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Abstract

We consider the following �re�gh ter problem on a graph G = (V; E).
Initially , a �re breaks out at a vertex v of G. In each subsequent time unit,
a �re�gh ter protects one vertex and then the �re spreadsto all unprotected
neighbors of the verticeson �re. The objective of the �re�gh ter is to save the
maximum number of vertices.

Let sn(v) denote the maximum number of vertices in G the �re�gh ter can
save when a �re breaks out at vertex v. We de�ne the surviving rate � (G)
of G to be the averagepercentage of vertices that can be saved when a �re
randomly breaks out at one vertex of G, i.e., � (G) =

P
v2 V sn(v)=n2. In

this paper, we prove that for every tree T on n vertices, � (T ) > 1 �
p

2=n.
Furthermore, we show that � (G) > 1=6 for every outerplanar graph G, and
� (H ) > 3=10 for every Halin graph H with at least 5 vertices.
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1 In tro duction

The following �r e�ghter problem was introduced by Hartnell [7] in 1995 in an
attempt to model �re�gh ting or virus control on a network. A �re breaks out
at a vertex of a graph G = (V; E) at time 0. For each time interval (i; i + 1],
i � 0, a �re�gh ter protects onevertex not yet on �re (the vertex remainsprotected
afterwards), and the �re spreadsfrom burning vertices (i.e., vertices on �re) to all
unprotected neighbors of these vertices. The processends when the �re can no
longer spread, and all vertices that are not burning are saved. The objective of
the �re�gh ter is to save the maximum number of vertices in the graph.

It is not surprising that the �re�gh ter problem is very di�cult. Indeed, it has
been shown by Finbow et al. [3] that the problem is NP-complete even for trees
of maximum degree3. On the other hand, Hartnell and Li [8] have proved that a
simple greedymethod for trees is a 1

2-approximation algorithm, and MacGillivra y
and Wang [6] have given a 0-1 integer programming formulation of the problem
for trees and solved the problem in polynomial time for some subclassof trees.
Furthermore, several authors (Develin and Hartke [1], Fogarty [5], and Wang and
Moeller [9]) have consideredvarious aspectsof the problem, especially the number
of �re�gh ters required to contain the �re, for d-dimensional grids. We refer the
reader to a recent survey of Finbow and MacGillivra y [4] for more information on
the �re�gh ter problem.

In this paper, we study the �re defending abilit y of a graph as a whole by
considering the averagepercentage of vertices the �re�gh ter can save. Let sn(v)
denote the maximum number of vertices in G the �re�gh ter can save when a �re
breaksout at vertex v, which will be referred to as the surviving number for v. We
de�ne the surviving rate � (G) of G to be the averagepercentage of vertices that
can be saved when a �re randomly breaksout at one vertex of the graph, i.e.,

� (G) =
P

v2 V sn(v)
n2 :

For example, the surviving rates of paths and cyclesare � (Pn ) = 1 � 2
n + 2

n2 and
� (Cn ) = 1 � 2

n . We note that the concept of surviving rates is closely related to
the notion of expected damageintroduced by Finbow et al. [2] who investigated
graphs of minimum expected damage. To be precise,� (G) = 1 � ed(G)=n, where
ed(G) = 1

n
P

v2 V (n � sn(v)) is the expected damageed(G) of G.

Our main results are the following lower bounds on surviving rates of trees,
outerplanar graphs1 and Halin graphs2:

� (G) >

8
><

>:

1 �
p

2=n if G is a tree with n vertices
1=6 if G is an outerplanar graph
3=10 if G is a Halin graph with at least 5 vertices

1A graph is an outerplanar graph if it has a planar embedding with all vertices on the boundary
of the outer face.

2A graph is a Halin graph if it is formed from a planar embedding of a tree without vertices
of degree2 by connecting all its leaves by a cycle that crossesno edges.
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In the rest of the paper, we �x notation and give de�nitions in Section 2. We
then establishlower boundson the surviving rates of trees(Section 3), outerplanar
graphs (Section 4), and Halin graphs (Section 5). We will also discuss future
directions and proposesomeopen problems in Section 6.

2 Notation and de�nitions

All graphs in this paper are connectedundirected simple graphswith m edgesand
n � 2 vertices. For a graph G = (V; E) and a vertex v 2 V , d(v) denotes the
degreeof v in G, and N (v) the set of neighbors of v, i.e., vertices adjacent to v. A
d-vertex is a vertex of degreed, and we useVd and nd, respectively, to denote the
set and the number of d-vertices in G. We use � to denote the maximum degree
of G.

For a subgraphH of G, we usesn(H ) =
P

v2 V (H ) sn(v) to denote the surviving
number for H , sn(H ) = sn(H )=jV (H )j to denote the averagesurviving number for
H . We will also usethe above notation and terms for a subsetV 0 of vertices, e.g.,
sn(V 0) denotesthe surviving number for V 0.

A rooted tree is a tree T with one vertex r chosenas the root. For each vertex
v in T, its neighbor on the unique (r; v)-path in T is the parent of v, and each of
the other neighbors of v is a child of v. A vertex u is a descendant of v if v is
on the the unique (r; u)-path in T. A rooted subtree Tv of T is the subtree of T
consisting of v, which is the root of Tv , and all other descendants of v. The height
of a rooted tree Tr is the length of a longest root-to-leave path, and the height of
a vertex v in Tr is the height of the rooted subtree Tv .

3 Trees

Let usstart with the following simpleobservation: if the �re�gh ter protects vertices
u1; u2; � � � ; ut successively to save k vertices in a graph G then for any spanning
subgraph H of G, he can protect thesevertices in the sameorder to save at least
k vertices in H . This implies the following connection betweensurviving rates of
a graph and its spanning subgraphs.

Fact 3.1 For any spanning subgraph H of a graph G, we have � (G) � � (H ).

The above fact indicates that, amongall graphs, treeshave the highest surviv-
ing rates as every connectedgraph contains a spanning tree. Sincewe can save at
most n � d(v) vertices when a �re breaksout at a vertex v, every tree T satis�es

� (T) �
1
n2

X

v2 V

(n � d(v)) = 1 �
2m
n2 = 1 �

2
n

+
2
n2 :
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We note that trees attaining this upper bound are exactly caterpillars3 where the
distancebetweenevery pair of verticesof degreeat least 3 is not equal to 2, which
wasshown by Finbow et al. [2] in their study of graphswith the minimum expected
damage. Table 1 givessurviving rates of small trees.

n 2 3 4 5 6 7 8 9

� (T) 1
2

5
9

5
8

17
25

13
18

36
49, 37

49
49
64, 50

64
63
81, 64

81, 65
81

Table 1: Surviving rates for trees with at most 9 vertices

In this section, we show that the surviving rate of every tree on n vertices is
greater than 1�

p
2=n, which tends to 1 asn ! 1 . To establish this lower bound,

we �rst give two lemmasabout surviving numbersfor paths and subtreesin a tree.

Lemma 3.2 For every path P on k � 2 vertices in a tree T, sn(P) > (k � 2)n.

Pro of. Let P = v1v2 � � � vk . Let Ti denote the connected component of T �
f vi � 1; vi +1 g containing vertex vi , and t i the number of vertices in Ti . When a
�re breaks out at vertex vi , 1 � i � k, we protect vi � 1 �rst and then vi +2 (do
nothing if vi � 1 or vi +2 doesn't exist) to save all vertices in T � Ti � Ti +1 . Therefore
sn(vi ) � n � t i � t i +1 and

sn(P) �
kX

i =1

(n � t i � t i +1 )

= kn �
kX

i =1

(t i + t i +1 )

> (k � 2)n:

Lemma 3.3 For every rooted subtree S of height h � 0 in a rooted tree T, sn(S) �
(n � h � 1)jSj, where jSj is the number of vertices in S.

Pro of. When a �re breaksout at a vertex v of S, we usethe simple strategy of
protecting its parent in T, which will save all verticesin T � Tv (note that Tv = Sv).
If S = T and the �re breaksout at the root, we protect a child of the root.

Let H i , 0 � i � h, be the set of vertices of height i in S. Then for each
0 � i � h,

P
v2 H i

nv � jSj, where nv denotes the number of vertices in Tv .

3A caterpil lar is a tree that has a path such that every vertex not in the path is adjacent to
somevertex in the path.
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Therefore
sn(H i ) =

X

v2 H i

(n � nv) � jH i jn � jSj;

and thus

sn(S) =
hX

i =0

sn(H i )

�
hX

i =0

(jH i jn � jSj)

= n
hX

i =0

jH i j �
hX

i =0

jSj

= (n � h � 1)jSj:

The above lemma implies that the surviving rate of a tree of small diameter is
closeto 1, wherethe diameter diam(G) of a graph G equalsthe maximum pairwise
distance in G.

Corollary 3.4 For every n-vertex tree T, � (T) � 1 � ddiam( T )=2e+1
n .

Pro of. Let P = v0; v1; � � � ; vt be a longest path in T and h = dt=2e =
ddiam(T)=2e. We can make T a rooted tree of height h by choosing vh as the
root, and the bound follows directly from Lemma 3.3.

Now we establish the 1 �
p

2=n lower bound on the surviving rate of a tree.
For a rooted tree on n vertices, a long path is a path that contains at least

p
2n

vertices, and a short tree is a rooted subtree whose height is at most
p

2n � 2.
Clearly, if a rooted subtree does not contain a long path from the root to a leaf,
then it is a short tree. The main idea in our proof is to partition a rooted tree into
long paths and short trees, and then use Lemma 3.2 and Lemma 3.3 to obtain a
lower bound on the surviving rate of the tree. We choose

p
2n to de�ne long paths

in order to balancethe lower bounds from thesetwo lemmas.

Theorem 3.5 For every n-vertex tree T, � (T) > 1 �
q

2
n .

Pro of. It su�ces to prove the theorem for n � 3. We �rst make T a rooted tree
by arbitrarily choosing a vertex as its root, and then use induction on the height
of T to show that T can be partitioned into long paths and short trees.

Let P be a longest root-to-leaf path in T. If P has lessthan
p

2n vertices, then
the height of T is at most

p
2n � 2. Therefore T itself is a short tree and we are

done. Otherwise, we delete all vertices of P from T to obtain a forest F . Note
that F is a collection of rooted trees, and the choice of P guarantees that every
rooted subtree of any rooted tree in F is also a rooted subtree of T. Furthermore,
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the height of any rooted tree in F is one less than that of T. By the induction
hypothesis, each rooted tree in F can be partitioned into long paths and short
trees. Thesepartitions and P together give us a required partition of T.

Let P be the set of long paths and S the set of short trees in the partition.
Denote by jP j the number of vertices in a path P, jSj the number of vertices in a
short tree S, and h(S) the height of S. If T itself is a short tree, and the theorem
follows directly from Lemma 3.3. Otherwise jP j � 1 and it follows from Lemma 3.2
and Lemma 3.3 that

sn(T) =
X

P 2P

sn(P) +
X

S2S

sn(S)

>
X

P 2P

(jP j � 2)n +
X

S2S

(n � h(S) � 1)jSj

= (
X

P 2P

jP j +
X

S2S

jSj)n � (
X

P 2P

2n +
X

S2S

(h(S) + 1)jSj)

� n2 � (
X

P 2P

2n +
X

S2S

p
2njSj)

as
P

P 2P jP j +
P

S2S jSj = n and h(S) �
p

2n � 2.

Let p denote
P

P 2P jP j. Then jP j � bp=d
p

2n ec� p=
p

2n, and it follows that

sn(T) > n2 � (
p

p
2n

� 2n +
p

2n(n � p)) = n2 �
p

2nn;

which yields � (T) > 1 �
q

2
n .

4 Outerplanar graphs

In this section we prove that the surviving rate of every nontrivial outerplanar
graph is greater than 1

6 . For this purpose, we �rst give a lower bound on the
surviving number for a vertex in a maximal outerplanar graph4.

Lemma 4.1 For every vertex v of a maximal outerplanar graph G with n � 4
vertices, we havesn(v) � n

2(d(v)� 1) .

Pro of. Let G� be an outerplanar embedding of G. Then the boundary of the
outer face of G� forms an n-cycle C. For two vertices x and y in C, let C[x; y]
denote the section of C from x to y, and let C[x; y) = C[x; y] n f yg. Let v be a
d-vertex and x1; x2; � � � ; xd its neighbors ordered according to their orders in C.

Since f C[x i ; x i +1 ) : 1 � i < dg partitions C � f v; xdg into d � 1 sections,
one section, say C[x t ; x t+1 ), contains at least (n � 2)=(d � 1) vertices and thus
C[x t ; x t+1 ] contains at least (n � 2)=(d � 1) + 1 vertices. If jC[x t ; x t+1 ]j = 2 then

4An outerplanar graph is maximal if no edgecan be added without lossing outerplanarit y.
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d = n � 1 and the lemma is clearly true. Otherwise jC[x t ; x t+1 ]j � 3 and by the
maximalit y of G, there is a unique vertex yt 2 C(x t ; x t+1 ) that forms a 3-facewith
vertices x t ; x t+1 (seeFigure 1).

xt+1tx

yt

Figure 1: Inside section C[x t ; x t+1 ].

Clearly, one of C[x t ; yt ] and C[yt ; x t+1 ], say C[x t ; yt ], contains at least (n �
2)=2(d � 1) + 1 vertices. When a �re breaksout at v, we protect x t �rst and then
yt to save all vertices in C[x t ; yt ]. Therefore

sn(v) �
n � 2

2(d � 1)
+ 1 =

n + 2d � 4
2(d � 1)

�
n

2(d � 1)

as d � 2.

We now use the above lemma to establish the following lower bound on sur-
viving rates of outerplanar graphs.

Theorem 4.2 The surviving rate of every nontrivial outerplanar graph is greater
than 1

6 .

Pro of. In light of Fact 3.1, it su�ces to prove the theorem for every maximal
outerplanar graph G sinceevery outerplanar graph is a spanningsubgraphof some
maximal outerplanar graph. Also we assumen � 4 as the theorem is clearly true
for n = 2; 3.

Let Vd be the set of d-verticesand nd the number of d-vertices. By Lemma 4.1,
we have

sn(G) =
�X

d=2

sn(Vd) �
�X

d=2

n
2(d � 1)

nd =
1
6

n�

for � =
P �

d=2
3

d� 1nd.

To calculate the value of � , we note that G contains 2n � 3 edges,which implies
P

v2 V d(v) = 4n � 6. Therefore

2n2 + 3n3 + � � � + � n � = 4(n2 + n3 + � � � + n� ) � 6;

which yields
�X

d=5

(d � 4)nd + 6 = 2n2 + n3: (1)
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We now useEquation (1) to show that � > n.

� =
�X

d=2

3
d � 1

nd

= 3n2 +
3
2

n3 + n4 +
�X

d=5

3
d � 1

nd

� n2 + n3 + n4 +
1
2

(2n2 + n3) +
�X

d=5

3
d � 1

nd

= n2 + n3 + n4 +
1
2

(
�X

d=5

(d � 4)nd + 6) +
�X

d=5

3
d � 1

nd (by (1))

= n2 + n3 + n4 + 3 +
�X

d=5

(
d � 4

2
+

3
d � 1

)nd:

Since d� 4
2 + 3

d� 1 > 1 for d � 5, we have � > n + 3 and therefore

� (G) = sn(G)=n2 >
1
6

:

5 Halin Graphs

In this section we show that the surviving rate of every Halin graph with n � 5
vertices is greater than 3=10. Recall that a Halin graph is formed from a planar
embedding of a tree T without 2-vertices by connectingall its leavesby a cycle C
that crossesno edges.We note that a Halin graph contains at least 4 vertices and
at most 2n � 2 edges.Table 2 givessurviving rates of small Halin graphs.

n 4 5 6 7 8

� (G) 1
4

9
25

11
36; 12

36
19
49; 20

49
28
64; 29

64; 30
64

Table 2: Surviving rates of Halin graphs with at most 8 vertices

We assumethat a planar embedding of a Halin graph G is given where all
vertices in the cycle C lie on the outer face. All vertices not on C, i.e., nonleaf
vertices of the tree T, are internal vertices, and neighbors of a vertex are ordered
anticlockwisely. We alsousethe following legendfor the �gures in this section: the
sourceof a �re is indicated by a black vertex, a vertex on �re is shaded,a protected
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vertex is enclosedby a square,and the time a vertex is on �re or protected is given
by a number besidethe vertex.

To obtain a lower bound on the surviving rate of a Halin graph, we start with
two lemmas on the surviving number for a vertex. The �rst lemma shows that
somevertices on the cycle C causevery little damageto the graph when they are
sourcesof �re, and the secondlemma givesa lower bound on the surviving number
for a vertex in terms of its degree.

Lemma 5.1 The cycle C of every Halin graph G contains at least two vertices
such that the surviving number for each vertex is at least n � 5.

Pro of. The lemma is trivially true for n � 6 and thus we may assumen � 7. Let
T0 be the tree obtained from the tree T of G by removing all leaves of T, which
are also exactly vertices of the cycle C of G.

Case 1. T 0 has a leaf v with dG(v) � 4. If dG(v) = 4 then, as illustrated in
Figure 2(a), the leftmost and rightmost neighbors of v on C both have surviving
numbers at least n � 4. Otherwise, dG(v) � 5 and, as illustrated in Figure 2(b),
the secondleftmost and secondrightmost neighbors of v on C both have surviving
numbers at least n � 4.

1

21

2

31

(b)

v1

21
2

31

(a)

v

Figure 2: (a) The situation for dG(v) = 4 up to symmetry, and (b) the situation
for dG(v) � 5 up to symmetry (the rightmost vertex may or may not be a neighbor
of v).

Case 2. All leavesof T 0 have degree 3 in G. Let P be a longest path in T 0.
SinceG hasat least 7 vertices,T 0 contains at least two vertices. We claim that for
each end of P, there is a distinct vertex on C whosesurviving number is at least
n � 5. Let v bean arbitrary end of P, and u the unique vertex in T 0 that is adjacent
to v. Order the neighbors NG(u) of u in G anticlockwisely. Let x 2 NG(u) be the
vertex immediately precedingv and y 2 NG(u) the vertex immediately following
v. If one of x; y, say x, is on C, then we have the situation shown in Figure 3(a),
and the surviving number for vertex z in the �gure is at least n � 4. Otherwise,
both x and y are vertices of T 0. Since v is an end of a longest path in T 0, one
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of x; y, say x, is a leaf of T 0 and we have the situation shown in Figure 3(b). As
illustrated in the �gure, the surviving number for vertex z is at least n � 5.

(a)

u

v

1
2

3

1

1

2

x
z

(b)

u

v 1

3

1 1

2

2

3

x

z

Figure 3: (a) Vertex x is on the cycle C, and (b) vertex x is a leave of T 0. Edges
of T0 are indicated by thick lines.

Lemma 5.2 Let G be a Halin graph with n � 7 vertices. Then for every vertex v
in G, sn(v) � n� 1

d(v) .

Pro of. We consider two casesdepending on whether vertex v is in the cycle C.

Case1. v is a vertex in C. Let u be the unique neighbor of v in T and regard T � v
asa tree rooted at u. Order the subtreesrooted at the children of u anticlockwisely.
Call the �rst one the leftmost subtree and the last one the rightmost subtree. Note
that d(v) = 3 and we needto show that sn(v) � (n � 1)=3.

Case 1.1 One of the leftmost and rightmost subtrees of u contains at least
(n � 1)=3 vertices.

Without lossof generality, we may assumethat the rightmost subtree T 0 of u
contains at least (n � 1)=3 vertices. If the cycle C has at least two more vertices
from v to the leftmost vertex of T 0, we can save all vertices in T 0 by protecting its
rightmost vertex, root, and leftmost vertex in this order (seeFigure 4(a)), which
implies sn(v) � (n � 1)=3. Otherwise, C hasonly onevertex from v to the leftmost
vertex of T 0 and thus T 0 contains n � 3 vertices. We �rst protect the rightmost
vertex of T 0 and then the root of T 0. At this point, the leftmost vertex of T 0 is on
�re. From now on, we contain the �re to spreadalong the cycle C anticlockwisely
by protecting the unique internal neighbor w of the vertex x most recently on �re
until we have the situation that w hasbeenprotected already. When this happens,
we protect the right neighbor x0 of x on C (do nothing if x0 has been protected
already) and the �re can no longer spread (seeFigure 4(b)). Therefore we save
more than half of the vertices in T 0, and thus sn(v) > (n � 3)=2 � (n � 1)=3 for
n � 7.
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v

3

2

1

u
2

1

1

(a)

v3

2 1

u

1

1
2

3

4

4

5

5

6

(b)

T'

T'

Figure 4: The situation for the casethat the rightmost subtreeT 0 contains at least
(n � 1)=3 vertices: (a) C contains at least two verticesfrom v to the leftmost vertex
of T0, and (b) C contains only one vertex from v to the leftmost vertex of T 0.

Case 1.2 Both the leftmost and rightmost subtrees of u contain fewer than
(n � 1)=3 vertices.

In this case,let S denote the tree rooted at u after deleting both the leftmost
and rightmost subtreesof u from T � v. Then S contains at least (n � 1)=3 � 2
vertices as n � 7. Without loss of generality, we may assumethat the leftmost
subtreeof u contains at least asmany verticesas the rightmost subtreeof u. If the
leftmost subtree of u contains at least two vertices, then C contains at least two
moreverticesfrom v to the leftmost vertex of S, and wecansave all verticesin S by
protecting vertices in the order shown in Figure 5(a), implying sn(v) � (n � 1)=3.
Otherwise, both the leftmost and rightmost subtreesof u contain one vertex, and
thus S has n � 3 vertices. We protect vertex u �rst, then the rightmost vertex in
S. At this point, the leftmost vertex of S is on �re and we protect vertices in S
as what we did for T 0 in Case1.1 to contain the �re to spreadalong the cycle C
anticlockwisely (seeFigure 5(b)). Therefore we save more than half of the vertices
in S, and thus sn(v) > (n � 3)=2 � (n � 1)=3 for n � 7.

Case2. v is not a vertex in C.

In this case,v is an internal vertex of T. Regard T as a tree rooted at v, and
order subtrees rooted at the children of v anticlockwisely around v. By pairing
up each subtree with the subtree on its right, we get d(v) pairs of subtreeswith
total number of 2(n � 1) vertices. Therefore there is a pair Tu ; Tr (u) of subtrees
with at least 2(n � 1)=d(v) vertices. Without loss of generality, we may assume
that Tu contains at least as many vertices as Tr (u) . Then Tu contains at least
(n � 1)=d(v) vertices. Let Tl (u) denote the subtree to the left of Tu . If one of Tl (u)
and Tr (u) , say Tl (u) , contains at least two vertices,we can save all vertices in Tu by
�rst protecting u �rst, then the rightmost vertex of Tu , followed by the leftmost
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v

3 2

1

u
2

1

1

(a)

leftmost subtree rightmost subtree

3

2

1

3

4

5

5

6

(b)

v

1

u

2

1

4

S
S

Figure 5: The situation for the casethat both the leftmost and rightmost subtrees
contain fewer than (n� 1)=3 vertices: (a) oneof the leftmost and rightmost subtrees
contains more than one vertex, and (b) both the leftmost and rightmost subtrees
contain one vertex.

vertex of Tu (seeFigure 6(a)). Otherwise, both Tl (u) and Tr (u) contain one vertex
and thus Tu contains at least 2(n � 1)=d(v) � 1 verticessinceTu [ Tr (u) hasat least
2(n � 1)=d(v) vertices. We �rst protect vertex u and then the rightmost vertex
of Tu . At this point, the leftmost vertex in Tu is on �re and we deal with Tu as
what we did for T 0 in Case 1.1 to contain the �re to spread along the cycle C
anticlockwisely(seeFigure 6(b)). Therefore we save at least 1+ (nu � 1)=2 vertices
in Tu , wherenu is the number of vertices in Tu , which yields sn(v) � (n � 1)=d(v).

We now use Lemma 5.1 and Lemma 5.2 to obtain a lower bound on the sur-
viving rate of a Halin graph.

Theorem 5.3 For every Halin graph G with n � 5 vertices, its surviving rate
� (G) > 3

10.

Pro of. From Table 2, we seethat the theorem holds for 5 � n � 8 and thus we
assumen � 9. We also note that the number of leaves in an n-vertex tree equals

�X

d=3

(d � 2)nd + 2;

where nd is the number of d-vertices in the tree. This is easily derived from the
following relation:

�X

d=1

dnd = 2(n � 1) = 2(
�X

d=1

nd � 1):
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Figure 6: Case2. v is an internal vertex: (a) one of the leftmost and rightmost
subtreescontains more than one vertex, and (b) both the leftmost and rightmost
subtreescontain one vertex.

We are now ready to establish the lower bound in the theorem. By Lemma 5.1,
the cycleC contains two verticesx; y such that each of them hassurviving number
at least n � 5. Let V 0 = V(C) � f x; yg. Sincethe vertices in the cycle C of G are
exactly the leavesof the tree T of G, we have

jV 0j = jV (C)j � 2 =
�X

d=3

(d � 2)nd:

Therefore each internal vertex v can be matched with d(v) � 2 distinct vertices
V 0(v) in V 0, and we consider the surviving number for f vg [ V 0(v) collectively.

Note that vertices in V 0 are 3-vertices and every internal vertex has degree
at least three. By Lemma 5.2, we have sn(v) � (n � 1)=d(v) for each vertex v.
Therefore the averagesurviving number

sn(f vg [ V 0(v)) �
1

d(v) � 1
(
n � 1
d(v)

+
n � 1

3
� (d(v) � 2))

=
n � 1

3
(1 +

2
d(v) � 1

�
3

d(v)
):

In the interval [3; 1 ), function f (x) = 1+ 2=(x � 1) � 3=x monotonically decreases
in [3; 3 +

p
6) and monotonically increasesin (3 +

p
6; 1 ). Since 3 +

p
6 � 5:45,

f (d(v)) reaches its minimum at d(v) = 5 or 6, which is 9
10 for both 5 and 6. It

follows that
sn(f vg [ V 0(v)) �

3
10

(n � 1):

Combining with the fact that sn(x) � n � 5 and sn(y) � n � 5, we have

sn(G) �
3
10

(n � 1)(n � 2) + 2(n � 5)
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=
3
10

n2 + (
11
10

n �
47
5

)

>
3
10

n2 (as n � 9)

and hence� (G) > 3
10 for n � 5.

6 Concluding Remarks

In this paper, we have introduced the notion of the surviving rate of a graph to
measurethe �re defending abilit y of a graph as a whole, and studied surviving
rates of trees, outerplanar graphs, and Halin graphs.

Trees,outerplanar graphs and Halin graphs all have constant lower boundson
their surviving rates. In other words, for every graph in these graph classes,we
can save, on average,at least a constant percentage of vertices when a �re breaks
out at a vertex. It is natural to ask if other graph classeshave this property as
well. In particular, one may wish to generalizethis property to planar graphs.
Unfortunately, for planar graphs K 2;n , limn!1 � (K 2;n ) = 0. Nevertheless,we feel
that this property holds for planar graphs of maximum degree3.

Conjecture 6.1 There is a positive constant c such that every nontrivial planar
graph G of maximum degree 3 satis�es � (G) � c.

On the other hand, we can also generalizethe surviving rate of a graph to
k-surviving rate by allowing the �re�gh ter to protect k � 2 vertices each time,
which brings us the following problem for planar graphs.

Problem 6.2 Determine the minimum k for which planar graphshavea constant
lower bound on their k-surviving rates.

The lower bounds of surviving rates we have obtained for trees, outerplanar
graphs and Halin graphs are not tight. It would be interesting to improve these
lower bounds. However, this may require new techniques, instead of detailed anal-
ysis. For outerplanar graphs and Halin graphs, it is unclear whether their asymp-
totic surviving rates are 1. We note that there are in�nitely many outerplanar
graphs (n-fans, for instance) and Halin graphs (n-wheels, for instance) G with
� (G) approaching 1 as n ! 1 .

Problem 6.3 For outerplanar graphs(Halin graphs,respectively) G on n vertices,
determine whether lim n!1 � (G) = 1.

We have shown that the surviving rate of an n-vertex tree T is at least 1 �q
2
n , which approaches1 as n tends to in�nit y. We conjecture that actually � (T)

approaches1 much more quickly:
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Conjecture 6.4 For every n-vertex tree T, � (T) � 1 � �( log n
n ).

In terms of algorithmic and complexity issues,we certainly expect that it is
very di�cut to determine the surviving rate of a graph, but it seemsnot easyto
obtain an NP-completenessproof.

Conjecture 6.5 It is NP-complete to determine the surviving rate of a tree.

Wealsonote that the proofsof our theoremsimply polynomial-time approxima-
tion algorithms for surviving rates of trees, outerplanar graphs and Halin graphs.

In particular, our discussionsin Section 3 imply a polynomial-time (1 �
q

2
n )-

approximation algorithm for the surviving rate of a tree. On the other hand,
it follows directly from a result of Hartnell and Li [8] that the following greedy
method for trees is a 1

2-approximation algorithm for the surviving rate of a tree:
every time the �re�gh ter protects a vertex that cuts o� the maximum number of
vertices from the �re. We feel that this greedy algorithm achieves a much better
approximation ratio for surviving rates, and leave its performanceanalysis as the
last open problem of the paper.

Problem 6.6 Determine the approximation ratio of the greedy algorithm for the
surviving rate of a tree. Is it actually equal to 1 � �( log n

n )?
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