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CEG5010: The Symmetric
Table Addition Method
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Introduction

» Lookup tables can be used to implement
any function

 The Symmetric Table Addition Method
(STAM) can be used to approximate any
differentiable function

* In STAM, symmetry and leading zeros are
introduced to reduce amount of memory
needed (Stine and Schulte 1998)
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Bipartite Table Method

» Operand x divided into 3 parts x=Xy+X;+X,
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Bipartite Method (BM)
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BM coefficients

» Computed by taking first 2 terms of Taylor
series around Xx,+Xx;+9, (3, is half the range of x,)
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BM coefficients
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BM coefficients

- Note that a,(X,,X,) cannot depend on x, and
is replaced by §,, a value which is half the
range of x;

flz) = fleo+ei+29)
N flzo e +80)+ [ (zo+ 21 4 6)(2y - o)
N flzo+ 21 +09) + [ (mo + 01 +05) (29 = bo)

= CLD(J?[], '.131) + al('r(]a .I‘g)
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Symmetry in a,(Xg,X,)

- There is a bound on a,

= |['(zo + 61 + 82)(x2 — 09}
< |fEpmem!

* Leading to the number of leading zeros to
be approximately

|G’1(‘E0:£2)

no + n1 + 1+ logy([£(&0)/f(€1)])

(the leading zeros do not need to be stored)
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Symmetry in a,(Xg,X5)

* By symmetry, a,(X,,X,) can be reduced in size
from 2no*"2 » p, bits to 2N+ x (p, -1) bits

Table 1. Table Entries of a; (xo, z2).

ay (T, T2) f(x)=cos(x)
T 222" | decimal binary x.=0.5
0.500000 | 000 | +0.0166016 | 0.0000010001 0_0 i
0.507812 | 001 | +0.0107422 | 0.0000001011 X=
0.515625 | 010 | +0.0068359 | 0.0000000111 No=2
0.523438 | 011 | +0.0029297 | 0.0000000011 n1:2
0.531250 | 100 | -0.0029297 | L.1111111101 n2:3
0.539062 | 101 | -0.0068359 | 1.1111111001 p=7
0.546875 | 110 | -0.0107422 | 1.1111110101 g=2
0.554688 | 111 | -0.0166016 | 1.1111101111
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Symmetry

» Table is reduced by using
— 23,-X, is the one’s complement of x,
— a,(Xg, 28,-X,) is the one’s complement of

a;(Xg,s X5)

20045 4|6}
o (11)

Symmetric Bipartite Table
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Method (SBTM)
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4 Error sources

- gy approximating f(x) with only the first 2
terms of the Taylor series

O (20 + 21 4 82) (22 — 82)’
> | |
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§; is the point on [0,1) at which [fi(x)| is max
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4 Error sources

. &, replacing the 2" term of the Taylor series
with a,;(Xg,X,)

€1 & |f"(zo+ 51+ 52)(x1 — 61) (22 — d3)|
< g
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4 Error sources
- &, rounding ag(Xq,X,) and a,;(Xy,X,) to pitg
fractional bits
g < 2x27Pr—9-1
— 97Pr—4d
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4 Error sources

- &5: rounding to the final result

—pe—1 —pr—qg—1
EBEQ Py — 9 Pr—4g
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Error analysis

Assume p; fraction bits

and py+g coefficient

bits, need to ensure .
that the sum of these G+ +e+e3<?2 Pi
errors is smaller than 1 -

unit in the last place

(ulp)
This |ea.'ds to the |f“(& }|2—2nn—n 1 —2(1 + 9= ) + 2_3’1_3—1 < 2‘!'!‘1
constraint 4 —
g = 2
Satisfied by 2no+n1 < pr+ lOg:a(f‘”(f?,)_]
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Example
Approximate 1
sin(x) to p~=12 0.5

bits on [0,1)
ny=4, n,=4, n,=4
2x4+4 >12 + -05
[log,(1/72)]

Errorin ulps
o

0 0.5 1
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Examples
Tuble 2. Ranges and Derivative Values for Selected Functions.
S(z) [ Tnput | Output | | f'(€1) | | [f7"(&) |
1/x [1,2) (0.5, 1] 1 2
Nz L2 [ [Lv2) 12 /4
sin(z) | [0,1) | [0,1/+/2) 1 1/v2
A [0, 1) [1,2) 21n2 2(In(2))*
logy(z) | [1,2) [0, 1) log,(e) log,(e)
In(x) [1,2) [0, In(2)) 1 1
1/\/z [1,2) (1/\/5,1] 1/2 3/4
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Symmetric Table Addition Method

» Generalization of STAM with multiple tables
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STAM approximation
f(z) = f($0+m1+§jdi)+
oot 38003 =3 0)

= ag(®o,®1) + Zﬂ-i—l(xoaﬂff)
2

aic1(zo,zi) = /(o + 61+ Y ) (wi—&) 2<i<m
2
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STAM error constraints

2ng +n1 < pr +loga(|f"(€2)])
g < 2+4logs(m—1)
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Partitions and table sizes (16 bit)

Table 3. Bit Partitions and Table Sizes for 16-Bit Operands.

f(x) | Tables [ Bit Partitions | Table Sizes Total Memory
1/z 1 15 215 .15 491,520
1/x 2 6,4,5 210(17 + 7) 24,576
1/z 3 7,2,3,3 27(18 + 9 + 6) 16,896
1/ 4 7,2,2,2,2 | 29-19+ 23(10 + 8 + 6) 15,872
VT 1 15 21515 491,520
NZ 2 4,5,6 2%(17+7) 12,288
VT 3 5,3,3,4 28.184+27.94+2%.6 7,296
VT 4 5,3,2,2,3 25%.19+25(10+8)+ 27 -6 6,784
sin(x) 1 16 216 .16 1,048,576
sin(z) 2 6,4,6 21018 + 2177 32,768
sin(z) 3 7,2,3,4 2°(19+9)+2%.6 20,480
sin(x) 4 7,2,2,2,3 | 27-20+25(10+8)+2° - 6 17,920
2% 1 16 216 .15 983,040
2% 2 5,5,6 21917 + 1) 24.576
2% 3 6,3,3,4 29.18425.9427.6 14,592
27 4 6,3,2,2,3 [ 2%-19+27(10+8)+ 256 13,568
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Partitions and table sizes (24 bit)

Tuble 4. Bit Partitions and Table Sizes for 24-Bit Operands.

flx) Tables | Bit Partitions Table Sizes Total Memory
e 1 23 27523 192,037 984
1/z 2 9,7,7 216 .95 + 215 .9 1,933,312
E 3 11,3,4,5 2T7(26 +12) + 277 . 8 884.736
1/z 4 11,3,3,3,3 21127 +213(13+ 10+ 7) 688,128
e 5 11,3,2,2,2,3 27 FoTI(13 11+ 9) 4+ 237 634,380
e 6 11,3,1,2,2,2,2 | 212 .28+ 217 14 {22(13 11 1 9} 7) 651,264
NE 1 23 223 .23 192,937 984
NE 2 7,7,9 21125 + 215 .10 737,280
NE 3 8,555 27 .26 + 2T7(12 4+ 7) 290,816
Vi 4 9,3,3,4,4 212 .27 21T .14 1 27211 4 7) 212,992
N 5 9,3,2,3,3,3 21737 121014 1 2TT(12 4 9 + 6) 180,224
N 6 9,3,2,2,2,2,3 | 21228 1 210(15 13+ 11 +9) + 210 -7 178,176
sin () 1 24 277 .24 402,653,184
sin(z) 2 8,88 216 .26 + 215 .9 1,998,848
sin(z) 3 10,4,5,5 2T (27 +12+7) 753,664
sin{z) 4 10,4,3,3,4 217.28 + 21%(13 + 10) + 213 .7 610,304
sin(z) 5 11,2,2,3,3,3 2328 121714 1 2B3(12 4 9 + 6) 507,904
sin () 6 11,2,2,2,2,2,3 | 25201 215+ 13 F 11 1 9) § 2137 491,520
2° 1 24 227 .23 385,875,968
2% 2 8,7,9 215 .25 + 215 . 10 1,474,560
2% 3 9,5,5, 5 21026  213(12 1 7) 581,632
= 4 10,3,3,4,4 213.27 +217. 14 + 213(11+ 7) 425984
2= 5 10,3,2,3,3,3 2B 7 oI 14 1 22 (121 9 £ 6) 360,448
2° 6 10,3,2,2,2,2,3 | 217 .28 + 21T (15 + 13 + 11 +9) +-212.7 356,352
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Conclusion

« The STAM method uses the first two terms
of the Taylor series to construct an
approximation to an arbitrary differentiable
function

« Considerable area reduction over simple
table lookup

» High speed (only adders and multipliers
required)
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