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CEG5010: The Symmetric
Table Addition Method
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Introduction

» Lookup tables can be used to implement
any function

» The Symmetric Table Addition Method
(STAM) can be used to approximate any
differentiable function

* In STAM, symmetry and leading zeros are
introduced to reduce amount of memory
needed (Stine and Schulte 1998)
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Taylor Series

f"(a)(x — a)?

flz) = f(tl)+f'((l)(.r—a)+T+...
) (a)(z — a)”
1=0
where
o /.1: f‘(n+1)(u) (z — ‘u)ndu
J+ ) — )

(n+ 1 for a<é<a
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Bipartite Table Method

» Operand x divided into 3 parts Xx=Xy+X;+X5

| n |

I PR 1 n,
0. Xy X X,
[ ‘ —P —1 —-n -n—n,—n
1 2—1 7 ) 0 =1, h=n—1,
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Bipartite Method (BM)
n
| Yo X X2 |
ng n; 1,y
\ { Yy
Table Table
dolx g X;) diXgXs)
Po Py
/ /
Adder
P
'
fx)
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BM coefficients

» Computed by taking first 2 terms of Taylor
series around Xx,+X;+9, (0, is half the range of x,)

fix)

f(xo+ xl) =

fAxpytx ,+85)
fxp+ x + 235)
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BM coefficients

flz) = flro+zi+1)
N fleo 4 +00) + f'(zo + 21+ 8o) (22 — bo)
N f(-’«‘o+Jf1+(52)+fl($o+(51+52)($2*52)

= ag(il?(], l’l) + al(_x(la .'132)

d1 = (2770 27Ty /2
— 2771,.371 o 2777..3771.]71
do = (2*%*“1 _ 277107”17”2)/2
27?’107”1171 o 27”0771.]7’!1271
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BM coefficients

- Note that a,(x,,X,) cannot depend on x, and
is replaced by 9,, a value which is half the
range of X,

fle) = flzot+ur+29)
~ fleo+ 21 +8) + [ (2o + 21+ d2) (22 — b2)
N flzo e +09) 4 [ (2o + 81+ 09) (29 — da)

= ag(zg,21) + ay (g, 29)
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Symmetry in a;(Xy,X5)
- There is a bound on a;
a1 (2o, xa)| = |f'(x0 + 01 + 02)(22 — d9)]

< |f,r(£1)|2—nn—n1—l

* Leading to the number of leading zeros to

be approximately

no +n1 + 1+ logy(|£(&0)/f(€1)])

(the leading zeros do not need to be stored)

Symmetry in a;(Xy,X5)

« By symmetry, a,(x,X,) can be reduced in size

from 2M+ x p, bits to 2n+=1 x (p, -1) bits
a1 (o, T2) f(x)=cos (x)

T z227 decimal binary i
0.500000 | 000 | +0.0166016 | 0.0000010001 AT,
0.507812 | 001 | +0.0107422 | 0.0000001011 X0
0.515625 | 010 | +0.0068359 | 0.0000000111 ny=2
0.523438 | 011 | +0.0029297 | 0.0000000011 n,;=2
0.531250 | 100 | -0.0029297 | I.1111111101 n,=3
0.539062 | 101 | -0.0068359 | 1.1111111001 =7
0.546875 | 110 | -0.0107422 | 1.1111110101 =2
0.554688 | 111 | -0.0166016 | 1.1111101111

Table 1. Table Entries of a; (z¢, z2).
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Symmetry
» Table is reduced by using
— 20,-X, is the one’s complement of x,
— a4(Xq, 20,-X,) is the one’s complement of
a1(Xo, X2)
2008;;—;3}315F|
. . . 2H7% (12)
Symmetric Bipartite Table
Method (SBTM)
" *o :1 [T x|
Xg e X5 ng n, ny,-1
?10 ?11 ?12
[c XORs |
ny-1
'ljable "I!abl‘e a ;,:];li Iy a ,T;]Zli 2) !
dolXg*p) dpxXgr2) sign(a,) |_p,-1
2o =2 N H
Adder
‘ Adder ‘
- r
fx) ( o |
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4 Error sources
- €. approximating f(x) with only the first 2
terms of the Taylor series
- f['i.‘] (;1‘[] + x1 + (52)(;1‘2 — (’Jﬂlg)i
0 = |y T |
=2
N |f"(xo + 21 + 62) (22 — d2)?
- 2!
< ‘J{‘H(&j)|2—i’.ﬂ.n—2ﬂ1—i‘:
& is the point on [0,1) at which [fi(x)| is max
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4 Error sources

- &, replacing the 2" term of the Taylor series
with a;(Xy,X5)

€1 & |f"(xo+ 1 + d2)(z1 —d1)(22 — &2)]
< |fff(.£2)|272ngfn1—2
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4 Error sources

- & rounding ay(Xq,X{) and a,(xg,X,) to ps+g
fractional bits

g < 2x27Prm9~]

—  9=P;—9
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4 Error sources

- €. rounding to the final result

—pe—1 —pr—g—1
63§2 Pr — 9 Pr—g
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Error analysis

» Assume p; fraction bits
and py+g coefficient
bits, need to ensure _
that the sum of these co+e1+eg+ea <270
errors is smaller than 1 -
unit in the last place

(ulp)
T o o e
g = 2
Satisfied by 2ng+n1 < pr+ loga(f"(&2))
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Example
- Approximate 1
sin(x) to p;=12 L, 05
bits on [0,1) =1
O n0=4, n1=4, n2=4 g °
« x4 +4 2124+ U gs
[log,(142)]
-1
0 0.5 1
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Examples
Tuble 2. Ranges and Derivative Values for Selected Functions.
S(z) [ Tnput [ Output | [ (&) [ [ [S"(&2) ]
1/x [1,2) 0.5, 1] 1 2
Nz (L2 | [L+v?2) 1/2 1/4
sin(z) | [0,1) | [0,1/+/2) 1 1/v2
2% [0, 1) [1,2) 21n2 2(In(2))*
logy(z) | [1,2) [0, 1) log,(e) log,(e)
In(x) [1,2) [0, In(2)) 1 1
1/ [1,2) (1/\/5, 1] 1/2 3/4
200843 H 15H
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Symmetric Table Addition Method

» Generalization of STAM with multiple tables

Table
dotxXpX )

Po

Multi-Operand Adder

P

fix)
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STAM approximation

@) = fleo+zi+> &)+
Flrot+6+ 3603w =36

aici(wo,zi) = [(zo+ 6+ ) (e — &) 2<i<m

2
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STAM error constraints

2ng + nq Dy +loga (| " (&2)])

2+ logs(m — 1)

A TA

11
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Partitions and table sizes (16 bit)
Table 3.  Bit Partitions and Table Sizes for 16-Bit Operands.
f(z) | Tables | Bit Partitions | Table Sizes Total Memory
1/ 1 15 21515 491,520
1/z 2 6,4,5 21017+ 7) 24,576
1/ 3 7,2,3,3 29(18+ 9 +6) 16,896
1/z 4 7,2,2,2,2 | 2°-19+2%(10 +8 +6) 15,872
VT 1 15 21515 491,520
NZ] 2 1,5,6 2917+ 7) 12,288
NZ3 3 5,3,3,4 2%8.184+27.94+2% .6 7,296
N 4 5,3,2,2,3 | 2%-19+25(10+8)+27-6 6,784
sin(z) 1 16 210,16 1,048,576
sin(z) 2 6,4,6 21018 4217 .7 32,768
sin() 3 7,2,3,4 29(19+9) + 219 .6 20,480
sin(z) 4 7,2,2,2,3 | 27204 2°(10 1 8) + 2° -6 17,920
2T I 16 21615 983,040
27 2 5,5,6 21017+ 7) 24,576
27 3 6,3,3,4 29.18+25.9+27 -6 14,592
2% 4 6,3,2,2,3 [ 2Y.19+27(10+8)+2%-6 13,568
20084:3H 15H
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Partitions and table sizes (24 bit)

Tuble 4. Bit Partitions and Table Sizes for 24-Bit Operands.

f(x) | Tables | Bit Patitions Table Sizes Total Memory
e 1 23 272723 192,037 984
e 2 9,7,7 2025 1 2.9 1,933 312
1/z 3 11,3,4,5 217(26 +12) + 217 - 8 884.736
1/z 4 11,3,3,3,3 227 12313 1 101 7) 688,128
1/z 5 11,3,2,2,2,3 21T 27 + 21 7(13 + 11+ 9) + 218 . 7 634.880
e 6 11,3,1,2,2,2,2 | 217 .28 1 210 14 { 212(13 { 11 + 9+ 7) 651,264
N 1 23 223323 192,037 984
NG 2 7,7,9 21725 215 .10 737,280
NE 3 8,5,5,5 2T .26 + 217(12 4+ 7) 290,816
N 4 9,3,3,4,4 217 .27 + 21T 14 4+ 2T2(11 4+ 7) 212,992
NG 5 9,3,2,3,3,3 27 27+20 - 14 +2TT(12+ 9 +6) 180.224
N 6 9,3,2,2,2,2,3 | 212 .28 1 210(15 + 13 Il +9) + 211 -7 178,176
sin(z) 1 24 277 .24 402,633,184
sin () 2 8,8,8 216 .26 + 215 .9 1,998,848
sin(z) 3 10,4,5,5 2 (2T +12+7) 753,604
sin(z) 4 10,4,3,3,4 2728 127713 4 10) + 213 -7 610,304
sin(z) 5 11,2,2,3,3,3 2028+ 27 14 +2P(12+9+6) 507904
sin(z) 6 11,2,2,2,2,2,3 | 213 .20 1 212(15 + 13 + Il + 9) 4 213 -7 491,520
2° 1 24 277.23 385,875,968
27 2 8,7,9 215 .25 + 21810 1,474,560
2% 3 9,5,5, 5 2126 1 213(12 1 7) 581,632
27 4 10,3,3,4,4 2727 1277 14 1 211 1 7) 425984
2° 5 10,3,2,3,3,3 20 27T+ 2T 14 +2P(12+ 9+ 6) 360448
2° 6 10,3,2,2,2,2,3 | 2% .28 + 2TT(15 + 13 + 11 +9) +- 2127 356,352
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(16 bit)
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Conclusion

» The STAM method uses the first two terms
of the Taylor series to construct an
approximation to an arbitrary differentiable
function

» Considerable area reduction over simple
table lookup

 High speed (only adders and memories
required)
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» Software for computing the tables is available on
http://www.cse.lehigh.edu/~caar/STAM.ht
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Review Questions

« Compute the a,, a, and a, tables for a
small example of your own construction.
Download the software and check its
correctness.

» Make sure you understand the four
sources of errors described in the lecture
and the constraint equation relating the
parameters and the 2" derivative of the
function
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