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CEG 5010: Reconfigurable Computing
Distributed Arithmetic

Philip Leong

“The world is moving so fast these days that the man
who says it can't be done is generally interrupted by
someone doing it.” - Harry Emerson Fosdick
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Introduction

* Distributed arithmetic (DA) computes an
inner product (also known as a dot
product) efficiently

» Makes use of the fact that one of the
inputs is constant to achieve 50-80%
reduction in gates

» Applications in fixed point DSP: FIR/IIR
filter, FFT, DCT etc
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2's Complement Fractions
N-1

X ==Bo+ D B2 x| <1
n=1

* by,€{0,1} are the bits representing the number, b\, is the LSB
* What is the 2's complement fraction 0100 in decimal?
» What is the 2's complement fraction 1100 in decimal?

* You can also think of these as being the normal integer 2's
complement numbers scaled by 2-N-D

» We normally use these for signal processing as multiplication
does not cause these numbers to overflow i.e. the product of two
numbers<1lis<1

7-Mar-08 (4)

Inner Product

K
Y= 2 Ay 1)
k=1

The A, are fixed coefficients, and the x, are the input data
words. If each x, is a 2's-complement binary number scaled
(for convenience, not as necessity) such that [x,| < 1, then
we may express each x, as

-1
Xi = —bk;. + 2‘ b;‘,_.z_ﬂ 2
a1

where the b,, are the bits, 0 or 1, by, is the sign bit, and
by, y-1 is the least significant bit (LSB).

Now let us combine Equations 1 and 2 in order to ex-
press y in terms of the bits of x,:

n=1

K N=1
y=2 Ak[' by + 2 bgr.z_"]- (3a)
k=1 -
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Main idea

N-1 K

K
y=2 Embm]r" + 3 Ad—=bu) . (3b)
k=1

n=1 | k=1

This is the crucial step: Equation 3b defines a distributed
arithmetic computation. Consider the bracketed term in
Equation 3b:

K

E Akbl'n . (3c)

* b, is either 0 or 1 and there are k of them.
Hence (3c) only has 2K possible values as A¢
never changes. Compute it by table lookup
using b, (k=1..K) as the address
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Example (32 word mem)

‘1—‘:‘—.‘ Ay o= 072 Table 1
P . Ao o Inpurt Gode .
P :;: Ag = B11 Ty bin bgn ban Ban Mamary Cemtents
y—tig] Mo 5 o o B o |a
4 [ ° 1 A, 041
[ — 8 2% 8 * - oes
11 | Ayeags v
+ | Paraiiel Qutpet T 3 3 E o0 ag .Nnr
2l a8 1B 1 Agedy - 019
+ e 6 1 1 0| mgeag-n
wl a0 1 1 1 AzsAyrhy - 0TS
IR RN T
bl X0} 9 1 6 1 0 | Apemse e
I T T T Ayehyriy = 178
[ 1 a0 Agehg = D2
:@- [ | 1 | Aqahgihy - 083
- [T | 1 10 AyeAgehy = 137
¥ o 1 1 1 1 Myebgrdyehy « 148
. . . 1 o o ] a ]
¢ 1 Ay ]
+ Input delivered serially, LSB first O N B
({oyn.1})- The MSB is {byo} S T B o T
. [ ' [ 1 My hgl = =019
* SWA is set to (1) except when MSB Sy Y YRR s
sent Tl R e
E R T o0 fAj+Ag) = = 18T
« 21js just a shift L T I N B i e
11 1 ] 1 18 :;-:(I ?“
+Note how apriori knowledge of A is L HI N N i A

needed to compute the table
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Example with subtractor
(16 word mem)

* In previous slide, top

and bottom half of table A
are identical in n—] TR

magnitude, opposite in
sign

e Since table is
exponential in K, better
to use a subtraction e 1. Adowvbtator s Memar
and halve table size

e Ts=1on MSB 0O
otherwise
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Further memory reduction

e Using a (-1,1) representation (instead of (0,1)) we can
reduce memory by half again

1 .
X = "Z'Ixt - (=xa], 4)

and remember that in 2's-complement notation the nega-
tive of x, is written as

N-1
—xy = —byg + 3 B2 + 27N ()
n=1

where the overscore symbol indicates the complement of a
bit. From Equations 2 and 5 we may rewrite Equation 4 as:

1 T .'\.'-“. e N-1
Xg = '2‘[ (bkn - b.o} + 2_, (bkn - b.,,,)?"“ =2 ]. (6)
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Cin = bin = b N #=0 (7)
and
Cin = —(by — Bh:]' (8)

where the possible values of the ¢, including n = 0, are
+1, Now (6) may be rewritten as

1N .
X, = — [2‘- rk.!\z-ﬂ _ 2-”\.—1!} . (9)
2|0
By substituting (9) into (1) we obtain
1 & N=1 ’
y= 2 Z /‘)‘ E CMZ'" — 27em (10)
k- =l
N-1
= ¥ Qb2 + 27 7Q(0} (11)
Aol
K‘ A K- AL
Qb =3 Ty and QO =Y. (1)
k=1 )— k=1 2

7-Mar-08 (10)

Example (8 word mem)

Table 2

b
H

Born
Mamary Contents, &

2 ihy s Agehye Ag = ~OTd
12 iAy « Ag ey - Ag) - ~083
Ty Bg-Agahg = 021
1 Ay-hd e 022

=10 Uy = Ay Rge Ag) <~ 104

~ 12ty - Ag e Ag-Ag) - -083
V2 iy - Ag- A Ay = - 008
W2tk - hg-Ay-hg = 002

ceaee|d 3

1
§
g

I P

moscun-a|f

-|ececcacsl|s

U2y - Ag-Ag-Ag = -0
2y~ Ag-hyedg) = 000
VEiky - Bgedg=hyg < 050
WRikg-AyedyoAg = 104
NZiAy+ Ag- Ay - Ag = 032
112 Ay o Ag= Age kgl = ~021
WZtRy s A Ay Agl s 08D
V2ihy o AgeAyehg = 074

s o==an
]

Figura ¢ AddmiSubtractor ard Reduced Memony

Bits of the input represent (-1,1) weightings of A; in the table

Input to the ROM has changed so that the appropriate bit pattern is
applied to the ROM (b, is also used to select sign)
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Resource Analysis

* Need 2X-1 entry ROM to compute inner
product in N cycles

» For K>N it is more efficient than a single
multiplier/adder
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Parallelism

Should be apparent that the DA
computation can be made more parallel
There are two choices

— Use L ROMs to compute L bits at a time

— Use a single 2X-1 address ROM to compute L
bits at a time

— Both cases use N/L cycles hence the
speedup factor is L

How does each scale with L?
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Increasing Parallelism

Least-Significant

Marnbers of Bit nm\
=

7 :I B BWord HQD_’ Bword
"3 ’_!D_" cr‘lnzi%% jD‘"’ (r;‘i;au
4 jD_. :JD_. ; -7

m:'mr'p../ ”
—\KJ *
Ts __}D . A . E
[0)]
Process 2 bits at a time o I@" o0 ® (<]

using 2 ROMs

Figure 2. 2-Memory, 2 BAAT version of Figure 10,

e e S
b
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Single Memory 2 BAAT

P;%:‘WM& ant Y2 Gy an )

f

.

<E2 Ay 0y, an By, anh+ V2 By, an o 1B an el

Pt A= LA L L
sn L8R

L nanet Bran Pramer Bamm bumetr bum Bames | P
y T 8 8§ § 3§ § ¢
ol
L
Pic
2 ‘M

i
7

Process L=2 bits at a time
:?:I using a 21 ROM

Figure 3. Single-mamory, 2 BAAT version of Figure 1C.
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| Process L=4 bits at a time
: using a 21 ROM
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Figure 5. DA mechanization of y = Ayx; + Agxa + AgXa + Auxa fOr 4 BAAT implementation
le Adder/Subtractor snd minimum memery.
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FIR Filter

y[n]

H(z) = 23: bz
* |s an dot product with delayed inputs
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IR Filter

Offer possibility of steeper slope filters than FIR
at the expense of stability, overflow and higher
sensitivity to coefficient values

Called “infinite impulse response” as it uses
feedback from the output

Has both poles and zeros, FIR only has zeros
Can be implemented as a cascade of biquad
sections

x[n]
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A typical biquadratic digital filter has a transfer function

of the form

Y@) Aot Azt Az (20)

X(z) 1+ 8Bz "+ 8Bz~
where the poles are determined by the B, and 8,, and the
gain and zeros are determined by the Ay, A,, and A,. The
time-domain description is

Vo = [Ao A Az By By] [XaXami Xacs Vacr }".-__-)] 21)
where the coefficient vector is [A4,A, A, B, B,)" and the data

VeCtor is [X,X,-1X,-;¥a-1¥a2]". A direct DA mechanization

y[n]

y[n-1]

y[n-2]
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lIR Filter Implementation

Table 3

Canbents of
16 Weed Masmary, O

kg ky+ dg e By« By
Wik Ay v Ayt By - B
kg e hy+ Ay - By + By
TEAy + Ay + Ay By - Bl
Mithg + by - by By = Bal
1Ay + Ay - Ag + By - Bk
Ulig + By - Ay - By o By}
- WAy + Ay - Ap-By Bl
ity - Ay + A= By = gl
Vithg - Ry« g = By - Byl
Vilhg - Ay o g - By + Byl
1200 - Ay » Aoy - By - B5)
A - Ay - Ag s By s Byl
VA~ Ay -Ag+ lly - g
VHAG - Ay Ag -y~ B
AG - Ay~ Ag-By - g

cee---coscoass|f
~-0cacau--coso|F]

T

c-ce--sc--so--as|fi

T - R F 4

bamuhebnola, |
Dy a0 e DO 0 B3
by v B bitn of iy
By are P bl vy 3

¥

Figure 6. DA implementation of drect form of biquadratic digital filter (1 BAAT).
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ROM B AOM ©

Iag+ by regiz (g 0y 2

Figura 8. DA realzation of state-space fiter of Figure 7.
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Conclusion

» Reformation of bit operations of dot
product leads to DA representation where
sums can be precomputed and stored in a
table
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Review Questions

» Make sure you understand 2’'s complement
fractions

* Derive the DA formula of (3b) from (1) and (2)

» A moving average filter computes
— y(n)=0.25*x(n)+0.25*x(n-1)+0.25*x(n-2)+0.25*x(n-3)
— What are the contents of the 8 word ROM needed to
implement this filter using the datapath of slide 10?
— For inputs x(n)=0.5, x(n-1)=0.75, x(n-2)=0.25, x(n-3)=-
0.5, manually calculate the output on each cycle of
execution
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Parity FSM

Library IEEE;
use IEEE.std_logic_1164.all;
use IEEE.std_logic_unsigned.all;

entity parity is
port (clk, reset: in std_logic;
first: in std_logic;
din: in std_logic;
dout: out std_logic;
p: buffer std_logic;
cnt: buffer std_logic_vector(2 downto 0));
end parity;
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architecture rtl of parity is
type state_t is (outO, outl, odd, even);
signal curstate, nextstate : state_t;
signal inc : std_logic;
begin
stateclkd: process(clk, reset)
begin
if (reset = '1') then
curstate <= out0;
elsif (rising_edge(clk)) then
curstate <= nextstate;
if (inc = '1") then
cnt<=cnt+1;
else
cnt <= "000";
end if;
dout <= p; -- one cycle after entering outO/outl
end if;
end process;
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statecomb: process(curstate, first, din, cnt)
begin
inc <="1p <=0}
case curstate is
when out0 =>
inc <= first; -- when we enter non-out state, cnt=1
if (first ='1' and din ='0") then
nextstate <= even;
elsif (first ='1' and din = '1') then
nextstate <= odd;

else
nextstate <= out0;
end if;
when outl =>
p<=1;
inc <= first; -- when we enter non-out state, cnt=1

if (first = '1" and din = '0") then
nextstate <= even;

elsif (first ='1' and din = '1') then
nextstate <= odd;
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when even =>
if (cnt = 7) then
inc <="'0";
if (din = '1") then
nextstate <= out0;

else
nextstate <= outl;
end if;
else
if (din ='1") then
nextstate <= odd;
else
nextstate <= even;
end if;
end if;

else
nextstate <= outl;
end if;
7-Mar-08 (28)
when odd =>
if (cnt = 7) then
inc <="'0";
if (din = '1") then
nextstate <= outl;
else
nextstate <= outO;
end if;
else
if (din ='1") then
nextstate <= even;
else
nextstate <= odd;
end if;
end if;
end case;
end process;
end rtl;
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Simulation

Simulation Waveforms

Simulation made: Timing
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All Synchronous Solution

architecture rtl of parity is

signal Ip : std_logic; -- latched byte paritysignal inc : std_logic;begin
stateclkd: process(clk) begin if (rising_edge(clk)) then
if first = '1' then
p <=din;
elsif din = '1' then
p <= not p;
end if;
if first = '1' then
cnt <="001";
dout <= not p;
else

cnt<=cnt + 1;
dout <="0";
end if;
end if;
end process;end rtl;

Iy Master Time Bar: Ops o|¢|Pointer|  315ne  Interval|  3IBns St End
A Voot | 27 40Pns 80 s 1200 s 160,0ns 200,0 s 2400n]
% Name Ops |[0ps +40.0ns
Y d
& =0 clk &0 gy ipEpEpipipil
X et | A1 [ 1
& [ H din A0 !_ ™ ™
" K first A0 ] 1 1
+ a4 dout ED 1
= &5 o ED 1
oo |46 cnt[] BOD
g =
sl =7 cni[1] ED
2y e cnf?] | BO ] 1 ] e
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Synchronous Parity FSM
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Parity FSM

Library IEEE;
use IEEE.std_logic_1164.all;
use IEEE.std_logic_unsigned.all;

entity parity is
port (clk, reset: in std_logic;
first: in std_logic;
din: in std_logic;
p : buffer std_logic; -- parity output per bit
dout: out std_logic;
cnt: buffer std_logic_vector(2 downto 0));
end parity;
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architecture rtl of parity is
type state_t is (init, odd, even);
signal curstate, nextstate : state_t;
signal Ip : std_logic; -- latched byte parity
signal inc : std_logic;
begin
stateclkd: process(clk, reset)
begin
if (reset ='1') then
curstate <= init;
elsif (rising_edge(clk)) then
curstate <= nextstate;
Ip<=p;
dout <= Ip;
if (inc = '1') then
cnt<=cnt+1;
else
cnt <="000";
end if;
end if;
end process;
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statecomb: process(curstate, first, din, cnt)
begin
p<='0;inc<='1}
case curstate is
when init =>
inc <= first; -- when we enter non-init state, cnt=1
if (first ='1" and din = '0') then
nextstate <= even;
elsif (first = '1' and din = '1") then
nextstate <= odd;
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when even =>
if (cnt = 7) then
inc <='0"; p <= not din;
nextstate <= init;
elsif (din = '1') then
nextstate <= odd,;
else
nextstate <= even;
end if;
when odd =>
if (cnt = 7) then
inc <='0"; p <=din;
nextstate <= init;
elsif (din ='1') then
nextstate <= even;
else
nextstate <= odd,;
end if;
end case;
end process;
end rtl;

else
nextstate <= init;
end if;
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