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DualPoisson-DiskTiling: An Ef�cient Methodfor
DistributingFeaturesonArbitrary Surfaces

Surfacemodelingapplications:Distributing differentkinds of featureson HOLES3.

Abstract

This paper introducesa novel surface-modelingmethod to stochasticallydistribute featureson

arbitrarytopologicalsurfaces.Thegenerateddistributionof featuresfollows thePoissondiskdistribution,

so we canhave a minimum separationguaranteebetweenfeaturesandavoid featureoverlap.With the

proposedmethod,we not only can interactively adjustandedit featureswith the help of the proposed

Poissondisk map,but canalsoef�ciently re-distribute featureson objectsurfaces.

Theunderlyingmechanismis our dual tiling scheme,known astheDual Poisson-DiskTiling. First,

we computethe dual of a given surfaceparameterization,and tile the dual surfaceby our specially-

designeddual tiles; during the pre-processing,the Poissondisk distribution hasbeenpre-generatedon

thesetiles. By dual tiling, we cannicely avoid theproblemof cornerheterogeneitywhentiling arbitrary

parameterizedsurfaces,andcanalsoreducethe tile setcomplexity. Furthermore,thedual tiling scheme

is non-periodic,and we can also maintaina manageabletile set. To demonstratethe applicability of

this technique,we explore a numberof surface-modelingapplications:patternand shapedistribution,

bump-mapping,illustrative rendering,mold simulation, the modeling of separablefeaturesin texture

andBTF, and the distribution of geometrictexturesin shell space.

Index Terms

I.3.7 Three-DimensionalGraphicsandRealism,I.3.5 ComputationalGeometryandObjectModel-

ing, I.3.8 Applications
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I . INTRODUCTION

Surfacemodelingis a signi�cant elementin computergraphics.It helpsto increasethesurface

complexity on 3D objects,and henceimprove the visual realismin the rendering.Sincemost

3D objectswe employed nowadaysare still surface-based,surface modeling is yet a highly

signi�cant issueto addressat present.

In principle, surfacemodelingcanbe categorizedinto the following threemajor approaches:

texturemappingapproach,geometryapproach,andshellmappingapproach.Thetexturemapping

approach,pioneeredby Catmull [4], de�nes a mappingbetweena 2D rectangularimage and

a 3D target model, and mapssurface data, such as colors [4], normals[2], the bidirectional

texture functions (BTF) [10], [53], [62], the irradiance�eld in shell texture function [5], the

BSSRDFin sub-surfacelight transport[22], [52], andevenvolumetricfeaturessuchasfur [24],

[34], onto the relatedmodelsurface.Unlike texture mapping,the geometryapproach[17], [1],

[28], [63] truly constructsgeometricdetails on model surfaces,and thus can avoid problems

suchas the non-uniformity in surfacemap, texture aliasing,and texture �ltering; however, due

to the complexity of the introducedgeometricdetails,the amountof geometryprimitives to be

processedby thegraphicshardwarecouldbeexcessively large.Theshellmappingapproach[45],

[47], [16], [46] bridgesthe gap betweenthe above two approachesby attachinga shell volume

on the model surface.By using this shell volume as a volumetric spacefor mapping,we can

preciselymap geometricmodelsonto the object surfaceas if we perform texture mappingin

a continuousvolumetric fashion.Hence,we can attain higher �e xibility and ef�ciency in the

surfacemodelingprocess,andemploy bothdiscreteandcontinuoussurfacedataoriginatedfrom

the texture mappingandgeometryapproachesat the sametime.

A. Motivation

This paperexplorestheuseof Wangtiling [55], [56] andthePoissondiskdistribution to enrich

the surfacemodelingcapabilityprovided by the above threeapproaches.We introducethe Dual

Poisson-Disktiling schemeto stochasticallydistribute featureson surfacesof 3D models.The

generateddistribution patternfollows the Poissondisk distribution andour methodcanwork on

parameterizedsurfacesof arbitrary topology. To demonstratethe applicability of our method,

we explore several differentsurfacemodelingapplications,covering the threesurfacemodeling

approachesmentionedabove; relatedrenderingresultsarepresentedin SectionV.
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Sincewe focuson tiling parameterizedsurfacesof arbitrarytopology, the tiling mechanismis

quite differentascomparedto tiling on planardomain.The vertex (tile corner)incidenceon the

surfaceparameterizationgrid is no longera constant,i.e., 4; rather, the incidencecould be 3, 5,

or even6. To overcomethis tile cornerheterogeneityproblem,if we simply exhaustall possible

corner, edge,and interior tile decompositions,e.g.,by extendingthe tiling schemein [31], we

couldendup creatinganenormoustile setthat is too complicatedfor management.On theother

hand,if we just employ conventionalWang tiling [48], [8] or the templatePoissondisk tiling

methods[30], which promisesa very small tile set, we could not properly handlethe surface

topologyandmaintaindistribution correctnessacrosstile boundaries.

B. Contributions

This paperpresentsa novel tiling method,called the Dual Poisson-DiskTiling, to handle

surfacesof arbitrary topology. Herewe list the major contributionsof this paper:

1) The major contribution of this paperis the Dual Poisson-DiskTiling scheme;this dual

tiling ideamakestile-basedPoissondisk distribution applicableto parameterizedsurfaces

of arbitrarytopology. Its advantagesinclude:1) Theproposeddualtiling schemecannicely

avoid the tile cornerheterogeneityproblemand allows us to properly tile parameterized

surfacesof arbitrarytopology;2) Thesizeof thetile setis relatively smallandmanageable;

3) It allows us to ef�ciently layout tiles on parameterizedsurfacesnon-periodically.

2) Secondly, we proposea renderingmechanismcalled the Poisson disk map; it enables

interactive featureediting throughthe supportof GPU fragmentprogramming.

3) Lastly, our distribution methodbrings in a wide rangeof applications,especiallyin the

areaof surfacemodeling,seeSectionV for the demonstration.

C. Relatedwork

Thedistribution patternwe employed in our surfacemodelingapplicationsis thePoissondisk

distribution. Dueto its bluenoiseproperties[60], [61], [9], it is generallyacceptedasoneof the

bestdistribution patternfor sampling,andis widely usedin computergraphics:anti-aliasing[12],

[9], [40], ray tracing [41], andprimitive distribution in illustrative rendering[11].

In general,the Poissondisk distribution is a uniform distribution of points,whereall point-

to-point distancesare no lessthan a certain limit. In other words, if we put a circular disk of
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radiusequalto half of this limit at eachdistributedpoint,we canguaranteeno overlappingdisks.

Basedon this property, if we usethe Poissondisk distribution as a meanto distribute features

on surfaces,we caneffectively avoid featureoverlap.

Generating the Poissondisk distrib ution Traditionally, the generationof the Poissondisk

distribution is basedon the dart throwing algorithm [9]. Points are successively placedin a

�nite areaat random,and a point is acceptedonly if the point-to-point distancelimit is not

violated. Since this algorithm requiresnumerousamount of checking, it is computationally

very expensive. To addressthis issue,somefasteralgorithms[12], [40], [41], [26] have been

proposedfor speedup,andin particular, McCool andFiume[39] developedan improvedversion

of dart throwing by gradually reducingthe distancelimit. Lloyd's relaxation method[36] is

further employed to optimize the point distribution by jittering the generatedpoints towards

their correspondingVoronoi centroids.At present,researchin speedingup the dart throwing

algorithmis still very active; Jones[23] appliedVoronoi diagram;DunbarandHumphreys [14]

appliedthe ideaof scallopedsectors,to representavailableregionsfor dart throwing; White [59]

improved the traditionaldart-throwing algorithmby usingquadtreesubdivision on the sampling

domain.

The Wang tile approach Stam[50] wasthe�rst in applyingWangtiles [55], [56] to computer

graphics;by synthesizingmatchabletexture patternson Wangtiles, texturescanbe arrangedon

two-dimensionalmanifolds in a non-periodicmanner. Furthering this idea, Hiller et al. [21]

invented a new approachto generatethe Poissondisk distribution using tiling. Rather than

generatingone point at a time, they employed Wang tiles as point set containerswith the

Poissondisk distribution pre-synthesizedon tiles; thus,we canmatchcolor-codededgesbetween

Wangtiles, andquickly generatea tile-basedPoissondisk distribution on a 2D domain.Cohen

et al. [48], [8] furtheredthis approachand presenteda stochastictiling algorithm so that we

can ef�ciently generatethe Poissondisk distribution. Recently, Kopf et al. [27] proposedthe

recursiveWangtile methodsothatwecancontroldistributiondensityatdifferentspatialscales.In

additionto two-dimensionaldomain[50], [21], [48], [8], [57], Wangtiles have beengeneralized

to handlespacessuchas the three-dimensionaldomainusingWangcubes[49], [37], [33], [38]

and arbitrary topological surface using signedWang tiles [19], [35]. Other than Wang tiling,

Ostromoukhov et al. [43] appliedPenrosetiling to distribute points for importancesampling.
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In addition,Ostromoukhov [42] proposedusingpolyominosubdivision to generatedistributions

with blue-noiseproperties.

The Poissondisk tiles LagaeandDutré [29] developeda proceduralapproachfor ef�ciently

evaluatingthe Poissondisk distribution. The proposedPoissondisk tiles is a variationof Wang

tiles, wherethe squaretile region is divided into threedisjoint parts:cornertiles, edgetiles, and

interior tiles. Thesethreekindsof tiles arepre-generatedsequentiallyconformingto thePoisson

disk distribution, andthey are �nally re-assembledtogetherto tile a given 2D domainby color

matching.Sincecornerand edgeregions are introducedin this tiling scheme,we can improve

the distribution quality, particularlyaroundcornerregions.

In addition to Poissondisk tiles, Lagae and Dutré [30] inventedanotherinterestingtiling

scheme,called the TemplatePoissondisk tiles. It is a toroidal versionof Wang tiles with one

singleedgecolor in theentiretile set,so thatwe cancreatea singletileableframe(with margin

borderonly) andsynthesizeadditionaltiles by usingthe sameframeasthe boundarycondition.

Recently, Lagae and Dutré [31] proposedan alternative tile-basedmethodto generatethe

Poissondisk distribution; it is a corner-basedtiling schemewith color-codedcorners.Hence,

we can further improve the distribution quality aroundcorner regions, see[32] for a detailed

analysisand comparisonof variousmethodsthat generatethe Poissondisk distribution in 2D.

Moreover, Lagae and Dutré [33] also explored their tile-basedschemesin three-dimensional

spaceandproposedthe generationof Poissonspheredistributionsby tiling Wangcubes.

Wang tiles on arbitrary surfaces Fu andLeung[19], [35] generalizedtheconventionalWang

tiling methodusingsignedWangtiles, andmadetexture tiling applicableto arbitrarytopological

surfaces.However, sincethis tiling schemedoesnot take cornerheterogeneityinto account,this

schemecannotbe usedto generatethe Poissondisk distribution on arbitrarysurfaces.

Fig. 1. Overview of our surfacemodelingmethod.
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D. Overview

Figure1 outlinesour surfacemodelingmethod.It involvesfour main tasksin total, andtakes

a parameterizedsurfaceas its input. Any surfaceparameterizationmethod[15], [18], [7], [3],

[51], [20], [25], [13] can be usedto createthis input as long as the given parameterizationis

quad-basedandhaslow distortion in the surfacemapping.

Following this input, our �rst task is to computethe dual of the parameterizedsurfaceand

passthegenerateddualsurfaceto thestochastictiling tasklateron.However, unlike otherof�ine

tasks,the tile setgenerationis surfaceindependent,so we canpre-constructa dual Poisson-disk

tile set that storesthe Poissondisk distribution. SectionIII detailsthe generationprocess,while

SectionIV introducesthestochastictiling taskfor arrangingthegeneratedtiles on dualsurfaces.

Finally, basedon thedistributedpointson objectsurface,we canconstructthePoissondisk map,

and implementvarioussurfacemodelingapplications,seeSectionV.

I I . THE DUAL SURFACE

As pointedout in SectionI-A, whentiling a parameterizedsurfaceof arbitrary topology, tile

cornerscouldbesharedby three,four, � ve,or evensix tiles [13], seeFigure2; wecannotproperly

ensuredistribution correctnessacrosstile cornersif we simply applyconventionaltiling schemes

on parameterizedsurfacesof arbitrarytopology. To addressthis problem,our �rst strategy is to

createa dual surface, so that we canmake every tile cornerto be sharedexactly by 4 tiles all

over the surface.By this means,we can avoid complex caseslike irregular tile cornerregions

with 3, 5 or even more incident tiles, andthuscansigni�cantly reducethe tile setsizebecause

we only have oneform of cornertiles in our scheme,seeSectionIII.

Fig. 2. The tile cornerheterogeneity.
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Fig. 3. (a) Input surface;(b) We connectneighboringedgemidpointson the input surfaceto generatethe dual surface.The

dottedlines areedgesof the dual surface;(c) The dual surfaceis composedof Tri-tiles, Quad-tiles,andQuin-tiles.

To constructdualsurfaces,we �rst takeedgemidpointsin theinputsurfaceparameterizationas

verticesof thedualsurfaceto begenerated.Then,weconnecteachmidpointto everyneighboring

midpoint on the samesubquadbelongingto the original surfaceparameterization,seeFigure3

for an illustrative example.After this dual transform,we have three kinds of interior tiles in

our tile set:Tri-tile , Quad-tile, andQuin-tile, correspondingto the interior regionsboundedby

3, 4, and 5 tile corners,respectively, but now, we only have one kind of corner junction over

the entire model surface.Dependingon the surfaceparameterization,we somehow could have

Sex-tile for interior regionsboundedby 6 tile corners.

I I I . CONSTRUCTING A DUAL TILE SET

The dual Poisson-disktile set is generatedusingthe corner-edge-interiordecomposition[29],

seeFigure 9 for an example tiling. With the dual transform,we only have one form (shape)

of corner tiles (and edge tiles), while interior tiles can take several forms: Tri-tile, Quad-tile,

Quin-tile, etc. The size of cornerand edgetiles are determinedby the Poissondisk radius,so

that any Poissondisk placedon the interior tiles cannotaffect any other disk in neighboring

interior tiles. Hence,we �rst createcornertiles, andthenedgetiles in our tile setconstruction,

andemploy thesetiles to generateTri-tiles, Quad-tiles,Quin-tiles,etc.

Furthermore,unlike regular Wang tiles that have a �x ed orientation,we have to allow tile

rotation in our casebecausewe work on surfacesof arbitrary topology. Therefore,our corner

tiles, edge tiles, and interior tiles are all rotatable, andthe tile matchingconditionis determined

not only by the tile colors, but alsoby the tile orientationsrelative to cornertiles aswell.
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Fig. 4. The constructionof a cornertile.

A. ConstructingCorner Tiles

Similar to the idea of coloredcornersin [31], we arrangecolors at corners,rather than on

edges.Here we have C colors and henceC different corner tiles. Each corner tile takes the

shapeof a regular octagonwith side length exactly equal to 2R, whereR is the Poissondisk

radius.Figure4 shows thecornertile constructionprocedure.Firstly, we employ relaxationdart

throwing to dissipateN points onto a unit squareregion, and Lloyd's relaxation to optimize

the distribution. Then,an octagonregion is cut out of the distribution to form a cornertile; by

independentlyrepeatingthis constructionprocessC times,we cangenerateall C cornertiles.

To guaranteea gooddistribution quality in the �nal tiling, we further have to comparethese

C cornertiles after the synthesis,andre-generateany cornertile (amongthe C cornertiles) that

is too similar in distribution ascomparedto othersin the cornertile set.

B. ConstructingEdge Tiles

After creatingcornertiles, thenext stepis to generateedgetiles. Figure5 shows theedgetile

constructionprocedure.Here we �rst put two cornertiles at the two oppositeendsof an edge

tile to be generated(Figure 5(a)). Then,we constrainthe point distribution by the points pre-

generatedinsidethe two cornertiles, andwe apply relaxationdart throwing to �ll the remaining

empty area.Next, we carry out a numberof Lloyd's relaxation to �ne-tune the distribution

(Figure5(b)). Note that during the dart throwing andrelaxation,new pointsareprohibitedfrom

enteringthe cornerregions,so that we canensureproperdistribution matchingwhile matching

cornertiles andedgetiles in the tiling. Finally, we extract the points insidethe edgetile region

andproducean edgetile. The thicknessof an edgetile is 2R.
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Fig. 5. The constructionof an edgetile. The black trianglesattachedto the cornertiles indicatethe corner-tile orientation.

Rotational Symmetry in Edge Tiles Sincecornertiles are rotatable,eachcornertile could

have four possibleaxis-to-axisorientationsrelative to the edgetile being constructed.Hence,

we could have as many as (4C)2 different edgetiles in total. However, becauseof rotational

symmetry, some edge tiles are in fact equivalentin terms of tileability. Figure 6 shows an

exampleedgetile set with one single cornercolor; we label top, bottom, left, and right sides

of a cornertile as T, B, L, and R, respectively; for instance,edge1 and edge11 shown in the

�gure is a symmetricpair, while edge3 is self-symmetric.

Fig. 6. Rotationalsymmetryin edgetiles; we have six symmetricpairs:1 and11, 2 and15, 4 and7, 5 and12, 10 and13, as

well as6 and16, whereasthe other four edges(3, 8, 9, and14) areself-symmetric.Thus,thereare totally 10 uniqueedges.

Sinceour tile matchingschemeis basedsolely on corner color and corner orientation, we

have to enforceedgetile uniqueness,so that after we layout all cornertiles on the dual surface,

we can uniquely determinewhich edgetile to be placedin-betweeneachpair of corner tiles,

aswell aswhich interior tile to be placedinsidea ring of cornertiles. Otherwise,we will have

to add additionalcolor code(diversity) to edgetiles, and escalatethe tile set complexity and

size. In this way, within the 16 possiblecombinationsshown in the �gure above, we have to

determinethe symmetricpairsandgenerateonly oneedgetile for eachpair found.
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Furtherthanthat,we needto speciallyhandleself-symmetricedges,e.g.,edge3 shown in the

�gure. Thepoint distribution insidea self-symmetricedge tile hasto be rotationally symmetric.

Otherwise,we couldhave two waysin placingtheseedgetiles in a tiling, andescalatethetile set

complexity; this is similar to taggingadditionalcolorson edgesandexpandingthe tile setsize.

Note that to constructa self-symmetricedgetile, we have to constrainthe initial dart throwing

andthe Lloyd's relaxationprocessto enforcerotationalsymmetryduring the tile construction.

C. ConstructingInterior Tiles

After cornertiles andedgetiles, we canmove on to createthe interior tiles: Tri-tiles, Quad-

tiles, Quin-tiles,etc.

Quad-tiles Figure7 shows theconstructionprocedureof Quad-tiles.Similar to edgetiles, we

�rst assembleanappropriatecon�gurationof 4 cornertiles andpick up relatededgetiles to form

a frame (Figure 7(a)). Then,we apply relaxationdart throwing followed by Lloyd's relaxation

to generatethe point distribution in the interior region (Figure7(b)). Again, new pointscannot

enterthe cornerandedgeregionsduring the dart throwing andrelaxationprocess,while points

originally in the cornerandedgetiles are �x ed throughoutthe constructionprocess.

Fig. 7. The constructionof a Quad-tile.The black trianglesattachedto the cornertiles indicatethe corner-tile orientation.

Furthermore,we also explore rotationalsymmetryin interior tiles and generateonly unique

interior tiles. However, it is worth to notethat removing duplicatedinterior tiles, e.g.,Quad-tiles,

is not ascritical asremoving duplicatededgetiles. For edgetiles, if we ignoretile uniqueness,

we could escalatethe tile setcomplexity becausewe needmoreinterior tiles to matchdifferent

edgetiles introduced,even whenthe colorsandorientationsof the boundarycornertiles arethe

same;but for interior tiles, since the points addedinside the interior tiles never affect points
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Fig. 8. The constructionof a Tri-tile (above) anda Quin-tile (below); the warpingmethodis employed here.

elsewhere in any other tile (different from points in the edgetiles), having duplicatedinterior

tiles will increasethe tile setsize,but not the tile setcomplexity.

Tri-tiles and Quin-tiles As comparedto Quad-tiles,the constructionof Tri-tiles and Quin-

tiles aremorecomplicatedbecausethesetiles are intrinsically non-planar, seeFigures8(a) and

(e). To addressthis problem,we proposetwo methodsto generatenon-planarinterior tiles:

� The�rst methodemploys geodesicdistanceandjitters thedistributedpoint samplesdirectly

on the non-planardomain.After we make up a tile frameusingcornertiles andedgetiles,

seeFigures8(a) and(e), we apply dart throwing in the interior area,andemploy geodesic

distancesto constructa Delaunaytriangulationfor all points distributed so far, including

also the points on the corner tiles and edgetiles. Finally, we apply Lloyd's relaxationin

this non-planardomainand �ne-tune the point distribution inside.

� The secondmethodis basedon the observation that whenwe arrangenon-planartiles such

asTri-tiles andQuin-tileson objectsurfaces,the surfaceregionscoveredby thesetiles are

usuallyhighly smoothandplanar. Hence,if we employ the �rst approachto arrangepoint

sampleswith samedensityasthaton Quad-tiles,we couldendup having a relatively denser

point distribution on thesurfaceregionscoveredby non-planartiles. Therefore,we propose

to warp the non-planarregion to a planardomain,distribute and relax points directly on
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it, and �nally map the distributed points back to the object surface.In detail, we employ

equilateraltriangleandregularpentagon,asthewarpeddomainsfor Tri-tiles andQuin-tiles,

respectively, seeFigures8(b) and (c), and barycentriccoordinatemappingto perform the

warping. Furthermore,like what we have done for Quad-tiles,we also forbid any newly

addedpoint to enterthe cornertile andedgetile regions in the warpeddomainduring the

tile constructionprocess.Also, we canconstructthe Sex-Tiles in a similar way, but rather

thanusingan equilateraltriangleor pentagonasin the casesof the Tri-tiles andQuin-tiles,

respectively, we usea regular hexagonon the planardomain.

D. Sizeof a dual Poisson-disktile set

In this subsection,we examinethe sizeof a completedual Poisson-disktile set; the Cauchy-

Frobeniuslemma[58] (alsoknown astheorbit-countingtheorem)is usedin theanalysis,so that

we can take rotationalsymmetryinto consideration,and determinethe numberof uniqueedge

tiles and interior tiles in a dual Poisson-disktile set.

Edgetiles Let E bethesetof all possibleedgetile con�gurationswithoutconsideringrotational

symmetry, i.e., jEj = (4C)2. Let G bea �nite groupthatactson E. For eachg 2 G, let Eg denote

the set of elementsin E that are �x ed by g. For edgetiles, we have two g's in G: one is an

identity, say g0, and hence,Eg0 = (4C)2; the other one is an 180-degreerotation (in 2D), say

g1, and we have Eg1 = 4C becauseonly four edgetiles per color (the two neighboringcorner

tiles having the samecolor) are identical after an 180-degreerotation.Therefore,by using the

Cauchy-Frobeniuslemma,the numberof uniqueedgetiles underrotationalsymmetryis:

jE=Gj =
1

jGj

X

g2 G

jEgj =
1
2

((4C)2 + 4C) = 8C2 + 2C .

Interior tiles For Quad-tiles,we have four possibleoperations:an identity, a 90-degree

clockwiserotation,an 180-degreeclockwiserotation,and a 270-degreeclockwiserotation.By

counting the numberof �x ed elementsundereachof them, we can again apply the Cauchy-

Frobeniuslemmato �nd out the numberof uniqueQuad-tilesunderrotationalsymmetry:

jQ=Gj =
1

jGj

X

g2 G

jQgj =
1
4

((4C)4 + 4C + (4C)2 + 4C) = 64C4 + 4C2 + 2C ,
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whereG is a �nite group acting on the full Quad-tileset Q. Using a similar method,we can

also computethe numberof uniqueTri-tiles and Quin-tiles underrotationalsymmetry. Table I

summarizesthesizeof a dualPoisson-disktile set.Note thatwe normallydo not needa full set

of Quin-tiles;a relatively smallamountof themaresuf�cient for stochastictiling, seeSectionIV.

TABLE I

THE SIZE OF A DUAL POISSON-DISK TILE SET.

Num. of Colors Num. of CornerTiles Num. of EdgeTiles Num. of Tri-tiles Num. of Quad-tiles Num. of Quin-tiles

1 1 10 24 70 208

2 2 36 176 1044 6560

3 3 78 584 5226 49776

C C 8C2 + 2C 1
3(64C3 + 8C) 64C4 + 4C2 + 2C 16

5 (64C5 + C)

Comparing to standard tiling scheme Without usingdualtiling, conventionaltiling schemes,

for example,the corner-edge-interiordecomposition,will result in differentkinds of cornertiles

becausewe work on surfacesof arbitrary topology. A corner tile could meetwith three,four,

� ve, or even six edgetiles unlike the casewe have in dual tiling. As a result, the setof corner

tiles will becomemore complex even we consideronly a small numberof colors in the tiling.

Note that thesecornertiles needto be rotatable;hence,sucha complexity could further affect

the sizeof the edgetile setand the interior tile setaswell.

For instance,if C is the numberof colors we have for eachkind of cornertiles, that is, we

have C 3-cornertiles, C 4-cornertiles, andC 5-cornertiles, etc. Whenwe consideredgetiles,

we have to considerseveral kinds of edgetiles: edgetiles joining two 3-cornertiles, edgetiles

joining one3-cornertile andone4-cornertile, etc. It unavoidably complicatesthe edgetile set

as well as the interior tile set that follows. Moreover, it will also signi�cantly increasethe tile

setsizeaswell. By dual tiling, we canavoid sucha complexity andkeepa compactcornertile

set;hence,we canalsomaintainmanageablesetsof edgetiles and interior tiles.

IV. THE DUAL TIL ING ALGORITHM

A. TheDual Tiling Algorithm

We have the following stepsin applyingour dualPoisson-disktile setto generatethePoisson

disk distribution on dual surfaces;stochastic tiling [31] is usedin our algorithm.
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� First of all, we properly assignQuin-tiles available in our tile set onto the Quin-tile slots

on thedualsurface.Sinceconventionalsurfaceparameterizationmethodsnormallyproduce

very few 5-corner(as well as 6-corner)junctions(as comparedto 4-cornerjunctions)on

the surface parameterizations,we normally do not have many Quin-tile slots (as well as

Sex-tiles) on the dual surface,ascomparedto Quad-tileslots.Therefore,a relatively small

amountof Quin-tiles (and Sex-tiles) are suf�cient in our stochastictiling. Furthermore,in

extremecaseswhereQuin-tile slotsdominate,we canmake useof oneor two cornercolors

to generatea full setof Quin-tile set(SeeTableI); then,we canstill guaranteean agreeing

tiling.

� After arrangingQuin-tiles, we randomly assigncolors and orientationsto the remaining

cornertile slots on the dual surface.Sincewe have a completeset of Tri-tiles and Quad-

tiles, we do not needto constrainthe cornertile assignmentaswe did for Quin-tiles.

� Finally, basedon thearrangedcornertiles, we canlookuprelatededgetiles andthenQuad-

tiles andTri-tiles to �ll the remainingspaceon the dual surface.

In our actual implementation,we develop a tile-reassemblingschemeto facilitate the tiling

process.After we generatethe whole dual tile set,we expandthe region of eachinterior tile to

includepartsof the relatedcornerandedgetiles. Sinceinterior tiles andedgetiles areunique,

given any interior tile, we can uniquely determineits boundarycorner and edge tiles, pack

half of the relatededgetiles and a quarterof the relatedcorner tiles aroundit, and generate

a reassembledtile for each interior tile, seeFigure 7(c), Figure 8(d), and Figure 8(h) for a

reassembledQuad-tile,Tri-tile, and Quin-tile, respectively. In this way, we can replacecorner

tiles, edgetiles, and interior tiles by the reassembledtiles in our implementation,and hence

simplify our datastructure,andmake the tiling moreconvenient.

B. Tiling Examples

Figure9 presentsa tiling exampleto exemplify how we tile a non-planarsurfacein the form

of a T-shapebrick with our dualPoisson-disktiles. Herewe have C = 2 andN = 32, whereC is

the numberof colors (cornertiles) and N is the point distribution density. In this example,we

canseethat we have four Quin-tilesand twelve Tri-tiles, whereasall cornertiles meetexactly

four edgetiles over the entiremodelsurfacedueto dual tiling.

February2, 2008 MINOR REVISION



15

Fig. 9. A tiling example– Generatingthe Poissondisk distribution on a dual parameterizedsurfacein the form of a T-shape

brick; C = 2 andN = 32. The black quadrantson the cornertiles indicatethe corner-tile orientation.

In addition, we also presentthe tiling of a two-dimensionalplaneusing our tiling scheme,

seeFigure10. Sincethe tiling domainis now planar, we only needcornertiles, edgetiles, and

Quad-tiles,but not Tri-tiles andQuin-tiles.Moreover, the cornertiles canbe placedat the grid

junctions,ratherthanat theedgemid-points.Furthermore,sinceonly cornertiles, edgetiles, and

Quad-tilesare involved, this 2D tiling structureis very similar to the coloredcornerapproach

proposedin [31]; however, our cornertiles arerotatableandour tiling is dual-based,so that our

methodcanhandleparameterizedsurfacesof arbitrary topology.

V. IMPLEMENTATION, ANALYSIS AND APPLICATIONS

A. Implementationissues

The Poissondisk map To supportinteractive control on distributed features,we developed

the ideaof Poissondisk map. It is basicallya texture map de�ned on a parameterizedsurface,

with eachtexel storing threevalues:(d, � ) is the polar coordinateof the pixel centermeasured

from the nearestdistributed featurepoint on object surfaceusing geodesics(seeFigure 11 for

an examplePoissondisk map),and feature index could be a uniquefeatureID associatedwith
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Fig. 10. A tiling example– Generatingthe Poissondisk distribution on a two-dimensionalplane;C = 2 andN = 128.

Fig. 11. An examplePoissondisk map: the distancecomponentd (left) andangularcomponent� (right) on LAURANA. Note

that thereare874 pointsdistributedon LAURANA, and the referencedirection for � is picked randomlyat eachpoint.
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that featurepoint or an integer denotingthe color index resultedfrom k-coloring. Note that in

the �gure, red dotsareadditionallydrawn on the LAURANA surfaceto indicatethe locationof

featurepoints,andalso,by usingk-coloring, we canassignmultiple colorsandpatternsto the

distributed featuresandensureno two neighboringfeaturessharethe samecolor or pattern.

In the renderings,we employ fragmentprogramson the GPU: 1) to retrieve (d, � ) andfeature

index for eachpixel fragment,and2) to computethe texture coordinateson the corresponding

featuretexture if the pixel fragmentfalls within an effective Poissondisk from a featurepoint.

The advantageof having a Poissondisk mapis that we caninteractively deformandmodify the

features,for example,scalingor re-orientatingthe featureswithout needingto build any form

of static geometriesfor them,as well as editing the featuretexturesand reloadingthe feature

appearanceon objectsinteractively at run-time.

Distrib ution re�nement on object surface With our tiling method,wecanpreciselyguarantee

a valid Poissondisk distribution on parameterizedsurfaces,and this distribution guaranteecan

be carriedto the object surface,provided the surfaceparameterizationdoesnot introduceany

distortion. But as one might expect, since surfacesof 3D models are seldom �at, this is,

however, rarely the casein practice.To addressthis issue so that we can producea valid

Poissondisk distribution on object surface, certain re�nement processis unavoidable after

the tiling. In our current implementation,we �rst re�ne the Delaunaytriangulation(from the

correspondingVoronoi diagram)mappedfrom the parameterizedsurfaceto the object surface,

so that the resultantconnectivity information can be truly de�ned on the object model; note

that geodesicsmust be computedfor connectededgeson high curvature regions so as to

ensureconnectivity correctness.Then,we canpreciselyapply Lloyd's relaxationlocally at each

distributedpoint andjitter themtowardstheir Voronoi centroidson the objectsurface.Sincethe

surfaceparameterizationwe usedare of low distortion, the entire re�nement processtakes no

morethana few minutes(around10� 20 iterations,dependingon thenumberof distributedpoints

andthe parameterizationcomplexity) to �nish on a commodityPC: an HP xw4400workstation

with Intel Core(TM)2 CPU 6400 at 2.13GHzand 1GB Memory, seeTable II for the timing

result.Also, to fairly comparethe re�nement time againstdifferent3D objects,andalsoagainst

different numberof distributed points, we use 20 iteration stepsin all testing casesshown.

Furthermore,note also in the table that the numberof points in parameterizationdenotesthe

modelcomplexity.
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TABLE II

TIMING ON THE REFINEMENT PROCESS.

3D Tile set Total numberof Numberof points Total time for

models distributedpoints in parameterization re�nement (sec.)

C = 2,N = 16 3142 25596 5.4

HOLES3 C = 2,N = 32 6360 25596 9.0

C = 2,N = 64 12724 25596 19.2

C = 2,N = 16 7039 14587 9.6

LAURANA C = 2,N = 32 14082 14587 19.2

C = 2,N = 64 27986 14587 39.0

C = 2,N = 16 10121 82434 15.0

BUNNY C = 2,N = 32 20380 82434 28.8

C = 2,N = 64 40983 82434 58.8

Now, one may argue why we employ tiling to generatethe Poissondisk distribution on 3D

models,while after-tiling re�nement is still needed.In fact, if we do not use tiling, we have

to do dart throwing and Lloyd's relaxationto distribute points on object surfaces.It is a one-

point-at-a-timeprocess,andcould be exceedinglytime-consuming.By tiling, we canef�ciently

initialize a point distribution that is nearlya Poissondisk distribution, andthis distribution can,

in turn, be readily re�ned on objectsurfacewithin a few iterationsteps.

B. Examiningthe GeneratedDistribution

Spectral Analysis Onecommonway to examinethe quality of Poissondisk distributions is

by using periodogram[54]. Here we experimentsix different color and point densitysettings

in our dual Poisson-disktiling, and generatearound 16,384 points on a 2D plane for each

Poissondiskdistributionbeinganalyzed,seeFigure12. In addition,we alsogenerateonePoisson

disk distribution purely using dart throwing as a reference.From the �gure, we can seethat

increasingthe numberof colors and distribution density can improve the distribution quality,

which meansthat theresultantdistribution couldbecomelessperiodic.Moreover, if we compare

the periodogramsgeneratedby our methodagainst thoseby other tile-basedmethods[32], our

methodhasonecrucialdifference;evenwith thesamenumberof color code,we have additional

variation in generatingthe Poissondisk distribution becauseour tiles are rotatable.

Radius Statistics In addition,we alsostudy the Poissondisk distributions that generatedon

surfacesusingradiusstatistics[31]. Herewe �rst have to computetwo radiusdata:Rmax andr,

February2, 2008 MINOR REVISION



19

Fig. 12. Periodogramsof Poissondisk distributionsgeneratedwith dual Poisson-disktiles (a-f) anddart throwing (g).

whereRmax is an upperboundof the Poissondisk radiusgiven the total surfaceareaand the

distribution density, whereasr is the Poissondisk radiuswe have in the generatedPoissondisk

distribution.

Rmax = (2
p

3K=S)� 1=2 ,

whereS is the total surfaceareaandK=S is thedistribution density. Herer is half of theshortest

distanceamongneighboringpoint pairs distributed on the object surface.Furthermore,radius

statisticsmeasurethe ratio � = r=Rmax to estimatethe regularity of the generateddistributions.

A small � indicatesan uneven distribution, while a large � indicatesa regular distribution.

According to Section3.1 in [32], Poissondisk distributions shouldhave a relative radius that

is large (� > 0.65), but not too large (� > 0.90). Furthermore,it is worth noting that sincethe

equationfor estimatingRmax is originally for 2D planardomain,we have to assumesuf�ciently

largepoint setsin our experiments,so thatRmax canserve asa goodupperboundapproximation

evenonnon-planarsurfaces.In practice,wecanobtain� valuesof around0.3 to 0.6 (onsurfaces)

afterthetiling dependingon thequalityof thesurfaceparameterization,andcanquickly optimize

� to be around0.7 to 0.8 after distribution re�nement. Table III presentssomerelatedresults

for HOLES3, BUNNY, and LAURANA beforeand after relaxation,while Figure 13 shows the

generateddistributionson BUNNY beforeandafter relaxation.Note thatwe alsocomputembefore
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andmafter (seethe table);m refersto the averagehalf-distancebetweenneighboringpoint pairs

on the objectsurface.

TABLE III

RADIUS STATISTICS.

Tile set Rmax rbefore rafter mbefore mafter � before � after

HOLES3 (S= 1.7258)

C = 2,N = 16 0.0128 0.0077 0.0100 0.0131 0.1300 0.6052 0.7653

C = 2,N = 32 0.0089 0.0050 0.0067 0.0091 0.0090 0.5677 0.7558

C = 2,N = 64 0.0063 0.0033 0.0048 0.0064 0.0064 0.5310 0.7674

BUNNY (S= 2.3775)

C = 2,N = 16 0.0085 0.0031 0.0063 0.0086 0.0086 0.3660 0.7371

C = 2,N = 32 0.0060 0.0016 0.0044 0.0061 0.0061 0.2591 0.7358

C = 2,N = 64 0.0042 0.0012 0.0031 0.0043 0.0042 0.2749 0.7315

LAURANA (S= 1.5414)

C = 2,N = 16 0.0082 0.0029 0.0061 0.0083 0.0083 0.3594 0.7363

C = 2,N = 32 0.0057 0.0024 0.0042 0.0058 0.0057 0.4219 0.7342

C = 2,N = 64 0.0041 0.0015 0.0030 0.0041 0.0041 0.3658 0.7339

Fig. 13. An exampleshowing the distributionsbeforeandafter the relaxation;the tile set in useis Bunny, C = 2,N = 16.

C. Applicationsin SurfaceModeling

Figures14-19presentthe renderingresultsof � ve differentsurfacemodelingapplicationswe

brie�y explored:
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Pattern and Shapedistrib ution Themoststraightforwardapplicationof our tiling methodis

to distributetexture-basedfeatureslikepatternsandshapeson3D models;Figure14demonstrates

three different kinds of patternsdistributed on HOLES3, BUNNY, and LAURANA. By storing

patternsandshapesassmall imagetextures,we canapply fragmentprogramto lookup texture

valuesbasedon theper-fragmentvalues,(d, � ), sampledfrom thePoissondisk map.Furthermore,

sincethe imagetexturesin usearefor texture lookuponly, we caninteractively modify, deform,

andreloadthetexture-basedpatternsduringtheprogramrun-time.Similarly, we usesmallbump

maps(normal maps)storing distortedsurfacenormalsinsteadof colors,and apply a modi�ed

fragmentprogramto lookup distortedsurface normals.In this way, we can shadethe object

surfaceswith bumpy appearance(seethebumpy BUNNY, LAURANA, andHOLES3 in Figure15).

Illustrati ve rendering To createthe illustrative renderingsshown in Figure16, pointsare�rst

distributedontotheobjectsurfaceaccordingto our tiling method;comparedto otherapplications,

we needfar morepointsin illustrative rendering;in detail, they canbegeneratedby subdividing

the dual surface before the tiling, i.e., more tiles on the initial parameterizedsurfaces.For

the examplesshown in the �gure, 27,986 and 40,983 points are generatedon LAURANA and

BUNNY, respectively. In addition,it is worth to note that sinceall distributedpointshave well-

de�ned 3D locationson object surface (in object space),we can easily attain frame-to-frame

coherency in the renderingssubjectto viewpoint changes.

Mold Simulation Moreover, we alsoapply our distribution methodto simulatemold growth.

Similar to illustrative rendering,we �rst distribute a denseset of points on object surface,and

computethe accessibility[6] (like ambientocclusion)at eachdistributedpoint in objectspace.

Note that to computethe accessibility, we put a hemispherealigned with the surface normal

at eachdistributed point, and randomlysendout hundredsof rays (over the hemisphere)from

the distributed point. The accessibilityis the percentageof rays that are not blocked by the

object itself. Hence,the lower accessibility, the higher the chance(density)for mold to appear

on that speci�c location.Hence,we apply the accessibilitymapasa �lter to assigncolorsand

transparency to distributed points, and simulate the mold growing process.Figure 17 shows

moldedHOLES3 and BUNNY.

BTF synthesis Furthermore,we canalsoapply our tiling methodto arrangethe bidirectional

texture functions (BTF) by keying BTF-basedfeatureson object surfaces.To createthe BTF

renderingsshown in Figure 18, we �rst associatea BTF hole datawith eachdistributed point
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on the objectsurface.Then,we cansynthesizethe BTF on the un�lled surfaceareaon the 3D

model by using constrainedtexture synthesisin the parameterizedspace.Hence,we can have

BTF elementsde�ned for all pixels on the parameterizedsurface,and hence,can renderthe

modelsurfaceundervariableillumination andviewing directions.

However, we have to bevery carefulwhentransformingtheper-fragmentviewing andlighting

vectors;the TBN transform[2], [44] hasto align with the parameterizedgrid (ratherthan the

local surfacecurvature)so that we can correctly lookup the surfacere�ectancede�ned in the

BTF dataspace.Furthermore,it is worth to note that the advantageof using tiling for BTF is

that we only needto keep a very small BTF data for the entire 3D model; in the rendering

examplesshown, the BTF hole dataonly hasspatial resolution:128� 128 (29.3MB in total,

without spatialcompressionamongBTF dataelements).

Geometric Texture and Shell mapping Lastly, we explored the distribution of geometric

textures in shell spaceof object surfaces.Since the generatedPoissondisk distribution can

guaranteenon-overlappingdisks (or cylinders in shell space),we can seefrom the rendering

resultsin Figure 19 that the distributed thornsand pyramids(geometricfeatures)never collide

with eachotheron objectsurfaces.

VI . CONCLUSION

In conclusion,this paper presentsa practical and ef�cient solution for tiling the Poisson

disk distribution on arbitrarytopologicalsurfaces.SincetileablePoissondisk distributionshave

been pre-synthesizedon dual Poisson-disktiles, we can ef�ciently tile points on an input

parameterizedsurface, and readily distribute featuresand patternson the corresponding3D

model.This is the �rst paperexploring theuseof tiling to generatethePoissondisk distribution

on parameterizedsurfacesof arbitrary topology. Using dual tiling, we can carefully avoid the

tile cornerheterogeneityproblem,so that we only have onekind of cornertiles even whenthe

parameterizedsurfacesbeingtiled is of arbitrarytopology. Hence,we canpreciselygeneratethe

Poissondisk distribution on parameterizedsurfaces,andalsoon their corresponding3D models

after distribution re�nement.The proposedmethodcannicely addressthe surfacetopology, and

canmaintaina valid distribution with a manageabletile set.

To support interactive control on distributed features,we develop the idea of Poissondisk

mapbasedon GPUsupport.With thePoissondisk map,we caninteractively deformdistributed
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featureson objectsurfacewithout incurring any featuregeometrylocally on objectmodel(pro-

vided the featureis not a geometrictexture). To demonstratethe applicability of this approach,

a wide rangeof computergraphicsapplications,particularly in the areaof surfacemodeling,

arepresented.Exampleapplicationsthat we have brie�y explored in this paperincludepattern

andshapedistribution, bump mapping,illustrative rendering,mold simulation,texture andBTF

synthesis,andalso the distribution of geometrictexturesin shell space.

Futur e work Otherthantheapplicationslistedabove, theproposedtiling methodcanbring in

far moreapplicationsyet to be investigated:surfaceremeshingbasedon the distributedpoints,

stochasticsamplingof surfaceattributes,Voronoipartitioningon surfaces,approximatecollision

detectionusingsurfacepoint clouds,aswell asstereologicaltechniquefor textures.
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Fig. 14. Surface modeling application (1) — Pattern and shapedistribution. Here we have 397, 1289, and 874 patterns

distributedon HOLES3, BUNNY, and LAURANA (from top to bottom),respectively.
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Fig. 15. Surfacemodelingapplication(1) — Bump mapping.In this example,we distribute 874, 1289, and 397 Gaussian

bumpson LAURANA, BUNNY, and HOLES3 (from left to right), respectively.

Fig. 16. Surfacemodelingapplication(2) — Illustrative rendering.To createthe above renderings,we pre-generate27986and

40983pointson LAURANA (top) and BUNNY (bottom),respectively.
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Fig. 17. Surfacemodelingapplication(3) — Mold simulation.The sub�gures (a), (b), (c), and (d) show two sequencesof

mildewing on HOLES3 (top) and BUNNY (bottom). In this simulation,we pre-generatedistributions of 102,390 and 329,573

pointson HOLES3 and BUNNY, respectively.
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Fig. 18. Surface modeling application(4) — Distributing BTF-basedfeatures.We can quickly arrangeholes (BTF-based

feature)on objectsurfaceby keying themat eachdistributedpoint generatedby our tiling method.
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Fig. 19. Surfacemodelingapplication(5) — Geometrictextures:thornsandpyramidsin shell space.Note that we have 3142,

874, and10121geometricfeaturesplacedon HOLES3, LAURANA, and BUNNY (from top to bottom),respectively.
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