
47
245
77
199
93
0

Energy
4.43
0.238
0.476
0.762
1

(b) Online Reconﬁguration Results
Incremental Reconﬁguration
Steps on Single Components
Total
level1 level2 level3 level4 acc
3
8
12
30
0
53
2
2
10
23
17
54
1
17
10
28
2
58

Dataset
3cluster
3d3cluster
4cluster

Adaptive Reconﬁguration (f=1)
Steps on Single Components
Total
level1 level2 level3 level4 acc
4
13
19
15
0
51
7
10
16
15
6
54
7
23
12
13
3
58

Error
0
0
0
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Figure 3: GMM Result: Single Mode Approximation on 3cluster
Table 4: Results on AutoRegression
(a) Single Mode Results
Conﬁgurations
level1
level2
level3
level4
Truth

HangSeng INDEX
Iteration
QEM
Power
4
1.8842
0.461
MAX ITER 1.5716
126
5
0.8229
0.647
5
0.6772
0.667
7
0
1

NASDAQ Composite
Iteration
QEM
Power
244
2.5912
0.51
263
2.1609
0.607
271
2.0032
0.639
349
0.6923
0.846
387
0
1

Iteration
644
698
717
798
802

S&P 500
QEM
2.1246
1.2306
1.1093
0.5601
0

Power
0.65
0.772
0.813
0.928
1

(b) Online Reconﬁguration Results
Dataset
HangSeng INDEX
NASDAQ Composite
S&P 500

Incremental Reconﬁguration
Steps on Single Components
Total
level1 level2 level3 level4 acc
1
1
1
2
2
7
17
44
35
99
187
382
23
63
110
276
327
799

energy consumption than the accurate mode. Second, over
approximation may induce unacceptable quality degradation
or even fail algorithm. As shown in these contents, when
the dataset is 3cluster, which means the GMM is applied to
group these 2D data into 3 diﬀerent clusters, the algorithm
computed by accurate design ﬁnally converged with a clustering result after 81 iterations; while, the approximate design
at accuracy level 1 falsely stops the algorithm after only 4
iterations, oﬀering a completely wrong result that has only 2
clusters as shown in Figure. 3(e). And when we use dataset

Error
0.0017
0.0402
0.0021

Adaptive Reconﬁguration (f=1)
Steps on Single Components
Total
level1 level2 level3 level4 acc
0
1
2
2
1
6
31
58
79
132
38
338
49
92
191
298
109
739

Error
0.0017
0.0099
0.0011

4cluster on the same algorithm, the application even cannot
be converged within the maximum iteration using level1 approximate components. In addition, we also notice that the
dataset variation has a signiﬁcant impact on the algorithm
quality. For example, accuracy level 4 is able to generate exactly the same result with Truth, while it will put 476 data
samples to wrong clusters on 3d3cluster and 199 on 4cluster,
respectively. From the above observation, using approximate
components directly to applications cannot guarantee output
correctness and output quality. To solve this problem, it is

preferable to observe runtime information and to conduct reconﬁguration dynamically. Similar results can be also found
in Table. 4.

5.3

Online Reconfiguration Results

Our second experiment is performed to evaluate the effectiveness of our proposed online conﬁguration strategies in
terms of output quality and energy eﬃciency. Table.3(b) lists
the reconﬁguration statistics and quality evaluation on Gaussian Mixture Model for incremental and adaptive online reconﬁguration strategies, respectively. Result in “level” and
“acc” columns indicate the iteration numbers used in computing mode with the corresponding accuracy level, and “acc”
represents the fully accurate mode.
Compared to the single mode results, approximate computing with both incremental and adaptive online reconﬁguration
can provide zero-error (hamming distance) result by capturing application’s runtime details. Similar results can be also
found in Table 4.
Figure.4 show GMM’s total energy consumption on approximate part and energy consumption per iteration on approximate part till the application get converged. By using incremental reconﬁguration, we can get 52.4%, 25.0% and 33.6%
energy beneﬁt on these three datasets, while adaptive strategy
brings us 63.8%, 28.4% and 44.0%, respectively. We can also
observe the energy beneﬁt on other benchmarks in Table 4.
The angle-based reconﬁguration strategy is better than the
incremental one, and the amount of energy savings depend on
the respective case (see Figure.4). This is because, the former
one use an optimization-based strategy to automatically provide the system a proper guidance to select the most suitable
accuracy level, so the runtime information will have more impact on decision making, while the incremental method can
be easily inﬂuenced by oﬄine adder characterization.
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Figure 4: GMM:Comparison on Energy Consumption

6. CONCLUSIONS
Approximate computing is a promising solution to tradeoﬀ
computation quality and computational eﬀort. Most existing works are static designs that replace accurate arithmetic
components with approximate units to achieve various beneﬁts with slight quality degradation. In this work, we propose
𝐴𝑝𝑝𝑟𝑜𝑥𝐼𝑡, a novel approximate computing framework for iterative methods with quality guarantees. To be speciﬁc, we
present a lightweight quality estimator that is able to capture
the solution quality of each iteration and use it to guide the
selection of approximation mode in the next iteration. The
eﬃcacy is demonstrated with experimental results on various
applications. To the best of our knowledge, this is the only
approximate computing work in the literature that ensures
the quality of ﬁnal outputs at algorithm-level.
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