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Abstract

We consider the following re gh ter problem on a graph G = (V;E).
Initially , a re breaksout at a vertex v of G. In ead subsequeh time unit,
a re gh ter protects one vertex and then the re spreadsto all unprotected
neighbors of the verticeson re. The objective of the re gh ter is to save the
maximum number of vertices.

Let sn(v) denotethe maximum number of verticesin G the re gh ter can
save when a re breaks out at vertex v. We de ne the surviving rate (G)
of G to be the averagepercertage of vertices that can b,g saved when a re
randomly breaks out at one vertex of G, i.e., (G) = ,, sn(v)=p?. In
this paper, we prove that for every tree T on n vertices, (T) > 1 2=n.
Furthermore, we show that (G) > 1=6 for every outerplanar graph G, and

(H) > 3=10for every Halin graph H with at least 5 vertices.
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1 Intro duction

The following r e ghter problem was introduced by Hartnell [7] in 1995 in an
attempt to model re gh ting or virus cortrol on a network. A re breaks out
at a vertex of a graph G = (V;E) at time 0. For ead time interval (i;i + 1],
i 0,a regh ter protects onevertex not yet on re (the vertex remainsprotected
afterwards), and the re spreadsfrom burning vertices (i.e., verticeson re) to all
unprotected neighbors of these vertices. The processendswhen the re can no
longer spread, and all vertices that are not burning are saved. The objective of
the re gh ter is to save the maximum number of verticesin the graph.

It is not surprising that the re gh ter problem is very di cult. Indeed, it has
beenshavn by Finbow et al. [3] that the problem is NP-complete even for trees
of maximum degree3. On the other hand, Hartnell and Li [8] have proved that a
simple greedy method for treesis a %-approximation algorithm, and MacGillivray
and Wang [6] have given a 0-1 integer programming formulation of the problem
for trees and solved the problem in polynomial time for some subclassof trees.
Furthermore, seweral authors (Develin and Hartke [1], Fogarty [5], and Wang and
Moeller [9]) have consideredvarious aspects of the problem, especially the number
of re gh ters required to contain the re, for d-dimensional grids. We refer the
readerto a recert survey of Finbow and MacGillivray [4] for more information on
the re gh ter problem.

In this paper, we study the re defending ability of a graph as a whole by
considering the average percertage of vertices the re gh ter can save. Let sn(v)
denote the maximum number of verticesin G the re gh ter can save whena re
breaksout at vertex v, which will be referredto asthe surviving numkber for v. We
de ne the surviving rate (G) of G to be the average percertage of vertices that
can be saved when a re randomly breaksout at one vertex of the graph, i.e.,

(G) — i v2V Sn(V)

n2
For example, the surviving rates of paths and cyclesare (P,) =1 2 + ﬁz and
(Ch)=1 2 We note that the concept of surviving rates is closely related to
the notion of expacted damageintroduced by Finbow et al. [2] who investigated
graphs of rp;nlmum expected damage. To be precise, (G) = 1 ed(G)=n, where

ed(G) = v2v (N sn(v)) is the expected damageed(G) of G.

Our main results are the following lower bounds on surviving rates of trees,
outerplanar graphs' and Halin graphs*:
8

2 1 = G is a tree with n vertices
(G) > S 1=6 if G is an outerplanar graph
- 3=10 if G is a Halin graph with at least5 vertices

LA graph is an outerplanar graphif it hasa planar embedding with all vertices on the boundary
of the outer face.

2A graph is a Halin graph if it is formed from a planar embedding of a tree without vertices
of degree 2 by connecting all its leavesby a cycle that crossesno edges.
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In the rest of the paper, we x notation and give de nitions in Section2. We
then establishlower boundson the surviving rates of trees (Section 3), outerplanar
graphs (Section 4), and Halin graphs (Section 5). We will also discuss future
directions and proposesomeopen problemsin Section 6.

2 Notation and de nitions

All graphsin this paper are connectedundirected simple graphswith m edgesand
n 2 vertices. For a graph G = (V;E) and a vertex v 2 V, d(v) denotesthe
degreeof v in G, and N (v) the set of neighlors of v, i.e., vertices adjacert to v. A
d-vertex is a vertex of degreed, and we useVy and ngy, respectively, to denote the
set and the number of d-verticesin G. We use to denote the maximum degree
of G.

For a subgraphH of G, weusesn(H) = P v2v (H) SN(v) to denotethe surviving
numkber for H, sSn(H) = sn(H )=V (H)j to denotethe averagesurviving numkber for
H. We will alsousethe above notation and terms for a subsetV ° of vertices, e.g.,
sn(V9Y denotesthe surviving number for V2

A rooted tree is atree T with onevertex r chosenasthe root. For ead vertex
v in T, its neighbor on the unique (r;v)-path in T is the parent of v, and ead of
the other neighbors of v is a child of v. A vertex u is a desendant of v if v is
on the the unique (r;u)-path in T. A rooted subtree T, of T is the subtree of T
consisting of v, which is the root of T,, and all other descendats of v. The height
of a rooted tree T, is the length of a longestroot-to-leave path, and the height of
a vertexv in T, is the heigh of the rooted subtree T, .

3 Trees

Let usstart with the following simple obsenation: if the re gh ter protects vertices
Ug;Up; ;U successiely to save k verticesin a graph G then for any spanning
subgraph H of G, he can protect theseverticesin the sameorder to save at least
k verticesin H. This implies the following connection between surviving rates of
a graph and its spanning subgraphs.

Fact 3.1 For any smnning sulgraph H of a graph G, we have (G) (H).

The above fact indicates that, amongall graphs, trees have the highest surviv-
ing rates as every connectedgraph cortains a spanningtree. Sincewe can save at
mostn  d(v) verticeswhena re breaksout at a vertex v, every tree T satis es

1 X 2m 2 2

J— = - = —+ —:

3 (n dv) =1 3 1 -t
v2V

(T)
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We note that trees attaining this upper bound are exactly caterpillars® where the
distance betweenewvery pair of vertices of degreeat least 3 is not equalto 2, which
wasshown by Finbow et al. [2]in their study of graphswith the minimum expected
damage. Table 1 givessurviving rates of small trees.

n 12]3]4]5]6] 7 8 9
(Ty | 2|5 [5|2z|13|26 37|49 50 | 63 64 65
2 9 8 25 18 49’ 49 64’ 64 81’ 81’ 81

Table 1: Surviving rates for treeswith at most 9 vertices

In this secti(yl, we show that the surviving rate of every tree on n vertices is
greaterthan 1 2=n, which tendsto 1asn! 1 . To establishthis lower bound,
we rst give two lemmasabout surviving numbersfor paths and subtreesin atree.

Lemma 3.2 For everypath P on k 2 verticesin atree T, sn(P) > (k 2)n.

Pro of. Let P = vivo  vk. Let T; denote the connected componert of T
fvi 1;vj+1 0 conaining vertex vj, and t; the number of vertices in T;. When a
re breaksout at vertex vj, 1 i k, we protect v; 1 rst and then v, (do
nothing if v; 1 or vj4+» doesn't exist) to save all verticesin T T; Tj+1. Therefore
sn(vi) n t tj+ and

X
sn(P) (n t  tiv)

XK

= kn (ti + tiz1)
i=1

> (k 2)n:

Lemma 3.3 For everyrooted subtree S of heighth  0in arooted tree T, sn(S)
(n h 1)jSj, wher jSj is the numker of verticesin S.

Pro of. When a re breaksout at a vertex v of S, we usethe simple strategy of
protecting its parent in T, which will save all verticesin T T, (note that T, = S,).
If S= T and the re breaksout at the root, we protect a child of the root.

Let H;j, OP i h, be the set of vertices of height i in S. Then for eadh
0 i h,  v2n, v ]Sj, where n, denotesthe number of vertices in T,.

3A caterpil lar is a tree that has a path such that every vertex not in the path is adjacert to
somevertex in the path.
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Therefore X
sn(H;j) = (n ny) JjHijn |Sj;
V2H;
and thus
b
sn(s) = sn(H;)
i=0
(iHijn  }Sj)
i=0
= n jHjj ISj
i=0 i=0
= (n h 1S

The above lemmaimplies that the surviving rate of a tree of small diameter is
closeto 1, wherethe diameter diam(G) of a graph G equalsthe maximum pairwise
distancein G.

Corollary 3.4 For everyn-vertextree T, (T) 1 ddi""m(ﬁi.

Pro of. Let P = wvp;vi; ;v be a longest path in T and h = di=2e =
ddiam(T)=2e. We can make T a rooted tree of height h by choosing v, as the
root, and the bound follows directly from Lemma 3.3. 1

Now we establish the 1 P 2=n lower bound on the surviving rate of a He&
For a rooted tree on n vertices, a long path is a path that contains at least  2n
vertices, and a short tree is a rooted subtree whose height is at most = 2n 2.
Clearly, if a rooted subtree doesnot cortain a long path from the root to a leaf,
then it is a short tree. The main ideain our proof is to partition arooted tree into
long paths and short trees, and then use Lemma 3.2 anchemma 3.3to obtain a
lower bound on the surviving rate of the tree. We choose 2n to de ne long paths
in order to balancethe lower boundsfrom thesetwo lemmas.

q_
Theorem 3.5 For everyn-vertextree T, (T)>1 %

Pro of. It suces to prove the theoremforn 3. We rst make T arooted tree
by arbitrarily choosing a vertex asits root, and then useinduction on the height
of T to shav that T can be partitioned into long paths and short trees.

Let P bealongestroot-boieaf path in T. If P haslessthan P 2n vertices, then
the height of T is at most 2n 2. Therefore T itself is a short tree and we are
done. Otherwise, we delete all vertices of P from T to obtain a forest F. Note
that F is a collection of rooted trees, and the choice of P guararteesthat every
rooted subtree of any rooted tree in F is alsoa rooted subtree of T. Furthermore,
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the height of any rooted tree in F is one lessthan that of T. By the induction
hypothesis, eat rooted tree in F can be partitioned into long paths and short
trees. Thesepartitions and P together give us a required partition of T.

Let P be the set of long paths and S the set of short trees in the partition.
Denote by jPj the number of verticesin a path P, jSj the number of verticesin a
short tree S, and h(S) the height of S. If T itself is a short tree, and the theorem
follows directly from Lemma 3.3. OtherwisejPj 1andit followsfrom Lemma3.2
and Lemma 3.3 that

X
sn(P) + sn(S)

sn(T) =
F$<2P S2S
> (GPj 2n+ (n h(S) 1)S]
T x 5® x X .
= ( jPj+ iShn  ( 2n+  (h(S) + 1)jS))
P 2P S2S P 2P S2S
X X p_—
n> (  2n+ 2njSj)
P2P S2S

P P _
as p2op JP] + s28 JS] = n and h(S) P 2n 2.

P _ _
Let pdenote p,p jPj. Then jPj bp=dIO 2n ec p=IO 2n, and it follows that
sn(T) > n? (Pz: 2n + p%(n p)) = n? p%n;
n

q
which yields (T)> 1

Sino|
|

4 Outerplanar graphs

In this section we prove that the surviving rate of every nontrivial outerplanar
graph is greater than %. For this purpose,we rst give a lower bound on the

surviving number for a vertex in a maximal outerplanar graph?.

Lemma 4.1 For every vertex v of a maximal outerplanar graph G with n 4
vertices, we have sn(v) z(d(\')ﬁ.

Pro of. Let G be an outerplanar embedding of G. Then the boundary of the
outer face of G forms an n-cycle C. For two vertices x and y in C, let C[x;y]
denote the section of C from x to y, and let C[x;y) = C[x;y]nfyg. Let v bea
d-vertex and x1;X2;  ;Xg its neighbors ordered accordingto their ordersin C.

SincefC[Xj;Xj+1) : 1 i < dg partitions C fv;xqg into d 1 sections,
one section, say C[X;;Xt+1), contains at least (n  2)=(d 1) vertices and thus
C[xt;Xt+1] contains at least(n  2)=(d 1)+ 1 vertices. If jC[Xt;Xt+1]] = 2 then

4An outerplanar graph is maximal if no edgecan be added without lossing outerplanarit y.
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d=n 1 andthe lemmais clearly true. Otherwise [C[x;Xi+1]] 3 and by the
maximality of G, there is a unique vertex y; 2 C(X¢; X¢+1 ) that forms a 3-facewith
vertices Xt; Xt+1 (seeFigure 1).

Yt

Xt Xt+1

Figure 1: Inside section C[Xt; Xt+1 ].

Clearly, one of C[x;y:] and C[y¢; Xt+1], s& C[Xt;Vt], contains at least (n
2)=2(d 1)+ 1 vertices. When a re breaksout at v, we protect x; rst and then
y; to save all verticesin C[xy;y:]. Therefore
2 _n+2d 4 n

n
- 4+ 1=
2d 1) 2d 1) 2(d 1)

sn(v)

asd 2. |

We now use the above lemma to establish the following lower bound on sur-
viving rates of outerplanar graphs.

Theorem 4.2 The surviving rate of every nontrivial outerplanar graph is greater
than 1.
6

Pro of. In light of Fact 3.1, it suces to prove the theorem for every maximal
outerplanar graph G sinceevery outerplanar graph is a spanning subgraphof some
maximal outerplanar graph. Also we assumen 4 asthe theorem s clearly true
forn= 2;3.

Let Vy4 bethe setof d-verticesand ng the number of d-vertices. By Lemma4.1,
we have
n 1

Ng= =N
, 2d 1)

X
sn@G) = sn(Va)

d=2 6

P
- 3
fOI’ - d=2 ﬁnd.

To calculate the value of , we note that G contains 2n 3 edgeswhich implies
vov d(v) = 4n 6. Therefore

2n, + 3n3 + + n =4+ n3+ +n ) 6
which yields

X
(d 4ng+ 6= 2ny+ n3: Q)
d=5



Surviving rate 8

We now use Equation (1) to show that > n.

X 3
g d 1

X 3

gs 41

_ 3
= 3np+ §n3+ Ng + Ng

1
N2+ N3+ Ng+ ~(2n2+ n3) +
2 gs d 1

Ng

3

X

= np+n3+ n4+%( (d 4)ng+ 6)+
d=5 d=5
X d 4 3

= nNp+nz+ng+ 3+ —— + —=)ng:
2+ N3+ N4 d:5(2 g p)d

g (by (1)

Sinced4+ 2. > 1ford 5 ,wehave > n+ 3and therefore

(G) = sn(G)=n? > %:

5 Halin Graphs

In this section we show that the surviving rate of every Halin graph with n 5
vertices is greater than 3=10. Recall that a Halin graph is formed from a planar
embedding of a tree T without 2-vertices by connectingall its leavesby a cycle C
that crossesno edges.We note that a Halin graph contains at least 4 vertices and
at most 2n 2 edges.Table 2 givessurviving rates of small Halin graphs.

n |4]5] 6 7 8
(G) | 1|2 | 112 19.20 | 28.29.30
4 25 36’ 36 49’ 49 64’ 64’ 64

Table 2: Surviving rates of Halin graphswith at most 8 vertices

We assumethat a planar embedding of a Halin graph G is given where all
vertices in the cycle C lie on the outer face. All vertices not on C, i.e., nonleaf
vertices of the tree T, are internal vertices and neighbors of a vertex are ordered
anticlo ckwisely. We alsousethe following legendfor the gures in this section: the
sourceof a re isindicated by a black vertex, a vertex on re is shaded,a protected
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vertex is enclosedby a square,and the time a vertex ison re or protected is given
by a number besidethe vertex.

To obtain a lower bound on the surviving rate of a Halin graph, we start with
two lemmas on the surviving number for a vertex. The rst lemma shaws that
somevertices on the cycle C causevery little damageto the graph when they are
sourcesof re, and the secondlemma givesa lower bound on the surviving number
for a vertex in terms of its degree.

Lemma 5.1 The cycle C of every Halin graph G contains at least two vertices
suchthat the surviving number for each vertexis at leastn 5.

Pro of. The lemmais trivially true forn 6 andthuswe may assumen 7. Let
TObe the tree obtained from the tree T of G by removing all leaves of T, which
are also exactly vertices of the cycle C of G.

Casel. T%hasa leaf v with dg(v) 4. If dg(v) = 4 then, asillustrated in
Figure 2(a), the leftmost and rightmost neighbors of v on C both have surviving
numbers at leastn 4. Otherwise, dg(v) 5 and, asillustrated in Figure 2(b),
the secondleftmost and secondrightmost neighbors of v on C both have surviving
numbersat leastn 4.

(@) (b)

Figure 2: (a) The situation for dg(v) = 4 up to symmetry, and (b) the situation
for dg(v) 5up to symmetry (the rightmost vertex may or may not be a neighbor
of v).

Case 2. All leavesof T® have degree 3 in G. Let P be a longest path in TC
SinceG hasat least 7 vertices, T % cortains at least two vertices. We claim that for
ead end of P, there is a distinct vertex on C whosesurviving number is at least
n 5. Let v beanarbitrary endof P, and u the unique vertex in T °that is adjacert
to v. Order the neighbors Ng(u) of u in G anticlockwisely. Let x 2 Ng(u) be the
vertex immediately precedingv andy 2 Ng(u) the vertex immediately following
v. If oneof x;y, sa X, is on C, then we have the situation shown in Figure 3(a),
and the surviving number for vertex z in the gure is at leastn 4. Otherwise,
both x and y are vertices of T® Sincev is an end of a longest path in T one
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of X;y, say X, is a leaf of T?and we have the situation shavn in Figure 3(b). As
illustrated in the gure, the surviving number for vertex z is at leastn 5. |

() (b)

Figure 3: (a) Vertex x is on the cycle C, and (b) vertex x is a leave of T® Edges
of T%are indicated by thick lines.

Lemma 5.2 Let G be a Halin graphwith n 7 vertices. Then for every vertex v
n

in G, sn(v) Tv)l-

Pro of. We considertwo casesdepending on whether vertex v is in the cycle C.

Casel. vis avertexin C. Let u bethe unique neighborofvin T andregard T v
asatreerooted at u. Order the subtreesrooted at the children of u anticlo ckwisely.
Call the rst onethe leftmost subtree and the last onethe rightmost subtree. Note
that d(v) = 3 and we needto shaw that sn(v) (n 1)=3.

Case 1.1 One of the leftmost and rightmost subtrees of u contains at least
(n  1)=3 vertices.

Without loss of generality, we may assumethat the rightmost subtree T ° of u
cortains at least (n  1)=3 vertices. If the cycle C has at least two more vertices
from v to the leftmost vertex of T® we can save all verticesin T by protecting its
rightmost vertex, root, and leftmost vertex in this order (seeFigure 4(a)), which
impliessn(v) (n 1)=3. Otherwise, C hasonly onevertex from v to the leftmost
vertex of T®and thus T cortains n 3 vertices. We rst protect the rightmost
vertex of T%and then the root of T® At this point, the leftmost vertex of T%is on
re. From now on, we contain the re to spreadalongthe cycle C anticlo ckwisely
by protecting the unique internal neighbor w of the vertex x most recertly on re
until we have the situation that w hasbeenprotected already. When this happens,
we protect the right neighbor x° of x on C (do nothing if x° has been protected
already) and the re can no longer spread (see Figure 4(b)). Therefore we save
more than half of the verticesin T® and thussn(v) > (n 3)=2 (n 1)=3 for
n 7.
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(@)

Figure 4: The situation for the casethat the rightmost subtree T ° cortains at least
(n  1)=3vertices: (a) C cortains at leasttwo verticesfrom v to the leftmost vertex
of T% and (b) C cortains only one vertex from v to the leftmost vertex of T2

Case 1.2 Both the leftmost and rightmost subtrees of u contain fewer than
(n 1)=3 vertices.

In this case,let S denotethe tree rooted at u after deleting both the leftmost
and rightmost subtreesof u from T v. Then S corntains at least(n 1)=3 2
verticesasn 7. Without loss of generality, we may assumethat the leftmost
subtree of u contains at leastas many verticesasthe rightmost subtreeof u. If the
leftmost subtree of u cortains at least two vertices, then C cortains at least two
more verticesfrom v to the leftmost vertex of S, and we can save all verticesin S by
protecting verticesin the order showvn in Figure 5(a), implying sn(v) (n 1)=3.
Otherwise, both the leftmost and rightmost subtreesof u cortain one vertex, and
thus S hasn 3 vertices. We protect vertex u rst, then the rightmost vertex in
S. At this point, the leftmost vertex of S is on re and we protect verticesin S
as what we did for T%in Casel.1to cortain the re to spreadalong the cycle C
anticlo ckwisely (seeFigure 5(b)). Therefore we save more than half of the vertices
in S, andthussniv) > (n 3)=2 (n 1)=3forn 7.

Case?2. v is not a vertexin C.

In this case,v is an internal vertex of T. Regard T as a tree rooted at v, and
order subtreesrooted at the children of v anticlockwisely around v. By pairing
up ead subtree with the subtree on its right, we get d(v) pairs of subtreeswith
total number of 2(n 1) vertices. Therefore there is a pair Ty; T;(y) of subtrees
with at least 2(n 1)=d(v) vertices. Without loss of generality, we may assume
that Ty cortains at least as many vertices as T(,). Then T, cortains at least
(n  1)=d(v) vertices. Let T,y denotethe subtreeto the left of Ty. If one of T
and T, (), s& Ty, cortains at leasttwo vertices, we can save all verticesin T, by
rst protecting u rst, then the rightmost vertex of T, followed by the leftmost
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I\
N
/ rightrr{ost subtree

<

Ieftmolét\\su btree

Figure 5: The situation for the casethat both the leftmost and rightmost subtrees
cortain fewerthan (n 1)=3vertices: (a) oneof the leftmost and rightmost subtrees
contains more than one vertex, and (b) both the leftmost and rightmost subtrees
contain one vertex.

vertex of Ty (seeFigure 6(a)). Otherwise, both T, and T, cortain one vertex
and thus T, cortains at least2(n  1)=d(v) 1 verticessinceT,[ T, hasat least
2(n  1)=d(v) vertices. We rst protect vertex u and then the rightmost vertex
of Ty. At this point, the leftmost vertex in T, is on re and we deal with T, as
what we did for T®in Case 1.1 to contain the re to spread along the cycle C
anticlo ckwisely(seeFigure 6(b)). Thereforewe save at least1+ (n, 1)=2 vertices
in Ty, whereny is the number of verticesin Ty, which yieldssn(v) (n 1)=d(v).

We now use Lemma 5.1 and Lemma 5.2 to obtain a lower bound on the sur-
viving rate of a Halin graph.

Theorem 5.3 For every Halin graph G with n 5 vertices, its surviving rate
(G)> 3.

Pro of. From Table 2, we seethat the theoremholdsfor5 n 8 and thus we
assumen 9. We also note that the number of leavesin an n-vertex tree equals

d 2ng+ 2
d=3

where ng is the number of d-vertices in the tree. This is easily derived from the

following relation:
X X
dng=2(n 1)=2( ng 1)
d=1 d=1
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Figure 6: Case?2. v is an internal vertex: (a) one of the leftmost and rightmost
subtreescortains more than one vertex, and (b) both the leftmost and rightmost
subtreescontain one vertex.

We are now ready to establishthe lower bound in the theorem. By Lemma5.1,
the cycle C contains two verticesx; y suc that ead of them hassurviving number
at leastn 5. Let V9= V(C) fx;yg. Sincethe verticesin the cycle C of G are
exactly the leavesof the tree T of G, we have

. . . X
ivi=jv(©)y 2= (d 2nqg
d=3
Therefore ead internal vertex v can be matched with d(v) 2 distinct vertices
VYv) in V9 and we considerthe surviving number for fvg[ VYv) collectively.

Note that vertices in V° are 3-vertices and every internal vertex has degree
at least three. By Lemma 5.2, we have sn(v) (n 1)=d(v) for ead vertex v.
Therefore the averagesurviving number

sival V) gl
n 1 2 3 .
3 Yo 1 dw

(d(v) 2)

In the inteyval [3;1 ), function f (x) = 1+ 2=(x 1)IO 3=X monotonicall}s decreases
in [3;3+  6) and monotonically increasesin (3+  6;1 ). Since3+ 6 545,

f (d(v)) readhesits minimum at d(v) = 5 or 6, which is % for both 5 and 6. It

follows that

snfval VAW)  gpn 1)

Combining with the fact that sn(x) n 5andsnfy) n 5, wehave

sn(G) 1—30(n Din 2)+2(n 5)
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3 o, A1 47

BT ST -
3 >
> -
10n (asn 9)
and hence (G) > 3 forn 5. |

6 Concluding Remarks

In this paper, we have introduced the notion of the surviving rate of a graph to
measurethe re defending ability of a graph as a whole, and studied surviving
rates of trees, outerplanar graphs, and Halin graphs.

Trees,outerplanar graphs and Halin graphsall have constart lower boundson
their surviving rates. In other words, for every graph in these graph classes,we
can save, on average,at least a constart percertage of verticeswhena re breaks
out at a vertex. It is natural to ask if other graph classeshave this property as
well. In particular, one may wish to generalizethis property to planar graphs.
Unfortunately, for planar graphsK 2.y, limpin (K2:n) = 0. Nevertheless,we feel
that this property holds for planar graphs of maximum degree3.

Conjecture 6.1 There is a positive constant ¢ such that every nontrivial planar
graph G of maximum degree 3 satises (G) c.

On the other hand, we can also generalizethe surviving rate of a graph to
k-surviving rate by allowing the re gh ter to protect k 2 vertices ead time,
which brings us the following problem for planar graphs.

Problem 6.2 Determine the minimum k for which planar graphshavea constant
lower bound on their k-surviving rates.

The lower bounds of surviving rates we have obtained for trees, outerplanar
graphs and Halin graphs are not tight. It would be interesting to improve these
lower bounds. However, this may require new techniques, instead of detailed anal-
ysis. For outerplanar graphs and Halin graphs, it is unclear whether their asymp-
totic surviving rates are 1. We note that there are in nitely many outerplanar
graphs (n-fans, for instance) and Halin graphs (n-wheels, for instance) G with

(G) approaching 1asn! 1.

Problem 6.3 For outerplanar graphs(Halin graphs,respectively) G on n vertices,
determine whetherlimp;,  (G) = 1

_We have shavn that the surviving rate of an n-vertex tree T is at least 1

%, which approadies1 asn tends to in nit y. We conjecture that actually (T)
approadies 1 much more quickly:

q
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Conjecture 6.4 For everyn-vertextree T, (T) 1 ( '9n)

In terms of algorithmic and complexity issues,we certainly expect that it is
very dicut to determine the surviving rate of a graph, but it seemsnot easyto
obtain an NP-completenessproof.

Conjecture 6.5 It is NP-completeto determine the surviving rate of a tree.

We alsonote that the proofsof our theoremsimply polynomial-time approxima-
tion algorithms for surviving rates of trees, outerplanar graphs and Halin grap_hs.
In particular, our discussionsin Section 3 imply a polynomial-time (1 %)-
approximation algorithm for the surviving rate of a tree. On the other hand,
it follows directly from a result of Hartnell and Li [8] that the following greedy
method for treesis a %-approximation algorithm for the surviving rate of a tree:
every time the re gh ter protects a vertex that cuts o the maximum number of
vertices from the re. We feelthat this greedy algorithm achievesa much better
approximation ratio for surviving rates, and leave its performanceanalysis as the
last open problem of the paper.

Problem 6.6 Determine the approximation ratio of the greedy algorithm for the
surviving rate of a tree. Is it actually equalto 1 ( Io%)’?
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