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Abstract

Mostpreviousmotiondeblurringmethodsrestorethede-
gradedimage assuminga shift-invariant linear blur �lter .
Thesemethodsare not applicableif the blur is causedby
spatiallyvariantmotions.In thispaper, wemodelthephys-
ical propertiesof a 2-D rigid bodymovementandpropose
a practical framework to deblur rotational motionsfrom
a single image. Our main observationis that the trans-
parencycueof a blurred object,which representsthe mo-
tion blur formationfrom an imaging perspective, provides
suf�cient informationin determiningtheobjectmovements.
Comparatively, singleimage motiondeblurringusingpixel
color/gradient information has large uncertaintiesin mo-
tion representationand computation.Our resultsare pro-
ducedby minimizinga new energy functioncombiningro-
tation,possibletranslations,andthetransparencymapus-
ing an iterativeoptimizingprocess.Theeffectivenessof our
methodis demonstratedusingchallengingimageexamples.

1. Intr oduction

Motion blur in anaturalimageiscausedbycamerashake
or objectmotionduringexposurewhentheshutterspeedis
relatively slow. The imagedegradationis usuallymodeled
as the convolution of a clear imagewith a shift-invariant
blur kernel

B = S 
 k + n;

whereS is thelatentunblurredimage,k is thepoint spread
function (PSF),andn is the possibleadditive noise. Nor-
mally, the problem of recovering details from a single
blurred imageis severely ill-posed given the large set of
unknownsandcomplex color informationfrom theblurred
image. The solutionuniquenesscannotbe generallyguar-
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anteedsince the convolution with a blur kernel is non-
invertible. To tacklethis problem,additionalimagepriors,
suchas the global gradientdistribution from clear images
[7], areproposed.Someapproachesusemultiple imagesor
additionalvisualcues[2, 20] to constrainthekernelestima-
tion.
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Figure1. Transparency map.(a) An blurredimage.(b) Thetrans-
parency mapin the highlightedregionsof (a). (c) An unblurred
image.(d) Thetransparency mapin thehighlightedregionsof (c).

The spatially variant blur kernel estimationis an even
moredif�cult problem. The blur kernel,in this case,may
varyin size,shape,andvaluesamongpixels[24]. Thisgen-
erality makesit extremelydif�cult to estimateanappropri-
atePSF. To maketheproblemtrackable,additionalassump-
tions, suchas modelingthe generalkernel as a weighted
sumof severalspatiallyinvariantkernels[17], areproposed
in previouswork. However, dueto thecomplexity of theun-
known kernelandtheexpandedsolutionspace,thesemeth-
ods cannotproduceconvincing kernel estimationand are
easilystuckin localminimumin optimization.



In this paper, we proposea practicalalgorithm to de-
blur rigid-body object undergoneprimarily the rotational
motionsfrom a singleimage. The blur kernelis spatially-
variantandunknown. The possibletranslationsduring ro-
tationareallowed.Ourblur kernelrepresentationis general
andis modeledexplicitly by a novel motion descriptor. In
orderto reducetheambiguitiesin motiondeblurringusing
complex imagestructures,weapproximatethetransparency
mapphysicallyproducedby theblurredobject[11] andem-
ploy it to robustlyestimatethespatiallyvariantkernels.

Thetransparency map[11] containsfractionalpixel val-
ueswhichcanbephysicallyinterpretedasthetimepercent-
age that the foregroundpixels are exposedduring image
capture. Eachpixel hasa fractionalvaluebetween0 and
1. With the fact that the foregroundalways occludesthe
background,it furtherdescribesthepartialocclusionof the
backgroundsceneby theforegroundobjectduringtheexpo-
sure.So,essentially, thetransparency mapabstractsobject
motioninformation.Thepixelsin objectcenterhavevalue1
andthepixelsaroundtheboundaryof a blurredobjectmay
have fractionalvalues. For an unblurredobjectwith solid
boundary, eachpixel in theimagecorrespondsto eitherthe
backgroundor theforeground.Sothetransparency mapcan
beapproximatedby binaryvaluesconsistingof only 0 and
1. Oneillustrationis shown in Figure1.

Usingthetransparency mapin ourmotionkernelestima-
tion hasthefollowing bene�ts. First, thetransparency map
hasverysimplerepresentation,eachvalueis between0 and
1, andisnotrelatedto thecomplex imagestructure.Second,
thetransparency maphasusefulphysicalrepresentationand
directly re�ects theobjectmotionstructures.Third, the la-
tent transparency mapafterdeblurringshouldcontainonly
binary valuesfor a solid objectwhich greatly reducesthe
ambiguitiesin imagereconstruction.Moreover, thebinary
valuepropertyin an unblurredtransparency mapmakesit
possibleto apply an ef�cient discreteoptimizationin blur
kernelestimation.

By adoptingthe transparency map, our modelingand
computationprocessaresimpli�ed comparingto usingonly
theimagecolor information. In our method,a robustitera-
tiveoptimizationalgorithmis proposedto estimatethemo-
tion descriptor, which is further appliedto recovering the
original color image.

The restof this paperis organizedasfollows. We �rst
review previous work in Section2. The motion analysis
anddescriptoraredescribedin 3. In Section4, we explain
themodelandtheproposedalgorithm.We show theresults
in Section5. Finally, we concludeour methodanddiscuss
it in Section6.

2. Previous work

Thereare two main streamsin researchcategorizedby
the blur models,i.e., the spatially-invariantandspatially-

variant motion deblurring. If the point spreadfunction
(PSF)is known, several algorithmssuchas Wiener �lter -
ing, quick Pixon smoothing,Richardson-Lucy deconvolu-
tion canbeappliedto inferring theoriginal clearimage.

Deconvolution is alsoan importanttopic in astronomi-
cal imagingresearch.Gull discussesin [9] theprincipleof
maximizingthe entropy in deconvolving images. Tsumu-
rayaet al. [23] apply Lucy's algorithm to reconstructthe
deblurredimages.Zarowin et al. [27] proposea modi�ed
versionof van Cittert deconvolution (VCD) to relieve the
limitation of the traditionalmethodwhich is only applica-
ble to shapesandrelatedpoints.

Without knowing theblur kernel,onecanrecoveragen-
eralblur imageusingblind convolution. In [13, 5], methods
areproposedto estimatetheblur kernelassuminga priori
knowledge.Two-stepapproachesareadoptedby �rst esti-
matingthe kernelandthendeconvolving the image. With
theassumptionthat the unblurredimageis two-tone,Li et
al. [15] proposeaniterative approachto re�ne a deblurring
�lter until the�nal resultis visuallyacceptable.In [7], Fer-
guset al. proposeanensemblelearning[16] approachwith
theprior modelingthedistributionof imagegradient.Most
recently, Jiaproposesto solvethespatiallyinvariantmotion
blur from a transparency point of view [11]. Comparingto
[11], ourgoalis to estimatethespatially-VARIANT kernels
with entirelydifferentmotionmodels.

In theshift-variantdeblurringmethods[17, 24, 4], agen-
eralPSFis assumed.Calvetti et al. [3] assumethatthePSF
is known,andthentherestorationof ablur andnoisyimage
canbeaccomplishedby solvinga largelinearsystem.The
generalizedminimal residual(GMRES)methodis usedto
iteratively solve this linear system. Nagy andLeary [17]
model the spatiallyvariantblur kernelasthe combination
of spatiallyinvariantkernels.It providesa way to simplify
thePSFmodeling,but it lacksof physicalanalysisandcon-
straints.Ribaricet al. [21] proposea methodto restoreim-
agesblurredby circularmotion. This methodassumesthat
the rotationalcenterand the angularvelocity are known,
whichmakesit dif�cult to beappliedto naturalimages.

To provideadditionalinformationfor imagerestoration,
multiple imagesor hardwareareusedto improvetheresult
construction.WithoutestimatingthePSF, Jiaet al. [12] en-
hanceashort-exposuredarkimageby transferringthecolor
from a long-exposureblurredimage. Yuanet al. [26] pro-
ducehigh quality deblurredimagesusingblur/noisyimage
pair con�gurations. The ringing artifactsaresigni�cantly
reducedby the proposedgain-controlledRichardson-Lucy
(RL) algorithm.Ben-Ezraetal. [3] constructahybridcam-
era systemto acquirethe cameramotion tracksfor accu-
ratelyestimatingkernels.Raskaret al. [19] reducethe ill-
posednessof thedeblurringproblemby rapidlyopeningand
closingtheshutterwith apre-speci�edbinarysequence,in-
formation lost of high frequenciescanbe reduced.There



aremany previous works in researchof imagedeblurring.
We referthereaderto therespectivesurveys [22, 18, 10].

Comparingto other work, our single imagedeblurring
methodprovides a novel solution to deblur rotation plus
translationmotions. Our framework is practicalthanksto
our kernelmodeling,transparency maprepresentation,and
therobustiterativeoptimization.

3. Motion blur descriptor

While thestate-of-the-artresearchon spatiallyinvariant
motiondeblurringhasreacheda certaindegreeof maturity
[19, 2, 7, 11], methodsdealingwith spatiallyvariantblur
arestill far from practicality. To suf�ciently describeob-
ject motions,a singleblur �lter maynot beenough.In this
section,we proposea motion blur descriptorto modelthe
objectrotationalmotionwith possibleirregulartranslations.

An imagecanberegardedasanintegral of thelight hit-
ting the imagesensorper time unit. The blur effect in an
imageis causedby theobjectmotionduringexposure.If we
considerthemixedlight emittedor re�ected from thefore-
groundandbackground,theimageblur formulationcanbe
very complex. Hencewe introducethe transparency map,
asdescribedin Section1, to describethemotionblur.

We denotef as the transparency map of a solid ob-
ject without motion in the latent(unblurred)image,where
f (x; y) = 0 if pixel (x; y) is on the background,and
f (x; y) = 1 if (x; y) belongsto the foreground,asshown
in Figure 1. We also denoteB as the transparency map
wherea solid objectundergoesmotionsin a blurredimage.
Obviously, B can be formulatedas an integral of differ-
ent f after rotation and translationduring exposure. Let
Tr (x; y; � t ; � x t ; � yt ) bethevalueof transparency mapin
(x; y) afterf rotateswith angle� t andshiftsby (� x t ; � yt ),
theblurredtransparency mapB (x; y) is givenby

B (x; y) =
1
T

Z T

0
Tr (x; y; � t ; � x t ; � yt )dt; (1)

where T denotesthe exposuretime. By discretization,
B (x; y) canbeestimatedby

B̂ (x; y; Q; f ) =
1
T

N � 1X

i =0

Tr (x; y; � i ; � x i ; � yi )( t i +1 � t i ):

(2)
The value of N determinesthe level of accuracy. In the
experiments,we found N = 20 is suf�cient to producea
visually satisfyingresult. By dividing theexposuretime T
evenly, themotiondescriptorQ containsall theinformation
to describetheobjectmotions

Q = f (� i ; � x i ; � yi )ji 2 f 0; 1; : : : ; N � 1gg:

3.1. Descriptor analysis

In Eqn. (2), thereis oneTr (x; y; � ; � x; � y) for each
time slot, modelingtheobjectmotion. Due to the implicit
formatof thesemotionparameters,this functioncannotbe
usedin ef�cient optimization. In the following, usingthe
Fouriertransform,we deriveanexplicit representation.

Consideringthe object motion during image capture,
we map each pixel (x; y) in the transformed image
Tr (x; y; f ; � ; � x; � y) to onepixel (x0; y0) in f where

[x0; y0]T =
�

cos(� ) � sin(� )
sin(� ) cos(� )

�
[x; y]T + [� x; � y]T :

We thushave

Tr (x; y; � ; � x; � y) = f (x cos(� ) � y sin(� ) + � x;

x sin(� ) + y cos(� ) + � y): (3)

In orderto establishanexplicit functionof motiondescrip-
tors for Tr , we transformthe imageto the frequency do-
main.Eqn. (3) canthenbewrittenas

Tr (�) =
Z + 1

�1

Z + 1

�1
F (u; v)ej 2� (u � x + v� y )

ej 2� (( ux + vy) cos(� )+( vx � uy ) sin( � ))) dudv;(4)

whereF (u; v) is a Fourier transformof f (x; y) andj 2 =
� 1:

F (u; v) =
Z + 1

�1

Z + 1

�1
f (x; y)e� j 2� (ux + vy) dxdy: (5)

Due to thediscretenessin both the imagedomainandthe

(a) (b)

Figure2. Artif actsintroducedby DiscreteFourierTransformation
(DFT). (a) Artif actsof imagereconstructionafter DFT. (b) Grid
misalignmentafterrotation.

frequency domain,we needto samplef andF for further
simpli�cation. Directly samplingthemusingintegercoor-
dinatesmayintroduceseriousartifacts,asshown in Figure
2. This is becausethe pixel positionsof the rotatedim-
agemay not fall into the points with integer coordinates



asshown in Figure2 (b). So the samplingrateshouldbe
adjustedto reducetheartifacts.Without losingof general-
ity, we simplify thepresentationby assumingthe imageis
squarewith sizeM � M . Let q = 1=M , by applyingthe
Bluestein'sFFT algorithm[1, 6], we rewrite (5) as

F(u;v ) = F (u� r ; v� r )

�
X

y

X

x

f (x� s ; y� s)e� j 2� q(u� r x� s + v� r y � s ) � 2
sq2

=
X

y

X

x

f (x� s ; y� s)e� j 2� q(ux + vy) � r � s � 2
sq2; (6)

where� s is the distancebetweenneighboringsamplesin
the imagedomainand� r is the distancein the frequency
domain. For simplicity, herewe usenearestneighborhood
interpolationto getf (x� s ; y� s). Accordingly, wehave

Tr (�) =
X

v

X

u

F(u;v ) e
j 2� (u � x + v� y ) � r q

ej 2� (( ux + vy) cos(� )+( vx � uy ) sin( � )) � r q� 2
r : (7)

Directly computing(6) and (7) is computationallyinef�-
cient sincethe time complexity is �( � 2), where� is the
numberof pixels. So throughsomealgebraicmanipula-
tions,wederive

Tr (x; y; � ; � x; � y) = � 2
r H (y; x)

X

v

X

u

(K (u; v)

H (u; v)H (u � x; v + y)) ; (8)

where

H (x; y) = ej � � r q(( x 2 � y 2 ) cos(� )+2 xy sin( � ))

H (x; y) = conj (H (x; y))

= ej � � r q(( y 2 � x 2 ) cos(� ) � 2xy sin( � ))

K (u; v) = ej 2� � r q(u � x + v� y ) F (u; v):

Theconvolution in (7) is substitutedby theef�cient multi-
plication in the frequency domain. We verify the correct-
nessof our formulation by using a blur image synthesis
shown in Figure3 usinga motion descriptor. The synthe-
sizedimagein (b) is quite realisticevenusingthediscrete
transform.

4. Optimization

Our goal is to restorethe latentimagef by minimizing
theenergy function

ED (Q; f ) =
X

x;y

(B r ef (x; y) � B̂ (x; y; Q; f ))2: (9)

whereB r ef is theinputblurredimage.It requiresthatusing
theestimateddescriptorQ andimagef , the reconstructed

blur image B̂ should be similar to the input blur image
B r ef . Anotherimplicit constraintis that f (x; y) 2 f 0; 1g
whichwill beimposedin ourdiscreteoptimizationprocess.

Herewenaturallyassumethatf (x; y), � x i , � yi , and� i

areall independent.In orderto make theproblemtrackable
andto successfullyrestorethedegradedimage,therotation
angles� t +1 � � t in shorttime intervalsareassumedsmall.

4.1. Parameter initialization

(a) (b)

Figure 3. Rotationalblur imagesynthesis. (a) The original im-
age.(b) TheblurredimagegeneratedusingDFT. Thenaturalness
validatesthecorrectnessof ourmotiondescriptor.

The transparency mapB usedin our methoddescribes
the transparency of the foreground occluding the back-
grounddue to object motion. It can be computedusing
thenaturalimagealphamattingmethods.In our approach,
themethodin [14] is usedto computethe fractionaltrans-
parency map. Sincemattingmethodsonly usecolor infor-
mationto computethealphamatte,thereis norealphysical
considerationsof the backgroundor foreground. So there
may exist errorsin somepixels. As shown in Section5,
we only needto selectandusethepixelswith structuresin
obedienceto thehumanperceptioninsteadof all of them.

We �rst initialize theobjectrotationcenter(cx ; cy ). It is
commonthattheblurredcolor imagecontainstextureinfor-
mation.Sotheuserscaninteractively selectseveralpairsof
pointsfrom boththetransparency mapandthecolor image
indicating the object motion. The pixels in eachpair are
selectedapproximatelyat thestartandtheendpositionsof
oneobjectpoint during its movement. In this paper, these
points are called characteristicpoints. One illustration is
shown in Figure4. The estimationof rotationcenterdoes
not requiremuchaccuracy. Theerrorscanbecompensated
by theestimationof translation� x i and� yi in thefollow-
ing optimizationprocess.

After selectingthecharacteristicpointpairs,therotation
centercanbeestimatedby solvinga leastsquareproblem.
Assumingeachpointpairconsistsof thestartpoint (x i

s ; yi
s)

andtheendpoint (x i
e; yi

e), we have

(x i
s � cx )2 + (yi

s � cy )2 = (x i
e � cx )2 + (yi

e � cy )2;

as illustratedin Figure5. Consideringall selectedpoints,



(a) (b)

Figure4.Blurredcolorimage.(a)Theoriginalblur image.(b) The
userselectedcharacteristicpointsaccordingto themotionpatterns
of objectstructure.Eachpixel pair roughly indicatesthestartand
endpositionof onepoint in motion.

(c ,c )x y

(x ,y )e e
i i

(x ,y )s s
i i

r

Figure5. Thematchedpointscanbeusedto identify therotation
center(cx ; cy ).

therotationcentercanbecomputedby solving

AM � 2 � [cx ; cy ]T = BM � 1; (10)

whereM is the numberof the correspondingpoint pairs,

A i; 1= 1, A i; 2 = y ( i )
e � y ( i )

s

x ( i )
e � x ( i )

s
, andB i = x ( i )2

e + y ( i )2
e � x ( i )2

s � y ( i )2
s

2(x ( i )
e � x ( i )

s )
,

8i = 1; 2; 3; � � � ; M . After cx and cy are estimated,we
movethecoordinatecenterto (cx ; cy ).

4.2. Iterati veoptimization

In thefollowing, weproposeaniterativeoptimizationto
solve all unknowns.Thediscreteandcontinuousoptimiza-
tionsarealternatively performed.Our optimizationcanbe
dividedinto threesteps,andthesethreestepsareprocessed
iteratively.

Estimating � i . In this step, assumingthe valuesof F ,
� x i , � yi are �x ed, we apply a continuousoptimiza-
tion to compute� i by minimizing ED . Denoting m( i )

1

= (ux + vy) cos(� i ) + (vx � uy) sin(� i ) and m( i )
2 =

(vx � uy)cos(� i ) � (ux + vy)sin (� i ), the�rst orderpartial
derivativesof ED canbeexplicitly givenby

@ED

@� i
= �

4� � 3
r q

N

X

x;y

(� x;y � (
X

u;v

F(u;v ) j

ej 2� (u � x + v� y+ m ( i )
1 ) � r q � m( i )

2 )) ;

where� x;y = B r ef (x; y) � B̂ (x; y). For small � i 's, we

usethe approximationthat sin � i � � i , cos� i � 1 � � 2
i
2

to avoid computationof many trigonometricfunctions.The
Hessianmatrix canbe derived similarly. Using the above
representation,� i is computedusingtheconjugategradient
method.

Estimating the latent transparencymap f . Giventhees-
timated� , � x, and� y, wecomputethebinarymapf using
discreteoptimizationby minimizing

ED (Q; f ) =
X

p

(B r ef (p) �
1
N

N � 1X

i =0

Tr (p; � i ; � x i ; � yi ))2;

wherep = (x; y). Given that the motion parametersare
estimated,we canapply inversemotionsto the input blur
imageto derive the latentone. SinceTr denotesthe mo-
tion of the object in a small time interval, applying (3),
we get f (x0

i ; y0
i ) = Tr (x i ; yi ; � i ; � x i ; � yi ), where i 2

f 0; 1; :::; N � 1g. Under the rotationalmotion, x i andyi

arenot guaranteedto be integers.We thususethebilinear
interpolationfrom theneighboringfour pixelswith integer
coordinatesto computethetransparency values:

f (x0
i ; y0

i ) =
3X

j =0

� j
i f (x j

i ; yj
i ); x j

i ; yj
i 2 Z: (11)

Integratingtheaboveequations,we have

(B r ef (x; y) �
1
N

N � 1X

i =0

Tr (x i ; yi ; � i ; � x i ; � yi ))2

= (B r ef (x; y) �
1
N

N � 1X

i =0

3X

j =0

� j
i f (x j

i ; yj
i ))2

/ E1 + E2; (12)

where

E1 =
2
N

X

i;j

B r ef (x; y)f (x j
i ; yj

i ); (13)

and

E2 =
2

N 2

X

( i 1 ;j 1 )6=( i 2 ;j 2 )

� j 1
i 1

� j 2
i 2

f (x j 1
i 1

; yj 1
i 1

)f (x j 2
i 2

; yj 2
i 2

)

+
1

N 2

X

i;j

(� j
i )2f 2(x j

i ; yj
i ): (14)

Webuild aMarkov RandomField(MRF) in theimageplane
to solvetheaboveenergyminimizationproblemwhereeach
pixel is a node. The edgesareconstructedby connecting
node(x j 1

i 1
; yj 1

i 1
) to (x j 2

i 2
; yj 2

i 2
) if thereexistsa corresponding

term f (x j 1
i 1

; yj 1
i 1

)f (x j 2
i 2

; yj 2
i 2

) in E2. All the nodesare 0-1
labeled.Energy ED is minimizedusingloopy beliefpropa-
gation[8][25].



Estimating � x i and � yi In this stage,we estimateob-
ject translations� x i and � yi . Since� i and f are �x ed,
Tr (x; y; � i ; 0; 0) is alsoknown. We build Gaussianimage
pyramidsfor Tr (x; y; � i ; 0; 0) andB r ef respectively. We
useamulti-scaleapproachwith theseGaussianimagepyra-
midsto compute� x i and� yi in a top-down manner. Sup-
posethe�nest level is 0 andthecoarsestlevel is s, it is ob-
viousthatthetranslationin coarselevel is small.Assuming
thatthetranslations� x (s)

i and� y(s)
i in level s aresmaller

than1 pixel, i.e., � 1 < � x (s)
i ; � y(s)

i < 1, we computethe
translationvectorin the�ne level by

� x( 
 )
i = 2� x( 
 +1)

i +  ( 
 )
i (x);

� y( 
 )
i = 2� y( 
 +1)

i +  ( 
 )
i (y); (15)

where ( 
 )
i (x),  ( 
 )

i (y) 2 (� 1; 1). With the constructed
Gaussianpyramids,we minimize E ( 
 )

D on eachlevel and
propagatethe estimatedtranslationvectorto the �ner one.
Combining(3), (9), (15)weminimize

E ( 
 )
D

=
X

x;y

(B ( 
 )
r ef (x; y) �

1
N

X

i

Tr ( 
 ) (x; y; � i ; � x ( 
 )
i ; � y( 
 )

i )) 2

=
X

x;y

(B ( 
 )
r ef (x; y) �

1
N

X

i

f ( 
 ) (x̂ i +  ( 
 )
i (x); ŷ i +  ( 
 )

i (y))) 2;

wherex̂ i = x cos(� i ) � y sin(� i ) + 2� x( 
 +1)
i and ŷi =

x sin(� i ) + y cos(� i ) + 2� y( 
 +1)
i . Since  ( 
 )

i (x) and
 ( 
 )

i (y) are small values,we apply the Taylor expansion
to f ( 
 ) (x̂ i +  ( 
 )

i (x); ŷi +  ( 
 )
i (y)) andderive

E ( 
 )
D �

X

x;y

(B ( 
 )
r ef (�) �

1
N

X

i

(f ( 
 ) (x̂ i ; ŷ i )

+
@f ( 
 ) (x̂ i ; ŷ i )

@x
 ( 
 )

i (x) +
@f ( 
 ) (x̂ i ; ŷ i )

@y
 ( 
 )

i (y))) 2 :

(16)

The term f ( 
 ) (x̂ i ; ŷi ) in (16) in the Gaussianpyramidcan
becomputedby

f ( 
 ) (x̂ i ; ŷi ) = Tr ( 
 ) (x; y; � i ; 2� x( 
 +1)
i ; 2� y( 
 +1)

i ):

Our computationstartsfrom thecoarsestlevel. In theopti-
mization in level 
 , E 


D is minimized by settingthe par-

tial derivatives @E ( 
 )
D

@ ( 
 )
i (x )

and @E ( 
 )
D

@ ( 
 )
i (y )

to zerosand solv-

ing an over-determinedlinear systemwith 2N unknowns:
 ( 
 )

i (x)'s and  ( 
 )
i (y)'s. The optimization stops when

� x(0)
i and� y(0)

i arecomputed.

4.3. Recover the color image

Theabove optimizationstepsiteratively process.In our
experiments,they alwaysconvergein 10 iterations.To re-
cover thecolor image,usingthetransparency map,we sep-
aratetheblur imageinto foregroundI f andbackgroundI b.

Theneachpixel in I f canbeexpressedasa weightedsum
of thepixelsin theoriginal clearobject.Since� i , � x i , and
� yi areestimated,thespatiallyvariantblur kernelfor each
pixel canbeuniquelyconstructed.We write

I f (p) = Rf (p) 
 k(p) + n; (17)

whereRf (p) is the correspondingpixel in the latent un-
blurredobjectandk(p) is the kernelconstructedfor pixel
p.

WeapplytheRichardson-Lucy deconvolutionmethodto
iteratively restorethe unblurredforegroundR̂f . Thenthe
�nal imageresult is constructedby combiningR̂f andI b

with therecoveredtransparency mapf .

5. Result and analysis

Examplesaredemonstratedin this section. All images
shown containa blurredobjectundergoingunknown rota-
tion plustranslationmotionsduringimagecapture.

We �rst show thedoll examplein Figure6. Thedoll is
heldby a handundergoinginconsistentmotionsfor differ-
entpixelsduringimagecaptureasshown in (a). (b) shows
the selectedcharacteristicpointsmarkedby red crossesin
the input image for computingan approximatedrotation
center. The error introducedin this stageis inevitable but
doesnot greatly in�uence our optimization. We apply the
mattingmethodto computetheblur transparency mapwith
an input of several strokes indicating de�nite foreground
and backgroundpixels. We show the stroke-overlaid im-
agein (c). (d) illustratesthegeneratedalphamatte. Once
we estimateall motion parameters,we apply themto con-
structingspatiallyvariantkernels.The kernelsareusedto
restorethe transparency map(e) andlatentobject(f) using
Richardson-Lucy deconvolution. (g) shows the deblurred
objectcomposedbackto theextractedbackgroundI b. (h)
shows the magni�ed region. The motion blur is removed
successfullyon theobject.

We show anothertwo examplesin Figure 7. (a) and
(b) show the input blur imageswith marked characteristic
points.Thesepointsareselectedeasilyusingtherecogniz-
able imagepatterns. (c) and (d) are the computedtrans-
parency maps. We apply our iterative optimizationto the
transparency mapsandestimateobjectmotions.Using the
constructedblur �lter , wedeblurtheforegroundobject.The
compositionsof the deblurredobject and the background
areshown in (e)and(f).

Our methodemploys thenaturalimagemattingmethod
to computethetransparency map. In a complex scene,ex-
istingmattingmethodsmaynotworkwell andmaygenerate
incorrectalphavaluesfor somepixels. We show in Figure
8 thattheerrorswill not signi�cantly in�uence our method
in the motion estimationsincenot all transparency pixels
are taken into computations.In Figure8 (a), the handis



(a) (b) (c) (d)

(e) (f) (g) (h)

Figure6. Doll. (a)Theinput imagecontainingamotionblurreddoll. (b) Theselectedcharacteristicpointsareillustratedusingredcrosses.
(c) Strokesspecifyingtheforegroundandthebackgroundto beusedin themattingmethod.(d) Thecomputedblur transparency mapafter
imagematting. (e) The inferredunblurredtransparency mapby our method.(f) Thecomputedunblurredobjecton a blackbackground.
(g) Theunblurredforegroundobjectcomposedto theoriginalbackgroundI b. (h) Themagni�ed view of (g).

blendedto the background.It is dif�cult to obtaina good
alphamatte,asshown in (c). We only usethetransparency
pixels with lesserror as illustrated in (d). Applying the
proposedoptimization,the motion parameterscanbe suc-
cessfullyestimated.The deblurredtransparency mapand
the compositedobject to the backgroundareshown in (e)
and(f) respectively. It canbeobservedthatsincethetrans-
parency mapcontainserrors,therearepixelsnot correctly
deblurred.However, mostpixels in the resultarevisually
plausible.Thepatternson thesleevearealsoclear.

6. Conclusionand Discussion

To conclude,wehaveproposeda novel andhighly prac-
tical methodto restorethe degradedimage containinga
blurred object due to the rotationaland translationalmo-
tions. Insteadof using the complex color information in
input images,we introducea transparency map encoding
theobjectmotionandapplyit to estimatingthemotionpa-
rameters.Our motiondescriptorseparatesthemotion blur
in differenttime intervalsandthecomputationis facilitated
by Fourier transform.A novel optimizationmethodis pro-
posedto iteratively re�ne parameterestimationusingdis-
creteandcontinuousoptimizations.Our methodhasbeen
appliedto severaldif�cult examples.

In discussion,the quality of our �nal result is closely
relatedto thequality of thetransparency mapgeneratedby
themattingmethods.Our furtherwork includesdeveloping
amorereliabletransparency mapestimationapproachusing
multiple input images.Reducingthemanualwork, suchas
thecharacteristicpoint selection,will alsobestudied.
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