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Abstract.

This paper presents a high-speed method for computing elementary fisnasimg parallel table lookups and
multi-operand addition. Increasing the number of tables and inputetmtlti-operand adder significantly reduces
the amount of memory required. Symmetry and leading zeros in the tablewrg#iare used to reduce the amount
of memory even further. This method has a closed-form solution ftahle entries and can be applied to any
differentiable function. For 24-bit operands, this method requirestd three orders of magnitude less memory
than conventional table lookups.
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1. Introduction in the the Motorola AltiVec [10] and Advanced Micro
Devices 3DNow! [11] Instruction Set Extensions. Ap-
proximations for reciprocals, square roots, and recip-

Elementary function approximations are important in rocal roots, are also needed for quadratically converg-

scientific computing, computer graphics, and digital ing divide and square root algorithms [12], [13], [14],

signal processing applications. In the systolic ar- [15].

ray implementation of Cholesky decomposition, pre-

sented in [1], 30% of the cells approximate reciprocals

and square roots. Function approximations are also

used extensively in single-value decomposition [2],

vector normalization [3], artificial neural networks [4],

signal generators [5], [6], [7], logarithmic number sys-

tem processors [8], and 3D graphics applications [9].

Software has been used successfully to evaluate el-
ementary functions with techniques such as polyno-
mial and rational approximations [16], [17]. However,
since most software techniques require several itera-
tions and have function call overhead, they are too
slow for numerically intensive applications.

Dedicated hardware for elementary function ap-

Due to their frequent use in lighting calculations for proximations helps alleviate the speed limitations of

3D image processing, special instructions for approx- software routines [18], [19]. Commercial processors,
imating reciprocals and reciprocal roots are included such as the AMD K5 [20], the Cryix 83D87 [21],
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and the Intel Pentium [22] use table-driven meth- ments. Section 6 presents results using the STAM
ods for approximating elementary functions. Other to reduce the memory requirements. Section 7 com-
hardware techniques include parallel polynomial ap- pares the STAM to previous table addition meth-
proximations [23] [24], rational approximations [25], ods. Section 8 shows how the STAM can be modi-
and shift-and-add algorithms, such as CORDIC [26], fied to provide accurate initial approximations. Sec-

[27], [28].

With recent increases in transistor density [29]
and improvements in memory technology [30], table-
lookup methods for elementary functions are becom-
ing more common. Previously, techniques were in-
troduced that use two or more parallel tables fol-
lowed by an addition to evaluate the elementary func-
tions [31], [32]. These techniques provide high-speed

tion 9 presents concluding remarks. The material pre-
sented in this paper is an extension of [36]. Software
and additional material on the STAM is available at

http://www.eecs.lehigh.edu/” caar/STAM.html.

2. Table Addition Approximations

To approximate a function using bipartite tables, the

approximations and require less memory than standardinput operand is separated into three parts. The three

table lookups. A commercial implementation of these
techniques is found in the AMD K-7 microprocessor,
which uses two table lookups followed by an addition
to approximate reciprocals and reciprocal roots [33].

These approximations are used to implement the float-

ing point reciprocal and reciprocal root approximation
instructions required by 3DNow! Technology [34].

Recently, the Symmetric Bipartite Table Method
(SBTM) was introduced [35]. Similar to the tech-
nigues in [31], [32], and [33], this method employs an
accurate approximation technique in which two par-
allel table lookups are followed by an addition. The
SBTM, however, requires less memory than similar

partitions are denoted ag, z1, and zo and have

lengths ofng, n1, andng, respectively. The value of
the input operand is = zg + 21 + 22 and it has a

length ofn = ng + n1 + nae. The function is approxi-
mated as

1)

Theng + n1 most significant bits of are inputs
to a table that provides the coefficient(zo, z1), and
the ng most significant andis least significant bits
of z are inputs to a table that provides the coeffi-
cienta, (zg, z2). The outputs from the two tables are

summed to produce an approximatiftr). This is

f(z) = ao(zo, z1) + a1(zo,2)

techniques because it takes advantage of symmetryshownin Figure 1, where the lengthsmg{zo, z:) and
and leading zeros in the table entries. Although a small a1 (zo, z2) are denoted gg andp:, respectively.

amount of combinational logic is required to take ad-
vantage of symmetry, the reduction in memory size

This technique is extended by partitioning the in-
put operand: into m + 1 parts,zg, 1, - - - , Zm, With

more than compensates for this. The SBTM also has lengths ofng, n1, . . ., ny,, respectively. This approxi-
a closed-form solution for the table entries and can be mation takes the form

applied to any differentiable function.

This paper presents an extension to the SBTM
called the Symmetric Table Addition Method (STAM),
which uses more than two parallel table lookups fol-
lowed by a multi-operand addition. Although the
STAM requires more hardware than the SBTM, it pro-
vides a large reduction in memory size. The orga-
nization of this paper is as follows: Section 2 dis-
cusses function approximations using table addition
methods. Section 3 gives a closed-form solution
for calculating the table entries. Section 4 gives an
error analysis of the SBTM and STAM and shows
how to produce results that are accurate to within
one unit in the last place (ulp). Section 5 illus-
trates how the SBTM and STAM use symmetry in the
table entries to further reduce the memory require-

fl@)~ > ai_1(zo, i) (2)
i=1

The hardware implementation of this method has
parallel table lookups followed by am-input multi-
operand adder. Th&* table takes as inpuis andz;.
The sum of the outputs from the tables produces an
approximation tof (x). By dividing the input operand
into a larger number of partitions, smaller tables are
needed. This method is illustrated in Figure 2, where
the lengths ofug(xo, 1) througha,,—1(zo,z.,) are
denoted agy throughp,,_, respectively. The ap-
proximation tof (z), denoted ag (z), has lengttp.

The block diagram in Figure 2 is easily imple-
mented in hardware. The hardware has a one n-bit reg-
ister and one p-bit register to store the input and out-
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put operands, respectively. It also requiresmainput
multi-operand adder to sum the table outputs. The to-
tal amount of memory for the table lookups is

m

Z 2notmi *Pi—1

=1

(3)

3. Selecting the Coefficients

This section presents the method for selecting the co-
efficients in each of the parallel tables for the SBTM
and STAM. Initially, it is assumed thal < z <

Table
Ap(Xg:X1)

Po

Adder

p

/

| ) |

Fig. 1. Bipartite Table Method Block Diagram.

X X X 0 X
) ng n; n,

Table Table Table
AoxgXyp) apxgXsz) a,.; (XgpXm)
po p1 m-1

Multi-Operand Adder

p

fix)

Fig. 2. Block Diagram for the Generalized Table Addition
Method.

3

1 — 27" The approximations for the SBTM and
STAM are based on Taylor series expansions centered
about the poinkg + z; + d2. The value

52 — 2—”0—”1—1 - 2—no—n1 —n2—1 (4)

is exactly halfway between the minimum and maxi-
mum values fors. Using the first two terms of the
Taylor series results in the following approximation

f(@) = f(zo+ 21 +02) + f'(zo + 21 + 2) (22 — b2)
)

As discussed in Section 2, the omission of the
higher order terms in the Taylor series leads to a small
approximation error. The first coefficient is selected as
the first term in the Taylor series expansion.

ao(zo, 1) = f(wo + 21 + &2) (6)

Having the second coefficient dependay =1, and

xo would make the SBTM impractical due to its mem-
ory size. Therefore, the second coefficient is selected
as

a1 (o, x2) = f'(xo + 01 + d2)(z2 — 82)  (7)

This corresponds to the second term of the Taylor se-
ries withz; replaced by the constadit, where

51 — 2—n0—1 _ 2—n0—n1—1 (8)
is exactly halfway between the minimum and maxi-
mum values for; .

One benefit of this method is that the magnitude of
the second coefficient is substantially less than the first
coefficient, which allows the width of the second table
to be reduced. Sincezs — d |< 270 ~™~1 the
magnitude of the second coefficient is bounded by

| a1 (o, x2) |<| f/(&1) | 2707 ™t 9)

where¢; is the point or{0, 1) at which| fi(z) | takes
its maximum value. This results in approximately

no +n1 + 14+ logy(| f(é)/f' (&) 1)

leading zeros (or leading onesdf (xg,z2) < 0).
These leading zeros (or ones) are not stored in mem-
ory, but are obtained by sign-extending the most sig-
nificant bit ofa, (zg, 2) before performing the carry
propagate addition.

Similar to the SBTM, the coefficients for the STAM
are generated so that they have a large number of lead-
ing zeros. Although, the STAM requires more tables

(10)
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than the SBTM, the size of each table and the total
memory size is reduced. The number of inputs to the
adder, however, is increased.

Itis again assumed that< z < 1 — 2™, and thus

0<zp < 1—2"
0< z; < 27Moi-1 — 9 M0 (1< 4 <m)(11)

wheren;.; = Zf:j n;. To reduce the approximation
error and create symmetry in the table coefficiefis,
is defined to be exactly halfway between the minimum
and maximum values af;, which gives

§; =2 mosiml _gmnoi—l (1 < i <m)  (12)

It should be noted thak from the SBTM is equiv-
alent tods.,, from the STAM, ande, from the SBTM
is equivalent tazs.,, from the STAM. The two term
Taylor series expansion ¢f{z) aboutzy + z1 + d2.m
is

o~
~

f($) f(xO +z + 62:m)

+ fl(xO + Z1 + 62:m)(x2:m - 62:m)

(13)

Similar to SBTM,z; is replaced by, which gives
f(@)

o~
~

f(.’l:o + 21 + 52:m)
+ fl(xO + 61 + 62:m)(x2:m - 62:m)

(14)

The second term in this approximation is then dis-
tributed intom — 1 terms, which gives

f(z)

o~
~

f(xO +x + 52:m) (15)

m

+ f(@o + 01+ Sam) - D (i — 6)

i=2
Thus, the values for the coefficients are

= f(.’l:o + 21 + 52:m)
fl(.’IJO + 61 + 52:m)(-’1»'i — (51)(2 <: < m)

a0($0,$1)
ai—1(Zo, z;)

The number of leading zeros (or onesyin (zo, ;)
is determined by the bound

| ai1(@o,2:) <] f(&) [ 27" (2<i<m)
(17)

4. Error Analysis
The SBTM and STAM both have errors due to

1. Approximatingf (z) with the first two terms of its
Taylor series expansion

2. Replacingz; by é; in the Taylor series expansion
3. Rounding the coefficients
4. Rounding the final result

By controlling each of these errors, the SBTM and
STAM produce results that are faithfully rounded (i.e.
the computed result differs from the true result by less
than one unit in the last place (ulp) [14]).

Omitting the higher order terms in the Taylor series
approximation results in an absolute error of

€0

| Z fl($0 +x1 + 62:m)(x2:m - 62:m)i |

=2
| f”(.’l;o +x1 + 52:m) | (x2:m - 52:m)2 (18)

Since| zo.m — da.m |< 27M0~m~1] this error is
bounded by

€0 <| f”(fQ) | 2—2n0—2n1—2

Q

(19)

Replacingz; by é; in the Taylor series expansion re-
sults in an absolute error of

| fl(xo +z + 62:m)(x2:m - 52:m) - (20)
fl(xO + 61 + 62:m)(x2:m - 62:m) |
| f”(-’L'O + 62:m)(x1 - 61)(x2:m - 62:m) |

Since| T — (51 |< 2—mo—1 andl ZLo:m — 52:m |<
2—me—mi—1 this error is bounded by

@ <| ' (E) |27 2

To limit rounding error, the coefficients and the final
result are rounded using a method similar to the one
described in [14]. If the final result has fraction
bits, and the coefficients each hajgg + g) fraction

€1

o~
~

(21)

(16) bits, then rounding is performed as follows:

1. If m is evengag(xo, 1) is rounded to the nearest
number with(p; + g) fraction bits, and thép; +
g + 1)-th fraction bit is set to zero. Otherwise,
ao(zo,21) is truncated tdpy + g) fraction bits,
and the(py + g + 1)-th fraction bit is set to one.

. For2 <i <m, a;_1(zo, ;) is truncated tdp; +
g) fraction bits, and thép; + g + 1)-th fraction
bit is set to one.

. f(z) is rounded to the nearest number with
fraction bits.

This method guarantees that the maximum abso-
lute error in rounding each coefficient is bounded by
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2-ps—9—1 and that the least significant bit of their Figure 3, shows the error plot for this approximation
sum is always a one. The total error due to usimg  and demonstrates that faithful rounding is achieved.

finite precision coefficients is bounded by 1
—p;—g—1
€2 <mx27P79 (22) o 05} M
=]
Since the least significant bit before rounding is guar- .S 0 'LHJ |,,‘
anteed to be a one, the maximum absolute error in § \‘W ” |
rounding the final result tgp, fraction bits using L
round-to-nearestis -0.57
€3 < 9—ps—1 _ 9—psr—g-1 (23) -1 ‘ ‘
0 0.5 1

X

To ensure that each approximation is faithiully Fig. 3. Error for a 12-Bit SBTM Approximation of Sin(x).

rounded, the sum of the four errors should be less than
one unit in the last place, which gives the constraint
5. Symmetry and Hardware Designs

€ e +e+e <27 (24) The table fora;(zo,z;) has 270t™ words. The
method for selecting the coefficients causes tables
Replacing each error by its upper bound and combin- %1 (€0, @2) through ap,—1(2o,2m) to be sym+m¢_t£|c
ing terms gives the requirement and allows their sizes tol be rgduced V. (v L
words. The symmetry achieved in the SBTM and the
STAM is obtained because
| /(&) [2770m 21 +2™) +

v

~ e 24; — x; is the one’s complement af;

A e a;_1(x0,20; — x;) is the one’s complement of
(m—1)x27Pr=971 L 27Ps=1 < 27Ps a;_1(xo, T;)

B (25) These properties are demonstrated in Table 1 which

gives eight table entries fgi(z) = cos(x) whenm =
2,n9g=2,n =2,ne =3,9g=2,andp = 7. The
symmetry can be easily seen in Table 1 for different
values ofx.

Each value forz, in the first half of the table has
a one’s complement in the second half of the table,

The terms labeled a4 andB corresponds to approxi-
mation errorsgg + €1, and rounding errors; + €s,
respectively. Equation (24) is satisfied and faithful
rounding is guaranteed if the following two conditions

are met as shown by the bold-faced binary values. The cor-
responding table entries fai (zo, z2) also have one’s

2ng +n1 > pr+logy(| f (&) ) complements, shown in bold. There is no need to store
g > 2+logy(m —1) (26) the bits ofa, (2o, z2) which are not bold-faced, since

these correspond to leading zeros (or ones) that can be
obtained by sign-extension.
For example, assume the goal is to approximate the With the SBTM thea, (z9, z2) table is folded by
sine function with the SBTM t@; = 12 fraction bits examining the most significant bit @f. If this bitis a
on[0,1). If z is partitioned withng = 4, ny = 4, and zero, then the remaining bits @ remain unchanged,
ny = 4, then8 +4 > 12 + [log, (1/4/2)] satisfies the  and the value is read from the (zo,z2) table and
first inequality in Equation (25). Providing two guard added to they (o, z1) table. However, if this bit is a
bits, satisfies the second inequality in Equation (25). one, then the remaining bits @f are complemented,
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Table 1. Table Entries fom1(xo, z2).

z a1(z0,33) |
decimal binary decimal binary
0.500000| 0.100@00 | +0.0166016| 0.0000CL0001
0.507812 | 0.100@01 | +0.0107422| 0.0000@1011
0.515625| 0.100M10 | +0.0068359| 0.0000@0111
0.523438 | 0.100M11 | +0.0029297| 0.0000@0011
0.531250| 0.100a00 | -0.0029297 | 1.111111101
0.539062 | 0.100a01 | -0.0068359 | 1.111111001
0.546875| 0.100010 | -0.0107422| 1.111110101
0.554688 | 0.100a11 | -0.0166016 | 1.1111D1111

n
‘ Xo ‘ * ‘ ‘ X2 ‘ 77777777777777 Xm
ng n; n,-1 n,-1
Y Y
[cmpXORs | cmp XORs
n,-1 n,-1
Table Table 1 Table 1
) aj A1
Po P Pm-1
\
XORs cmpj=—— XORs empja——
14 ] Pm-1
\
Multi-Operand Adder

p

| 1)

Fig. 4. Symmetric Table Addition Method Block Diagram.

and used to address the table. The output is then
complemented and addeddg(zo,z1). This method

is extended for the STAM by examining the most sig-
nificant bit ofz; (2 < ¢ < m), as shown in Figure 4.

If the most significant bit ofz; is a one, a row of
n; — 1 XOR gates complements the remaining bits
of z; which addresses thg_; (zo, ;) table, and the
output of the table is complemented using a row of
p; exclusive-or gates. The most-significant bits and
the least-significant bit of the table do not need to be
stored, since these bits are known in advance.

In [37], evaluation of squares is achieved using a
similar approach. Unlike their technique, which only
applies to integer square, the SBTM and the STAM
can be applied to any differentiable function.

6. Results

In the previous section, it is initially assumed that the
0 < z < 1. However, the SBTM and the STAM can be
applied to different intervals. For example, reciprocals
are often calculated far < z < 2. Thus, the most-
significant bit ofz is known to be a one and is not
used in the table lookup. Table 2 shows the input and
output ranges for the elementary functions discussed
in the remainder of this paper.

Tables3 and4 display optimal partitions and the
corresponding table dimensions for various elemen-
tary function approximations using6é and 24 bit
operands. These partitions are chosen to minimize
the total amount of memory while still satisfying the
constraints given in Equation (25). As the number of
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Table 2. Ranges and Derivative Values for Selected Functions.

F(z) [ Input | Output [ [F (€D [ [/ (&) ]
1/z [1,2) | (0.5,1] 1 2
N 1,2 | [1,v2) 1/2 1/4
sin(z) | [0,1) | [0,1/v2) 1 1/v2
22 0, 1) 1,2) 21n 2 2(In(2))?2
logs(x) | [1,2) 0, 1) logy(e) | logs(e)
In(z) 1,2) | [0,In(2)) 1 1
/v | [1,2) | 1/v21] 1/2 3/4
Table 3. Bit Partitions and Table Sizes for 16-Bit Operands.
f(z) | Tables| Bit Partitions | Table Sizes Total Memory
1/z 1 15 215 .15 491,520
1/z 2 6,4,5 210017 +7) 24,576
1/z 3 7,2,3,3 29(18 +9+6) 16,896
1/ 4 7,2,2,2,2 29.19+2%(10+ 8 + 6) 15,872
N 1 15 215 .15 491,520
N 2 4,5,6 2917+ 7) 12,288
N 3 5,3,3,4 28.18427.94+2% .6 7,296
N3 4 5,3,2,2,3 | 2%.19+2%5(10+8)+27 6 6,784
sin(z) 1 16 216 .16 1,048,576
sin(z) 2 6,4,6 21018 + 211 . 7 32,768
sin(z) 3 7,2,3,4 29(19+9)+210.6 20,480
sin(z) 4 7,2,2,2,3 | 29.20+285(10+8)+2% 6 17,920
2% 1 16 21615 983,040
2% 2 5,5,6 20017+ 7) 24,576
22 3 6,3,3,4 29.18+2%5.9+29.6 14,592
2% 4 6,3,2,2,3 29.19+27(10+ 8) + 2% .6 13,568

Table 4. Bit Partitions and Table Sizes for 24-Bit Operands.

f(z) | Tables | Bit Partitions Table Sizes Total Memory
1/z 1 23 225.23 192,937,984
1/z 2 9,7,7 21625 + 215 .9 1,933,312
1/z 3 11,3,4,5 214(26 +12) + 215 .8 884,736
1/z 4 11,3,3,3,3 212 .27 + 213(13 + 10+ 7) 688,128
1/z 5 11,3,2,2,2,3 21 o7 +22(13 + 11+ 9) + 28 .7 634,880
1/ 6 11,3,1,2,2,2,2 | 212,28 + 21T 14 + 212(13 + 11+ 9+ 7) 651,264
N 1 23 223.23 192,937,984
NG 2 7,7,9 21225 + 215 .10 737,280
NG 3 8,5,5,5 21396 + 212(12 + 7) 290,816
VT 4 9,3,3,4,4 21297 21T 14 + 212(11 + 7) 212,992
VT 5 9,3,2,3,3,3 212.27 +270. 14 + 2T1(12 + 9 + 6) 180,224
NG 6 9,3,2,2,2,2,3 | 21228 +210(15 + 13+ 11 +9) + 211 .7 178,176
sin(z) 1 24 27424 402,653,184
sin(z) 2 8,8,8 215.26 +215. 9 1,998,848
sin(z) 3 10,4,5,5 214 (27 +1247) 753,664
sin(z) 4 10,4,3,3,4 21228 +2T2(13 + 10) + 213 . 7 610,304
sin(x) 5 11,2,2,3,3,3 21398 + 21214 + 213(12 + 9 + 6) 507,904
sin(x) 6 11,2,2,2,2,2,3 | 213,20+ 212(15 + 13+ 11 +9) + 213 .7 491,520
2% 1 24 22%.23 385,875,968
2% 2 8,7,9 215 .25 4+ 216 . 10 1,474,560
2% 3 9,5,5,5 21426 + 213(12 + 7) 581,632
2% 4 10,3,3,4,4 21397 + 212 14 + 213(11 + 7) 425,984
2% 5 10,3,2,3,3,3 21397 + 21114 + 212(12 + 9 1 6) 360,448
2% 6 10,3,2,2,2,2,3 | 213. 28 + 211 (15 + 13 + 11 +9) + 212 .7 356,352

tables increases, the total memory requirements de-bles varies. Compression is defined as the amount of

crease. memory required by a standard table lookup divided
Figures 5 and 6 show the compression achieved

with the optimized partitioning as the number of ta-



Compression

Compression

8 Stine, Schulte

by the amount of memory required by the method be- implementations, the multi-operand adder consists

ing examined [14]. Fot6-bit operands, the compres-
sion ratios range fror20 to 72. For 24-bit operands,
they range from00 to 1083.

of a tree of carry-save adders followed by a carry-
lookahead adder. All table lookups are implemented
using read only memories (ROMs). Each implemen-
tation uses the LCA300K ASIC standard-cell library

Delay and area estimates were made to comparefrom LS| Logic, which uses a 0.6-micron CMOS tech-

standard table lookups to SBTM and STAM imple-

nology with two layers of metal. The nominal op-

mentations. The SBTM uses a carry-lookahead adder erating voltage for this library is 5.0 Volts a6° C.
to sum the outputs of the two tables. For the STAM The Leonardo/Spectrum Synthesis Tools from Exem-

rZza m=2
m=3
<Y m=4

60

N
o
l

20

X

sqrt(x)
Function

Fig. 5. STAM Compression Ratios for 16-Bit Operands.
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Fig. 6. STAM Compression Ratios for 24-Bit Operands.

plar were used to generate the designs. The synthesis
tools accept a VHDL description as input, and uses
gate and wire load models to estimate the delay. The
area estimates are given in number of equivalent gates.

Table 5 gives pre-layout area and delay estimates
for implementations that approximatgz for 16-bit
operands. To provide a better understanding of the
tradeoffs between the ROM table lookups and the
combinational logic, the area and delay for each of
these is given separately. Although the standard ta-
ble implementation i$% faster than the STAM with
m = 3, it requires more than 25 times as much area.
As the number of tables increases, the area and de-
lay of the ROMs decreases, but the area and delay of
the combinational logic increases. When going from a
standard table lookupr{ = 1) to the SBTM (n = 2),
there is a large decrease in both the area and delay of
the ROMs. The additional delay due to the XOR gates
and carry-lookahead adder, however, result in an over-
all increase in delay. When going from = 2 to
m = 3 there is a still a fairly significant decrease in
area, since the size of the ROMs, which dominates the
area, decreases by about 27%. The total delay also
decreases slightly because the decrease in the delay
from smaller ROMs is greater than the increase in de-
lay from the combinational logic, which is equivalent
to a carry save adder delay. When going frem= 3
tom = 4, the area again decreases, due to an decrease
in the total size of the ROMs. However, the worst
case delay through the ROMs does not decrease, and
thus an overall increase in delay results. For 16-bit
operands little or no benefit is realized by increasing
the number of tables beyomal = 4.

7. Comparison To Previous Methods

In [31], the 3-block method, which uses two table
lookups followed by addition, is presented. With this
method, the elementary functions are approximated
based on the partial product arrays of their Taylor se-
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Table 5. Area and Delay Estimates fay z with 16-Bit Operands.

Area (equivalent gates) Delay (ns) |
ROM | Logic Total | ROM | Logic | Total

13,631 361 13,992 | 4.92 431 | 9.23
9,885 598 10,483 | 3.96 525| 9.21
8,005 839 8,844 | 3.96 6.04 | 10.00 |

|
268,319| - | 268,319 8.68 — | 868 |
|
|

D W|IN|R| 3

Table 6. The SBTM and the 3-Block Method for 24-Bit Operands.

Symmetric Bipartite Tables Table Sizes
f(z) no, ni, N2 Table Sizes From [31] | Compression
1/z 10,7,7 | 2181+ 21%(1 —16) | 2171 + 218 25
In(z) 9,6,8 2157 1 215(1 — 16) | 2167 4 216] 2.8
log, (z) 10,6,8 | 2131 +218(1 —15) | 2171 + 213] 2.6
2% 8,7,9 2147 + 215(1 — 15) | 2171 + 21%] 5.2

Table 7. The STAM and TLAM forln(xz) with 24-Bit Operands.

STAM Table Sizes
Tables | Bit Partitions Table Sizes From [31] Compression
2 9,6,8 2157 + 218(1 — 16) 2187 4 219] 2.2
3 10, 4,4,5 21221 — 19) + 213(1 — 15) | 2167 + 211} 2.7
4 10,4,3,3,3 2147 4 212(31 — 54) 2187 + 28] 3.2
5 11,2, 2,2, 3,3| 253(31 — 39) + 212(2] — 30) 214 (61) 5.8

ries expansions. In terms of hardware complexity, the 8. STAM Initial Approximations
3-block method is similar to the SBTM, however, the
SBTM requires smaller tables. Ti3eblock method  |njtial approximations to reciprocals, square roots,
is used to approximate/z, In(z), log, () and2® for and reciprocal roots are tyically used for quadrati-
24-bit operands, witl).5 < z < 1. In Table 6, the  cally converging algorithms, such as those described
memory requirements for tteblock method and the [12], [13], [14], [15]. For these approximations,
SBTM are shown. To compare the two methods, Ta- only the most significant bits af are used to approx-
ble 6 uses the notation presented in [31]. The value jmatef(z). This allows smaller tables to be used, but
denotes the number of bits in the output operand, plus results in additional error due to leaving off the least
a designated number of guard digits (ile= p + g). significant bits ofz.
The compression achievepl by th_e SBTM compa_red A modified version of the STAM, which uses only
to the method presentgd in [31] IS gIven, assuming (e most significant bits af as inputs to the lookup
I = 28. The SBTMrequireg.51t05.2times less mem- tables, provides accurate initial approximations. With
ory than thes-block method. the modified STAM,z is divided intom + 2 parti-
tions, zg, 1, ..., Zmy1. Them + 1 most signifi-
An extension to the3-block method, referred to  cant partitionszg, z1, ...z, are used as inputs to
as the Table Look-up and Addition Method (TLAM), the lookup tables and the remaining bits, which corre-
uses more than two tables [31]. Table 7 compares the spond taz,,, 1 are not used. Typically;,, 1 is much
STAM to the TLAM for In(z), and shows that the larger than the other;.

STAM require=2.2 to 5.8 times less memory than the To compensate for leaving of the bitsagf,, 1, these
TLAM. The STAM requires less mmemory because it bits are approximated as

S = 270 L —gTmem1TL(27)

1. Employs a more accurate method to select the co- \yhichis halfway between the minimum and maximum

efficients _ values ofz,,,1. The values for the coefficients are
2. Does not store the leading zeros (or ones) of
a;—1 (.’L’o, .’L'z) 0,0(.’150, $1) = f(-’l»'o +x1 + 52:m+1)

3. Takes advantage of symmetrydpn ; (zo, ;) i1 (20,5) = f' (@0 + 61 + Soemmss ) (s — 51828)
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Table 8. Partitions and Table Sizes for 16-Bit Initial Approximati

f(z) Tables | Bit Partitions | Table Sizes Total Memory | Compression
1/z 1 16 216 .15 983,040 1
1/z 2 6,5,5 21T 18 4 210.7 44,032 22
1/z 3 7,3,3,3 21019+ 29.(9+ 6) 27,136 36
1/ 4 7,3,2,2,2 210.20+ 2% . (10 + 8 + 6) 26,624 37
N 1 15 215 .15 491,520 1
N 2 5,4,6 29.194210.9 18,944 26
N 3 6,2,3,4 285.(20+11)+29-8 12,032 41
N3 4 6,2,2,2,3 | 28.21+27.(124+10) + 28 -8 10,240 48
1/ 1 15 215 .15 491,520 1
1/ 2 6,4,5 210.(17+7) 24,576 20
1/ 3 7,2,3,3 29.(18+9 +6) 16,896 29
1/ 4 7,2,2,2,2 29.19+2%. (10 + 8+ 6) 15,872 31

Replacingz,,+1 by d,,+1 in the approximation results
in an absolute error of

€4 = | f(xO:m + xm—i—l) - f(xO:m + 5m+1) |
< | f(&) |27 momt

Since initial approximations are intermediate val-
ues, it is typically not required that their maximum ab-
solute error be less than one ulp. Therefore, it is not
necessary to round the sum of the coefficients, which
eliminates the rounding erreg. The maximum abso-
lute error in the modified STAM is bounded by

(30)

(29)

€+ €1 +€+e4 <
| f'(&) | 2720 M2 (1 +27™) +
| &) |27t - 2ot

The values fom, py + g, andn; are selected to meet
specified accuracy requirements.

Table8 shows partitions and table sizes that result
in a maximum absolute error that is less trzm'8
for 1/z, \/z, andl//z. Compared to standard table
lookups the STAM withn = 4 requires 37 to 48 times
less memory. Th¢/z has the largest compression and
1/z has the smallest.

9. Conclusions

This paper presents the Symmetric Table Addi-
tion Method for approximating elementary functions.

Compared to standard table lookups the memory re-
guirements are reduced dramatically. The STAM also
requires less memory than previous table addition

methods because the tables are symmetric and have

a large number of leading zeros. This method has

simple hardware requirements and can be applied to a

wide range of functions. It is suitable for applications
that require high-speed elementary function approxi-

mations at low to moderate precisions (i24. bits or
less). It can also be used to obtain accurate initial ap-
proximations, which are needed for quadratically con-
verging divide and square root algorithms.
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