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Abstract

Let G be a loopless finite multigraph. For each vertex z of G, denote its
degree and multiplicity by d(z) and p(z) respectively. Define

b(x) = the least even integer > u(z) if d(z) is even
)71 the least odd integer > p(z) if d(2) is odd.

In this paper, it is shown that every multigraph G admits a faithful path
decomposition — a partition P of the edges of G into simple paths such that
every vertex ¢ of G is an end of exactly ¢(z) paths in P. This result gen-
eralizes Lovasz’s path decomposition theorem, Li’s perfect path double cover
theorem (conjectured by Bondy), and a result of Fan concerning path covers of
weighted graphs. It also implies an upper bound on the number of paths in a
minimum path decomposition of a multigraph, which motivates a generalization
of Gallai’s path decomposition conjecture.

1 Introduction

In this paper we consider loopless finite multigraphs. Given a multigraph G, a path
decomposition (PD) of G is a partition of the edges of GG into simple paths.
Path decompositions have received considerable attention for simple graphs. A well
known conjecture of Gallai (cf. [6]) states that every connected simple graph on n
vertices admits a PD with at most [n/2] paths. In 1966, Lovasz [6] proved that
every simple odd graph! G contains a PD P such that every vertex of i is an end of
exactly one path in P, which confirmed Gallai’s conjecture for simple odd graphs.
In 1980, Donald [3] showed that every simple graph on n vertices admits a PD with

'An odd graph is a graph where cach vertex is incident with an odd number of edges.
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at most [3n/4| paths. The concept of a path decomposition is also closely related
to a path cover — a collection of simple paths of G that covers every edge at
least once. In 1988, Bondy [1] introduced the notion of a perfect path double
cover of a simple graph G (a path cover P such that each edge of GG is covered by
exactly two paths in P and each vertex of G is an end of exactly two paths in P),
and conjectured that every simple graph with no isolated vertex has such a path
cover. His conjecture was settled by Li [5] in 1989. Recently, Fan [4] has studied
path covers of weighted graphs where each edge e has weight w(e) € {0, 1, 2}.

The main concerns in the above work were the cardinality of a path decomposi-
tion, the number of paths in a path decomposition (or a path cover) that contain a
vertex as ends, and the number of paths in a path cover that cover an edge. These
aspects are interconnected and, indeed, they can be studied in a unified way by
considering path decompositions of multigraphs.

Let G = (V, E) be a multigraph. For any two vertices z and y of G, pg(z,y)
denotes the number of (multiple) edges joining z and y. For each vertex z of G,
Ng(z) represents the set of vertices adjacent to z, ug(z) = max{pg(z,y) : y €
Ng(z)} (note that if S = () then maxS = 0) specifies the multiplicity of z, and
dg(z) stands for the degree (the total number of edges incident with z) of . Then
p(G) = max{ug(z) : @ € V} is the multiplicity of G. A vertex z is isolated if
dg(z) =0, even if dg(z) is even, and odd if dg(z) is odd. Notice that for any PD
P of G, every odd vertex of G is an end of an odd number of paths in P, and every
even vertex of GG is an end of an even number of paths in P. For a collection P of
simple paths of G, let &p(z) denote the number of paths in P that contain vertex
z as an end. For any integer k, let [k]. be the least even integer > k and [k], the
least odd integer > k. Define a function ¢ : V. — N according to the degree and
multiplicity of a vertex z € V as follows:

_J Tue(z)]e if z is an even vertex

[
dc(z) —{ [ (z)], otherwise.

A PD P of G is a faithful path decomposition (FPD) if every vertex z of G
is an end of exactly ¢g(z) paths in P. In this paper we will prove the following
theorem and discuss its implications.

Theorem 1 Fvery multigraph admits a faithful path decomposition.

This theorem generalizes Lovasz’s path decomposition theorem [6], and Li’s per-
fect path double cover theorem [5]. It can also be transformed into a theorem on
path covers of weighted graphs, which implies a result of Fan [4]. Moreover, the
theorem gives an upper bound on the cardinality of a minimum path decompo-
sition (a path decomposition with the minimum number of paths) of a multigraph;
the bound is sharp for certain multigraphs and nearly sharp for a large family of
multigraphs. This, subsequently, motivates a generalization of Gallai’s path decom-
position conjecture.
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2 Extending a path decomposition

Let G = (V, E) be a multigraph. Let e be an arbitrary edge of G and H be the
multigraph obtained from G by deleting edge e. First we consider a technique,
introduced by Lovasz [6], for extending a certain PD Q of H to a PD P of ¢&
without increasing the number of paths.

Let w and v be the two ends of e, and set vg = u. Suppose that there is a
sequence (vg, v1, ..., vx) of distinct vertices, where vy, ..., vx € Ng(v), such that

1. for each v;, 0 < ¢ < k, there is a path @); € Q that starts at v; and hits v; 44
just before it goes through v; and

2. for vy, there is a path Q) € Q that starts at vx but does not go through wv.

Then (Qo, ..., Q%) forms a path-fan from u to v. For each 0 < ¢ < k, let

By = (Qi \ {vitav}) U {viv};

and let

P, =Qr U {vkv}.
Then each P;, 0 < 7 < k, starts at v;41 and hits v; just before it goes through v;
and Py starts at v and immediatedly goes through vy. Therefore

P =(Q\{Qo,....Qx}) U{Po,..., P}

is a PD of G satisfying

Ep(u) = Eolu) — 1, &p(v) = &olv) + 1,

and &p(z) = Eo(z) for every vertex z € V' \ {u,v}. We say that P is a (—1,+1)-
extension of Q from u to v, and that Q is (-1, +1)-extendible from u to v.
Figure 1 illustrates a path-fan and its (—1,+41)-extension.

The above technique will be the main tool in proving Theorem 1. Therefore we
first give a sufficient condition for a PD Q of H to be (—1,+1)-extendible from u
to v.

Lemma 2 Let G = (V, E) be a multigraph. Let e, with ends u and v, be an arbitrary
edge of G and H = G — e. For any path decomposition Q of H, if {o(z) > pa(z,v)
for every vertex x € Ng(v) then Q is (—1,+1)-extendible from u to v, i.e., there is
a PD P of G that satisfies Ep(u) = Eg(u) — 1,&p(v) = &g(v) + 1 and &p(z) = Eo(x)
for every vertex x € V' \ {u,v}.

Proof. We use a method introduced by Li [5]. Construct a digraph D = (Vp, Ap)
with Vp = Ng(v)U{z} (where z ¢ Ng(v) is a special vertex) whose arcs are defined
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Figure 1: A path-fan (Qo, Q1,Q2,Q3) from u to v and its (—1,+1)-extension to
(P07P17P27P3)

as follows: For each vertex z € Ng(v) and each path ) € Q which starts at vertex
z, if () does not go through v, then put arc (z,z) in Ap. Otherwise there is a vertex
y € Ng(v) that @ hits just before @) goes through v; and we put arc (z,y) in Ap.
Note that D may contain multiarcs or loops.

First, we show that there is a directed (u, z)-path in D. By the construction of
D, we see that the out-degree df,(z) = £g(z) and the in-degree dp(z) < py(z,v)
for every vertex € Ng(v). Therefore

ah(a) - dp(x) > o) - prr (e, v).

Notice pg(u,v) = pu(u,v) + 1 and pg(z,v) = pu(z,v) for every @ € Ng(v) \ {u}.
By the assumption that {o(z) > pa(z,v) for every z € Ng(v), we have

df(u) —dp(u) > 1

and
df(z) — dp(z) > 0 for every o € Ng(v) \ {u}.

Hence for any longest trail 7" in D starting at vertex u, no vertex in N¢(v) can be
the other end of 7. Thus D contains a (u, z)-trail and hence a directed (u, z)-path
VU1 .+ . . VgUk+1, Where vg = u and vg4q = 2. Now for 0 < ¢ < k, let J; be the path
in Q corresponding to arc (v;, v;41) of D. Then (Qo,...,Q%) is a path-fan from u
to v, and thus @ is (—1, +1)-extendible from u to v. il
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3 Faithful path decompositions

We now prove our main theorem: every multigraph admits a FPD.

Proof of Theorem 1. We use induction on the number of edges in a multigraph.
Clearly, 0 is a FPD for any edgeless multigraph. Assume that any multigraph with
less than £ > 1 edges admits a FPD, and let G = (V, E) be a multigraph with %
edges. We consider two cases depending on the multiplicity of G.

Case 1. p(G) = 1. Without loss of generality, we may assume that G is con-
nected (otherwise we can consider each connected component of G independently).
Since p(G) =1, G is a simple graph. Thus for any vertex z, ¢g(z) = 1 if dg(z) is
odd and ¢g(z) = 2 if dg(z) is even. If G contains a vertex v with dg(v) = 1, then
let v’ be the vertex adjacent to v and H = G — v. By the induction hypothesis, H
admits a FPD P. We construct a FPD of G as follows: If di(v') = 0 or di(v') is
odd then we add a path consisting of edge vv' to P; otherwise (dg(v’) is even) there
is a path P in P that contains v’ as an end and we extend P to include edge v'v. If
G contains a vertex u with dg(u) = 2 then let @ and b be the two vertices adjacent
to u and G' = G — u + ab. By the induction hypothesis, G’ admits a FPD Q. Let
Q) = Q.abQy be the path in Q that contains edge ab. Then a FPD of GG is obtained
from @ by replacing @@ with two paths @Q,au and ubQs.

[t remains to consider the case where the minimum degree of GG is at least three.
In this case, G contains a cycle C' = wvyvy...v3v1, where ¢ > 3, and the graph Hg
obtained from G by deleting all edges in C contains no isolated vertex. Applying
the induction hypothesis to each connected component of Hy, we obtain a FPD Py
of Hy. Since the parity of the degree of each vertex z in Hp is the same as that in
G, we have
1 if dg(z) is odd
2 if dg(=) is even.

&po (2) = Om, (2) = ¢a(z) = { (1)

For convenience, we use vy as a synonym for v; and let H; = H;_; + v;v;_1 for
each 1 <1 < {. Then G = H;. We construct a PD P; of H; as follows: For each
1, 1 <1 < ¢, in increasing order, we successively construct a PD P; of H; from the
existing PD P;_; of H;,_; by a (-1, +1)-extension from v; to v;—1. The existence of
such a PD P; follows from Lemma 2, because for each 7, 1 <7 <¢, &p,_ (z) > 1 for
every vertex z € V' \ {v;_1}. In fact, we have

fpt(.r) = gPt—l(x) == 57’0 (w)
for every vertex x € V \ {vy,...,v;:}. Furthermore,
Ep.(vi) = -+ = &piy, (i) = Ep, (vi)+1 = (Ep,_y (vi) =1)+1 = &p,, (i) = - - = Epy (v4)

for every ¢ satisfying 1 <¢ <t — 1, and

fpt(’vt) = gpt—l(vt) —-l=--=&p (vl‘) -1= (fPO (Ul‘) + 1) - 1=¢p, (/Ul‘)'
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Combining with (1), we see that P; is a FPD of G.

Case 2. u(G) > 1. In this case, GG contains two distinct edges e and €’ that share
the same ends, say u and v. Construct a multigraph H from G by deleting edges
e and €. Then pg(u,v) = pg(u,v) +2 and pg(z) < pe(z) < pg(z) + 2 for each
z € {u,v}. Since the parity of dy(z) is the same as that of dg(z), we can deduce
from the definition of ¢ that either ¢ (z) = ¢u(z) or ¢pg(z) = ¢u(x)+2. Therefore,
by the induction hypothesis that ¢g(z) = £o(x), we have either ¢g(z) = €o(x) or

¢a(z) = Eo(w) +2
Consider multigraph G' = H+¢€'. If ¢g(u) = {o(u)+2 then let P! = QU{{e'}}.

Otherwise, since

¢o(y) = da(y) > per(y,v) for each y € Nev(v),

there is a (—1,41)-extension P’ of Q from u to v by Lemma 2. In both cases, we

have
Epi(u) = ¢a(u) —
Epi(v) = Eo(v) +1
This gives
¢ /(’U) _ qu(U) -1 if ¢G(U) 59( )
? ¢c(v) +1  if dG(v) = Eo(v).
Now consider multigraph G = G'+e. If ¢g(v) = €o(v) +
Otherwise it is readily checked that

2, then let P = P'U{{e}}.

&pi(2) > pal(z,u) for each z € Ng(u).

Therefore there is a (—1,+1)-extension P of P’ from v to u by Lemma 2. It is easy
to see that P is a FPD of (G. This completes the proof. 1l

Remark The above proof also implies a polynomial time algorithm for constructing
a FPD in a multigraph.

4 Consequences

Theorem 1 can be used to deduce various results on path decompositions and path
covers, which include Lovdsz’s path decomposition theorem [6], Li’s perfect path
double cover theorem [5] (conjectured by Bondy [1]), a result of Fan [4] about
path covers of weighted graphs, and a generalization of Gallai’s path decomposition
conjecture (cf. [6]).

For an arbitrary vertex z of a simple graph G|, recall that ¢g(z) = 1if z is an
odd vertex and ¢ (z) = 2 if z is a nonisolated even vertex. The following result is
an immediate consequence of Theorem 1:
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Corollary 3 FEvery simple graph admits a path decomposition P such that every
odd vertex is an end of exactly one path in P, and every nonisolated even vertex is
an end of exactly two paths in P.

Recall that for any PD P of GG, every odd vertex of GG is an end of an odd number
of paths in P, and every even vertex of GG is an end of an even number of paths in
P. We easily deduce from Corollary 3 the following two complementary results for
simple graphs:

Corollary 4 (Lovasz [6]) A simple graph G admits a path decomposition P such
that each vertex of G is an end of exactly one path in P if and only if G is an odd
graph.

Corollary 5 A simple graph admits a path decomposition P such that each vertex
of G is an end of exaclly two paths in P if and only if G is an even graph with no
tsolated vertex.

In the case of path covers, Theorem 1 can be used to obtain a result on path
k-covers of a simple graph G (a path cover P that covers every edge of GG exactly
k times). Construct a multigraph H from G by replacing each edge e with k edges
joining the two ends of e. Let  be an arbitrary nonisolated vertex of H. If k is
even, then ¢y (z) = k; otherwise ¢ (z) = k if  is an odd vertex and ¢g(z) =k+1
if z is an even vertex. By Theorem 1, we see that H admits a FPD P in which
&p(x) = ¢u(z) for every vertex & of H. Therefore the image of P in G yields a path
k-cover of G which possesses the property stated in the following result:

Corollary 6 For any integer k > 1, every simple graph admits a path k-cover P
such that if k is even then every nonisolated vertex is an end of exactly k paths in
P; otherwise every odd vertex is an end of exactly k paths and every nonisolated
even vertex is an end of exactly k + 1 paths in P.

The case k = 2 of the above result yields the following theorem of Li:

Corollary 7 (Li [5]) Any simple graph without isolated vertex admits a perfect
path double cover.

There is also a natural correspondence between a path decomposition of a multi-
graph and a faithful path cover of a weighted graph, where a weighted graph F is a
simple graph in which each edge e has a nonnegative integer w(e) associated with
it, and a faithful path cover of F is a collection P of simple paths of F that covers
each edge e of F exactly w(e) times. For each vertex z of F, let

[max{w(zv):v € Np(z)}]|. if E w(zv) is even

VYp(r) = veXele)
[max{w(zv):v e Np(z)}]|, if Z w(zv) is odd.

vENp(z)
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Define a v -faithful path cover of F to be a faithful path cover P such that each vertex
z of F'is an end of exactly ¢z(z) paths in P. Now if we construct a multigraph H
from F' by replacing each edge e of I’ with w(e) edges joining the two ends of e, then
for any vertex z of F, du(2) = ) enp(p) w(2v), pu(z) = max{w(zv) : v € Np(2)},
and ¢g(z) = ¥p(z). Hence a FPD of H can be transformed into a t-faithful path
cover of F and, in the language of path covers of weighted graphs, Theorem 1 is
equivalent to the following result:

Corollary 8 Fuvery weighted graph admits a 1-faithful path cover.

Applying Corollary 8 to weighted graphs where edge weights are numbers in
{0,1,2}, we obtain the following result of Fan [4], which is also a generalization of
Corollary 7:

Corollary 9 Let F be a weighted graph where w(e) € {0, 1,2} for every edge e and
> veNy(z) W(av) is even for every vertex x. Then F admits a faithful path cover P
such that every nonisolated vertex is an end of exactly two paths in P.

We now consider the size of a path decomposition of a multigraph G. The path
decomposition number of G, denoted by 7((G), is the number of paths in a minimum
path decomposition of G. By Theorem 1, G admits a PD P such that each odd
vertex  is an end of exactly [ug(z)|, paths in P, and each even vertex y is an end
of exactly [pa(y)]e paths in P. Therefore we have the following upper bound for
m(G):

Corollary 10 Let G = (V, E) be a multigraph, and let V, and V. be the sets of odd
and even vertices respectively. Then

R(G) < 5 Y da(e) = 5 (X Tha(@)]o+ X Tnal)])

zeV €V, yEVe

It can be verified that pkK,, the complete multigraph constructed from the com-
plete graph K, by substituting each edge e with p edges joining the two ends of e,
attains the upper bound of Corollary 10 if at least one of n and p is even.? Further-
more, it is interesting to note that the upper bound in Corollary 10 is nearly sharp
for a large family of multigraphs. In fact, for any given g > 1, there are infinitely
many “arbitrary” multigraphs of multiplicity g whose path decomposition numbers
differ from the upper bound in Corollary 10 by at most (x + 1)/2. To see this, let
1 < po < ... < pyo1 = p, be an arbitrary sequence of nonnegative integers. Let H
be an arbitrary even multigraph on n —1 vertices zy, ..., 2,1 in which pg(z;) < u;
for 1 <@ < n—1. Construct a multigraph G from H by adding a new vertex z,
and pu; edges between z, and z; for each 1 < ¢ < n — 1. Then pug(z;) = p; and

2See the appendix for a proof of the path decomposition number of pK,,.
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¢clz;) = p; for 1 <7 < n—1, since ; is an even vertex in G if and only if p; is
even. In multigraph G, there are Z?:_ll 1; edges incident with vertex z,. Therefore
any path decomposition of GG contains at least % Z?:_ll 1; paths, since each path can
contain at most two edges incident with z,,. Combining with Corollary 10, we have

1n—1 1 n ¢G($n) 1n—1
§ZM§7T(G)§§Z¢G($i)=T+§ZM-
=1 =1 =1

Notice that p(G) = p and ¢g(z,) < p+ 1. It is clear that G possesses the claimed
property.

In spite of the above discussion, the bound in Corollary 10 still leaves room
for improvement. The author proposes the following conjecture that gives a better
bound for connected multigraphs.

Conjecture 1 Let G = (V, E) be a connected multigraph. Then

7(@) <[5 3 wale)].

zeV

It can be readily checked that the above conjecture is true for any complete
multigraph pK,,. The conjecture is also valid (by Corollary 10) for multigraphs in
which every even vertex has an even multiplicity and every odd vertex has an odd
multiplicity.

We can replace pg(z) in the above conjecture by the multiplicity u(G) of G to
get a weaker conjecture: m(G) < [n - p(G)/2] for any connected multigraph G on
n vertices. In this weak form, the connectedness is not required if p(G) is even.
Clearly, Conjecture 1 (its weak form as well) implies Gallai’s conjecture; however,
it is not clear whether the conjecture (even its weak form) is equivalent to Gallai’s
conjecture. Notice that for a disconnected simple graph G, we can only obtain
7(G) < [2n/3] from Gallai’s conjecture (cf. [3]). So we can not deduce the bound in
the conjecture or in its weak form from Gallai’s conjecture by means of decomposing
a multigraph into simple graphs, since some simple graphs in the decomposition may
have to be disconnected. As a final remark, we point out that it can be shown that
the truth of Conjecture 1 for multigraphs of multiplicities > 4 can be deduced from
the truth of the conjecture for multigraphs of multiplicities 2 and 3. Therefore,
multigraphs of small multiplicities deserve special attention.
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Appendix. The path decomposition number of K,

Theorem A For any two integers p > 1 and n > 2, n(ukK,) = [pn/2].

Proof. Since pK, contains pn(n — 1)/2 edges and the longest simple path in
pl, contains n — 1 edges, we clearly have w(uK,) > [pn/2]. We need to show

T (pky) < [un/2].

Consider K, first. If n is even, then each vertex of K, is odd. It follows from
Corollary 4 that K,, can be decomposed into n/2 paths. Otherwise n is odd. Then
the following well known construction (cf. [2] p.229 (5.1.6)) yields an edge partition
of K, into k spanning cycles, where k& = (n — 1)/2. Label the vertices of K, by
0,1,...,2k and arrange the vertices 1,2,...,2k in a circle clockwise with 0 at the
centre. Now C7 = (0,1,2,2k,3,2k—1,4,...,k+2,k+1,0) forms a spanning cycle of
K,,. Then the clockwise rotations of C yield an edge partition of K,, into k spanning
cycles Cy,C5,...,C. To obtain a path decomposition of K,, we delete the edge
{i,7+ 1} from each C;, where 1 < i < k, to form path P,. Note that these deleted
edges form a path P in K,. Then {P,, P, ..., P, P} is a path decomposition of K,
with &£+ 1 = [n/2] paths. Therefore 7(K,) < [n/2].

For 2K,,, we easily deduce from Theorem 1 that it admits a PD with n paths.
So m(2K,,) < n. Notice that for an even p, K, can be expressed as an edge disjoint
union of /2 copies of 2K,,, and that for an odd p, pK,, can be expressed as an edge
disjoint union of a copy of K,, and (u — 1)/2 copies of 2K,,. Combining the above
results, we can easily deduce that 7(uK,) < [un/2]. This completes the proof. lI



