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Abstract

File swarming (or file sharing) is one of the most importargleations in P2P networks. In
this paper, we propose a stochastic framework to analyze swérming system under real-
istic setting: constraints in upload/download capacijlaboration among peers and incen-
tive for chunk exchange. We first extend the results in th@poowsystem [18] by providing
a tighter performance bound. Then we generalize the cowxiam by considering peers
with limited upload and download capacity. We illustrate ldst-piece problenand show
the effectiveness of using forward error-correction (FEQJe and/or multiple requests to
improve the performance. Lastly, we propose a frameworkntdyae an incentive-based
file swarming system. The stochastic framework we proposeseeve as a basis for other
researchers to analyze and design more advanced featdiessafarming systems.
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1 Introduction

In recent years, peer-to-peer (P2P) networks have emesgachew paradigm for
creating network applications. Recent network measuré&eve shown that P2P
file-sharing applications constitute a large percentagbehetwork traffic. Also,
P2P networks have a significant impact on the way new netwamkces are de-
signed. Unlike the traditional client-server computinggzhgm, P2P networks al-
low individual user (or peer) to play the role of a client aedver at the same time.
Therefore, peers in a P2P network can help other peers iréikeling, file lookup,
as well as file transfer.

File swarming (or file sharing) is one of the most importanplegations in P2P
networks. In general, a file swarming application has a gaadbbility property
due to its collaborative mechanism, which can be intuiyive{plained as follows:
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a file is first partitioned into many disjoichunks Each peer can get these chunks
either from a server, or from other peers holding those chuhhkt it does not
already have. Each peer offers upload service to other paedsin return, each
peer tries to obtain a missing chunk so as to maximize itstald serve others
hence also the service it will receive. By coupling the sssgach peer can receive
to its contribution to others, file swarming applicationsc@ssfully make each peer
to play a role of a server and a client at the same time. Thexe&s the number
of peers increases, the service capacity of the whole syistaeases as well. File
swarming application is implemented in peer-to-peer fil@sig networks such as
eDonkey, KaZaA, and it is the core functionality of the pgyWBitTorrent (BT) [1]
protocol.

The work by the authors in [24] suggest that file swarmingesyst(e.g., BT net-
works) is efficient in the sense that as the demand for thenfdeeases, the service
capacity increases as well. However, it is not completeljeustood which aspects
of the system are critical to maintain the scalability pmyp€elhe authors in [21]
use a fluid model to represent the BT file swarming protocol @erive a coarse
approximation of the average file downloading time. Regeattoupon model [18]
is proposed to represent a generic file swarming system. Ut analyze the
system under the large population regime and show the filensiwg system sta-
bilizes around a finite equilibrium point and is indeed effiti The results provide
further support to the claim of [24], and that the systemqrent well under the
flash crowd scenario, even when the rarest first chunk seteptlicy is replaced
by some random coupon selection policies. However, streagraptions are made
in [18], in particular, the authors assume that peers hdirgtmupload capacity (or
relatively large as compare with the download capacity).

The aim of this paper is to provide a deeper understandirtgtéle swarming pro-
tocols and the efficiency of BitTorrent-like file sharing 8m. We propose a simple
density dependent jump Markov procéssnodel the dynamics of a file swarming
system, and we investigate the performance of the systeer wodstraints on up-
load capacity, download capacity, peer selection poligreduding random chunk
selection and coordinated matching). The contributioreunfwork are

e \We generalize some of the results in the coupon system [HB)aovide a tighter
bound for performance measures such as the average file @zgung time.

e We consider thdast-piece problenand analytically show the improvement in
performance when a file swarming system uses the forward eawection
(FEC) [22] coding technique for file sharing.

e We relax the unlimited upload capacity assumption in [18jalgze the file
swarming system under a more realistic setting and prosgimptotic bounds
on the average file downloading time.

e We propose a stochastic model for an incentive-based filensiwg system with
coordinated matching, wherein chunk exchange is only atbwhen both peers
are deemed to be useful to each other.



Extensive simulations are carried out to validate our modat to illustrate some
interesting design guidelines.

The balance of this paper is as follows. In Section 2, we ptessgeneric model for
a file swarming system. In Section 3, we present an analyticalel of an altruis-
tic file swarming system wherein each peer has unlimited amr sufficiently
large amount) of upload capacity and derive performancesareasuch as the av-
erage file downloading time. In Section 4, we present the mofdan altruistic
file swarming system with limited upload and download catyatm Section 5, an
analytical model of an incentive-based file swarming systepresented and we
derive various important performance measures. Extessgivelations and the re-
lated results are given in Section 6. Related work is giveBaation 7 and Section
8 concludes.

2 Model Description

Let us consider a peer-to-peer file swarming system thailuises a given fileF
to a number of peers. The file is divided infd equal size chunks, th&" chunk
is denoted ag;, andF = C; UCo U ---UCk, WithC; NC; = 0 fori # j. To
download the fileF, a peer needs to download &l chunks from other peers in
this P2P file swarming system. L&t, be the set of chunks that pedrpossesses.
PeerA maintains aitmapto denote which chunks they possess. Whenever peer
A finishes the downloading of a new chunk, it will update itsri@p. Peerd can
upload chuniC;, to others only after it has completely downloadgd New peers
arrive to this system according to a Poisson process witlvarage rate\. Using
the BitTorrent’s terminology, a peer that has at least ongsimg chunk ofF is
called aleecher while a peer that has all’ unique chunks ofF is called aseeder
Note that, unlike the BitTorrent system which has at leastsseder to start the file
distribution and serve the leechers, we assume that everly aerived peer will
initially obtain one chunk from a server before entering thystem . This initial
chunk is randomly chosen by the server with equal probghilitX’ for chunks
C:...Ck. When a peer finishes downloading &ll chunks, the peer will depart
immediately.

Similar to [18], we assume that this P2P file swarming is stbth the sense that
uploading (or downloading) a single chunk takes one slattifte file distribution
process in each time slot can be described as follow. At tiggnbeng of every
time slot, a peer, sayl, will selectim > 1 other peers in the system and fetches
their bitmaps. Note that, the parameteand the way it chooses thesepeers will
greatly affect the system performance, and we will furtimeestigate this in later
sections. Since the bitmap information can be greatly cesgad, the transfer time

L' This assumption is similar to the one made in [18]



of a bitmap is negligible compared to the transfer time ofanth Let peei3 be one
of thesem peers. Upon receiving its bitmap, pe¢ican determine whether peBr

is useful (i.e. peeB possesses at least one missing chunk of deer 7 \ F4 #

(). If no peer among these selected peers is useful to pekrthen peer will take
no action but remain idle in the current time slot; otherwjseerA will randomly
select one of the useful peers to request a useful chunk fenldad. Assume the
selected peer i8, then peerd will request one chunk which is uniformly chosen
from the set of chunks possessed by pgemd are missing in peef (i.e. a chunk
Cr C Fgp \ Fa). Note that this can be viewed ashnd chunk selection poligy
in contrast to thearest first policyin the BitTorrent protocol by which peed
will select the chunk among \ F4 with the fewest number of copies among its
neighbors [4]. As a result, peé may receivanultipledownloading requests. Base
on the upload capacity constraint and service rule, peetll choose one or more
requests to satisfy (we will elaborate this in later se)ofhe transfer time of this
chunk will take one time slot. At the end of a time slot, theqass repeats.

—_— >
request for useful chunk tranfer of chunk

(a) (b) (c)

Fig. 1. A simple illustration of a transfer dynamic within entime slot with
F=ClUCy---UCs

Figure 1 illustrates the P2P file sharing model with= 2. We have six peers:
A, B,C,D, E andF. The file has five chunks and the shaded boxes represent the
chunks that peers possess. For example, gdeasC;, C3 andC,. In Figure 1(a),
peer A (peerB) requests bitmaps from peétand D (peerD and F') and these
peers reply with their respective bitmaps. Peedetermines that peer' is not
useful while peeD is useful. PeeB, on the other hand, determines that both peer
D andF are useful. Both peers select one peer for a chunk transfidrigare 1(b)
shows that both peet and B chooseD for the chunk transfer. Pedp receives
two transfer requests, it randomly picks one peer to serthisnexample, and it
chooses peed. Figure 1(c) shows that peér transfer<C; which is requested by
A. At the end of a time slot, peet obtainsC; while peerB wastes one time slot.

The above model is in fact, quite general. For example, whenamnsiders the
case thatn = 1 (or each peer just randomly chooses one peer to fetch thajpjtm
and that there is no constraint on peers’ upload capaciy) this becomes the
model studied in the coupon replication system [18]. In thask, we generalize



their model and study the performance of the system when 1, which means
that each peer can first fetch multiple bitmaps from diffépers but can choose
at most one peer to request chunk transfer. Surprisingtyy asimple modification
can improve the performance of the system to achieve a néanad@verage file
downloading time. Furthermore, we also relax the assumpmfdarge or infinite
upload capacity in [18]. This is in fact a very important skeggause for the current
Internet, the bottleneck is usually not at the network careréther at the network
edge, and the upload capacity of an end host is indeed lirfetgd ADSL system,
cable system). Therefore, this capacity constraint malél fact a more realis-
tic representation for file swarming systems. In this ugliokvnlink constrained
system, we study two different uploading policies.

(1) Altruistic Uploading ServiceUnder this policy, a peer will provide upload
service to other peers regardless of whether these peesphavided upload
service or not to other peers. In other word, this is a pertettaborative
system and it is similar to the “optimistic unchoking” feggun the BitTorrent
protocol.

(2) Incentive Uploading ServicdJnder this policy, a peer follows a given in-
centive mechanism similar to the “tit-for-tat” feature dse the BitTorrent
protocol to decide on uploading.

Although our system model is a simple representation of sarabstic P2P file
swarming system (e.g., BitTorrent), it has already captunany essential features
such as theollaborativeupload and download, as well as incentive-based chunk
exchange in P2P file swarming systems. In later sections,ilvdexive the perfor-
mance of such system, and show why and how it can achieve gotatmmance.

3 Altruistic File Swarming System with Constraint in Download Capacity

In this section, we consider the file swarming system whecé @aer has a con-
straint in the download capacity and we plac® upper bound restrictioon the
upload capacity. So at every time slot, each peer will firsttactm > 1 other
peers randomly in the system to get their bitmaps. If more tree peer are useful,
it will randomly choose one to request a useful chunk. It isgtlnle that a peer
may get many downloading requests. Since we assume thatigheo restriction
on uploading bandwidth, all requests will be satisfied. Athae to the abundance
of uploading bandwidth, there is no need to enforce incentiechanism for data
transfer. Lastly, it is important to note that when = 1, this corresponds to the
model described in coupon replication system [18].



3.1 Model Formulation

First we assume that all types of chunks in the system areumiy distributed.
This assumption can be guaranteed by the random chunkisal@dlicy(as de-
scribed in Section 2). We classify peers into different §/pecording to the num-
ber of chunks it possesses. A peer holdinchunks is called a type peer, for
1=1,2,...,K — 1 (1 # K because a peer will immediately depart from the sys-
tem when it finishes downloading ali chunks). After receiving a new chunk, a
type: peer will become a typeé+1) peer. Letp; ; denote the probability that a type

J peerB is useful to a type peerA. When: < j, it is clear thatp, ; = 1, When

i > j,we havep, ; = 1 — Prob{Fp C F4}. Thus

J (1)
1- % 1 <j<i<K-1. (CY is the binomial coefficient)

Ok

1 1<i<ji<K-—1,
Pij=

Lety;(t) denote the number of typgeers in the system at timeThe total number
of peers in the system at timés y(t) = >/ " 4;(t). When a type peer randomly
picks another peer and requests its bitmap, the probatikiythis selected peer is

usefulisg;(t) = 75" pijy;(H)/y(t), i =1,2,... . K — L.

Given the system stab (t) = {y;(t) }icq1,....k -1}, itiS easy to verify thatY (t)).>o

is a Markov process taking its values#{ ~*(Z£ ! is a K — 1 dimensions vector
with non-negative integer entities). Denoting dythe unit vector ofZX~! whose
1-coordinate equal$, and with all other coordinates equal to zero, the non-zero
transition rates of this Markov process are, foriadl {1, ..., K — 1},

Y —Y +¢e with rate \,
Y—>Y—€i+€i+1 with rateyl (1_(1_ql)m)7 1€ {1,,K—2}
Y —Y —ex with rateygx 1 (1 — (]_ — qK_l)m).

We analyze the system under a large population asymptafices Note that this
is adensity dependent jump Markov procgk4]. It converges to the solution of the
differential equations

= (2)
~1.

dyi(t) { A=y ()1 = (1= (t)"] i=1,
gy () 1= (L= g ()"~ () 1= (A —a(8)™] i=2,. ., K

for some initial conditiory” (0).



3.2 Steady State Analysis

In this section, we derive the average file downloading timretiie above P2P
file swarming system. We also extend our analysis to a file rsivey system that
provides forward error correction (FEC) service.

3.2.1 Altruistic File Swarming Without FEC

In this section we focus on the steady state performancetaeduilibrium pomt
An equilibrium point is the poink” = (y1,Y2, ..., yx—1) Such thatifY (¢) = Y,
thenY (') = Y forall# > ¢. The necessary and sufficient condition¥6tto be an
equilibrium point |s% =0,for1 <i < K—1. Apply these conditions to Eq. (2),
we have the foIIowmg equations at the equilibrium pafith = y;(1 — (1 —¢,)™),
i=1,2,...,K—1,

Let T; be the average sojourn time for typeeers, that is, the average time for a
type i peer to receive a new chunk and become tipe 1). One can derive this
measure from the equilibrium poif = (y1,--.,Yyx—1) by using Little’s theorem
[13]: \T; = vy;. DefineT = Zf:‘llTj as the average file downloading time in
the P2P file swarming system, we hayéy = T;/7T. Finally, one can obtain the
following equations at the equilibrium poif:

1 K-1 T
and ¢ =) %pm—, fori=1,2,..,.K—-1, (3)

h=—
1—(1—g)m =

One can observe thdt of Eq. (3) does not depend on So even when the arrival
rate )\ is large and the number of peers in the system becomes vgg; the aver-
age sojourn timd; (and alsdl’) will not be affected in the steady state. This is an
important observation since this indicates that the filerevirag system has a good
scaling property: when one increases the arrival rate, ¢n@pnance will not de-
grade. Sincd; is the average sojourn time for typpeers, i.e. it takes on average,
T; unit of time slots to download the next chunk when a peer hotdhainks, let us
explore the relationships among thgs at the steady state.

Lemmal The sojourn time is an increasing sequence,li.e 77 < Ty < --- <
TK—l-

Proof: According to Eq. (3) we have; < 1. Therefore, one can conclude that
T, > 1fori=1,...,K — 1. According to Eq. (1), when > ¢, p, ; < py ; holds
forj =1,...,K —1andp,; < py; holds for somegj. Sogq; = ZJK ! :;p”

Z;K ) TpZ/ = ¢y. Thus, we havé; > T, wheni > 7. n



Lemma2 The upper and lower bounds ©f are

1 1
- i m+OK?) < T, < - Z, a—
1 - [(K—2+HK) (K—z’—i—l)} 1 - [(ﬁ) (K—i+1)}

whereK is the number of chunks iff and H, is the K** harmonic number.

Proof: The sequencét; = 7/T} is increasing and the sequengg = p; ;} in
non-decreasing. From Chebyshev’s sum inequality, we have

1 (52T 1 e
‘”>K—1<.Z T) (pr> - K—1(K_1_;C};>

7j=1

1 i ) -
=1- (K — 1) (K . 1) (“Concrete Mathematics” [10], p174.)

One can apply it to Eq. (3) and obtain the upper bound;das claimed. For the
lower bound ofT;, let us first derive an upper bounddf which is

=

! 1 - K11 _ KK —-1)(K—-i+1)
T 1= (1—g)" i—1 i = KK -i)-1
1

K_12 K2_1K1
= K)+ 7 > — =K -2+ Hg+O0O(K™).

i=1

0
]

A~ .

We can apply it to Eq. (3) to obtain an upper bound;ads

TN [ CY oY 1
i=1— _J> R
! Z%(T <0K> 2o <K—2+HK+0<K—1>>

=1 <K —21+ HK> (K—ii+ 1) +O(K™),

With this upper bound of;, one can substitute it to Eq. (3) to obtain the lower
bound ofT; as claimed. [ |

Remark: The importance of the above two lemmas is that one can use tihem
understand theldst-piecé problem in P2P file swarming systems. i.e. how long it
takes for a peer to receive the last few chunks of the file singets increasingly
more difficult to find other peers that can help.

To illustrate this issue, let us consider the upper and Idveeinds of7; for a file
with K = 50 chunks. The scenario is illustrated in Fig.2(a) and Fig).Z(here are
two important observations. First, one can observe thaipiper and lower bounds
are indeedvery tight which implies that we can usg to give a very accurate
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Fig. 2. lllustration on the last-piece problem: boundgpfor m = 1,2 andm > 1 with
FEC.K = 50 chunks

measure of the average file downloading timeecondly, one can observe that the
sojourn timeg/; are very close ta fori << K — 1, but when; approache# — 1,
Fig. 2(a) (and Fig. 2(b)) shows that both bounds appr@delpproach .4) quickly.
The increasing downloading time, especially for the last &unks, depicts the
last-piece problem. Intuitively, the reason for this peshlis that it becomes more
and more difficult for a peer to find other peers which are usefpecially when
the peer is very close to finish downloading the whole file. eosv, one can amend
this problem, at least to a certain degree, by simply chayidie parametet.. One
can observe that whem = 1 (as shown in Fig. 2(a)), it costs 2 time slots on
average to download the last chunk but when- 2 (as shown in Fig. 2(b)), it only
costs 1.4 time slots to obtain the last chunk. The reasoratsthenm = 2, peers
can ask for more peers for bitmaps and thereby increase t#meeho find useful
peers. Givemn, we can derive the bounds 6ffrom Lemma 2.

Theorem 1 Whenm = 1, the average downloading timé = K — 2 + Hg +
10 (logf(K).

Proof: In the proof of Lemma 2, we have obtain€d< K — 2 + Hyx + O(K™1).
For the lower bound of’, let us denoted = K — 2 + Hg, then

—1 K-1
T=S"T, > —— T O(K™)
i=1 i=1 1 — A (K—i+1)
A K+1%21 log K log® K
= [K-1+=—=Y = —K-2+H .
A+1< +A+1j:1j)+0< K THTO\ g

Combining the upper and lower bounds, Theorem 1 can be showiaianed. n

Remark: Note that whenn = 1, the system corresponds to thepéen and fldt
case of the coupon system [18], in which the authors give gemupoundl’ <
K+O(VK). However, the result in Theorem 1 stafles- K —2+ Hx+O (%)
We know thatf i is the K" harmonic numbetil i = log K +~v+O(K 1), where
v = 0.5772... is theEuler-Mascheroni constanThusT = K + log K + O(1).
Therefore, we obtain a tighter bound than [18].



Similarly, we can derive the lower and upper boundd'dirom Lemma 2 when
m > 2. Due to the lack of space, we only show the derivation of thgeafpound
in the following theorem.

Theorem 2 Whenm > 2, the average downloading tinffe < K + O (1"%’{).

Pr oof:

B _4 KT (K +1)? 2(K +1)
_K_1+3(K—1)2 pt (K—i+1)2_K—i+1+1]
<K—1+—(((2)—1)+O<10§{K><K+O<IO§<K>. "

Remark: Since it is necessary to require at le&st— 1 time slots to finish the
downloading of the whole file¢F, we can conclude by fetching multiple bitmaps
(settingm > 2), the average downloading time is near optimal. To see ¢ms,
can compare it with the result in Theorem 1, which states ithiatkes at least
K +log(K)+0(1) time slots to finish the downloading, and we removelti¢X)
term by getting more than one bitmap. Setting= 2 is sufficient for achieving the
near optimal performance. This result is encouraging asigtmful, it shows that
due to the diversity of chunks held and the altruistic uplogdor every peer, a
“simple-design” can achieve very good performance.

3.2.2 Altruistic File Swarming with FEC

We have seen that by fetching bitmaps from multiple peeessyistem performance
can reach near optimal levels. Here, we providealb@rnative approacho reach
the near optimal performance by using tbeward error correction(FEC) coding
technique [22]. Given a fileF, one can encode the original chunks toQQ =
(1 + o) K chunks with erasure codes before the distribution prodesspeer can
reconstruct the original filé= after it receivesany K distinct chunks of thes®
chunks. This technique makes it unnecessary to downloaddk® chunk and
will ease the last-piece problem, making the system moreigfti. To make this
claim formally, we have the following theorem:

Theorem 3 For m > 1, using FEC with redundancy rate af > 0, the average
downloading tim&ppc < K — 2+ (1 + a)log =2 + O(K™1).

10



Proof: Note that FEC makeg;; = 1 — C{/C}, whenl < j < i < K — 1 and
all other equations remain the same. Similarly to the prddfesnma 2, one can

derive thatl}; < [1—( 1 )( i )}_I.So

K-1) \Q—i+1

1

K-1 1 K—1% 1
Trec < 1_( )( ; ): I% Z(lJrK(QTl)_l)

=1 %1 Q—i+1 g Q+1
K—-1?2 (K-1 1) o
U U VRV S RS
K K j=Q—K+1J
1+« 1
=K -2+ (1+a«a)log +O(K™). |

«

Remark: Compared with Theorem 1, the harmonic tekfy is replaced with the
term (1 + ) log 2. Note that, wherv = 0.1 (i.e. 10% redundancy), this term
is less thar2.7. Thus given a particular redundancy rate7rzc is bounded by
K — 1 plus a small constant. So by using FEC codes, even if a pegrcontacts
one other peer for bitmap (i.e2 = 1), the average downloading tin¥é can still
approach the near optimal value.

Gkantsidis et al. [9] declare that traditional P2P contastritbution software as
BitTorrent usually suffers from last-piece problem andatilel be settled by the
network coding technique they propose. In our model we haege that there exists
last-piece problem as Fig. 2(a) and Fig. 2(b) shown. It taltesut2 time slots in
average to download the last piece. To illustrate how FEEctdfthe last-piece
problem, let us consider the upper boundijffor a file with X' = 50 chunks
again. By settingy = 0.1 (i.e. 10% redundancy), we show the upper bound of
T; in Fig. 2(c). This bound holds for ath > 1. From Fig. 2(c), one can observe
that the last-piece problem can be eased if we use FEC teahmhiggenerate a
few redundant chunks. This observation is helpful for theaaded P2P content
distribution system design in the future.

4 Altruistic File Swarming System with Download and Upload Constraints

In this section, we consider the file swarming system wheth paer has a limited
bandwidth on the download and upload capacity. Note thatitha more realis-
tic setting than the unlimited upload bandwidth assumptm8ection 3 and the
coupon replication system [18]. This is a very importantypsince the current In-
ternet, the bottleneck is not at the network core but rathéreaedge, and usually
the upload capacity of a host is indeed limited (e.g., ADSlcalble system). To
simplify our analysis, we only consider the cage= 1 (i.e. in each time slot, peer
A will first contactoneother peer randomly in the system to obtain its bitmap). If

11



this peer can help peet, peerA will request a useful chunk. It is possible that a
peer may get multiple requests for chunk. Due to the uplogdaity constraint,
this peer will only randomly pick one peer to upload. If peeis chosen, then peer
A can download one useful chunk within the current time sldhe@wise, peed
will remain idle for the current time slot.

4.1 Mode Formulation

As in Section 3, lep; ; denote the probability that a tygepeer is useful to the type
i peer,y;(t) denote the number of typepeers in the system at time The total
number of peers in the system at timis 3 (¢) = S5 4;(t). When a typej peer
is requested by another peer for its bitmap, the probalihiy this request comes
from a typei peer isy;(t)/y(t). Thus, the probability that the tygepeer is useful

to a peer who contacts it j$ () = S 57" pijui(t) /y(t).

Assume that peef contacts peeB andB is of type;j. PeerA finds thatB is useful
and sends3 a request for a chunk. Let us consider the probability thatill be
chosen byB for service. To derive this probability, we consider how mather
peers contacte® for its bitmap. Since there age—2 peers (ignoringd andB) in

the system selecting others to contact @i contacted by a particular peer with
probability1/(y — 1) (each peer does not contact itself). Thus the number of peers
that contacted, denoted by the random varialdke is the number of successes in a
sequence of — 2 independent Bernoulli trials, d¢ ~ Bernoulli(y — 2, ﬁ). Since
y—2islarge andy —2)/(y—1) ~ 1, R can be approximated as a Poisson random
variable with meari, thus R has a probability mass function ¢f (k) = e~ /k!,
fork € {0,1,...}.

AssumeR = r (i.e. peerB was contacted by peers for its bitmap). The probability
that peerB is useful to a peer iR is 3;(t). ThusB receivesk requests for chunk
with probability C}8¥(¢)(1 — ;(t))"~* for k < r. WhenA contactsB, finds B is
useful and also sends a request for chunk, the probability thatis chosen by
for service is

. L1 i-a-gm
@)= GO0~ BN ™ g = g m

The system can be modeled as a Markov pro¥&8s = {v(t) }icq1,...x 13- Again,
it is easy to verify thatY (¢)).>o is @ Markov process taking its values #* .
The non-zero transition rates of this Markov process, foi al{1,..., K — 1} is

Y —Y +¢ with rate \,

12



K
Y —Y —e¢; + e, With ratey; Z[yjpwz ajrl,ze{l K -2}

K-1 et
Y —Y —ex with rateyx_1 » [—pK 1JZ 1
y H

7=1

For a large population asymptotic regime, this density ddpat jump Markov
process converges to the solution of the system of diffexkesfuations

with some initial conditiory (0).
4.2 Steady State Analysis

We focus on the steady state performance and we are intgiests equilibrium
point In other words, the operating point wherels /dt = 0for 1 <i < K — 1.
DefineT; as the sojourn time for typepeer. It follows from Little’s theorem that
AT; = y;. Let the average file downloading time he= Zf:‘ll T;, one can obtain
the following equations at the equilibrium point:

1 Kb Xett ,
T = (T]pi,j Z Wajﬂn), 1=1,2,...,. K —1 (4)
? 7j=1 r=0
where
1_(1—ﬁ)T+1 KlT .
iy = and ;= —pii, J=12 .., K—1.
J (7“—|-1)ﬁj J ; T J

In Section 3, we have shown that a file swarming system thabhlsdownload
capacity constraint is very efficient. With both download aipload capacity con-
straints, the performance of the system will not be as goothi$ section, we seek
to derive the bounds df; (and therebyl") to gain insight on how the upload ca-
pacity constraint can affect the system performance. Létsistate the upper and
lower bounds of the sojourn timg.
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Theorem 4 The sojourn time§;; satisfies

e -

1 K—i+1

Proof: Becauses; < 1, > 0, we haver;,, > 1/(r + 1). From Eq. (4), we use the
same technique in proofing the lower bound;ofh Lemma 2:

K-1 T. o -1 1 K- T
>y _J_. ¢ (1— et Z—
= rlr+1 = !

1

>E1 H (K1_1>(K—iz+1)]'

Therefore, the upper bound ©f is obtained. For the lower bound @}, we have
aj, <[1+r(1—p;)]/(r+1)becaused; < 1 andr > 0. Thus

i

1 2T & et 14+ r(1 - 8)) KlT. e~ Kl
< 2y | =1-e ) Zpi<1-
- lTr:O r! r+1 ¢ ;Tﬁj K—ljz:;ﬂj

One can obtain an upper bound on the summation term as

K-1 K-l ; K4 Ko T
Flﬁj‘Z:ﬁ(K‘l‘m)—K— T X Koit
K415 1
> K — 4
K=lim (- - 1= (&) ()

Hy log K
=K — .
1—6_1+O< K )

Finally, the lower bound of; can be obtained as

1 em! Kl log K
— <1 <1—e! : N
T < K_ljz::lﬁj< e +O< % )

Figure 3 illustrates the upper and lower bound%dbr a file with X' = 50 chunks
andm = 1. Notice that the lower bound d&f; is rather loose since it is not related
to the indexi. Nevertheless, the spread of the bounds is tight for mostegabfT;.
Another observation is that for small valuesipf; is not close td any more as in
the case of Section 3, but rather, closé t6l —e~!). This performance degradation
is contributed by the constraint on the upload capacitytteiowords, if one limits
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Fig. 3. Numerical results illustrated for the boundsipfor m = 1 when K = 50

the number of chunks that a peer can upload each time sl@tkestlonger, on
average, to obtain the file. Lastly, with the upper and lowarrus of7;, one can
derive the average downloading tirfie

Theorem 5 The average downloading tinffesatisfies

+O0(logK) <T < : (K -2+ Hg)+O(K™)

1—e! — el

Proof: Given the upper bound df;, one can use the approach similar to Lemma 2
to derive thal’ = K ' T < (K — 2+ Hg) /(1 — e~ 1)+ O(K~1). With the lower
bound ofT;, we have

—! 1 log K K
T—;Ti>(K—1)l1 _l—i-O( I )]—1_6_1+O(logK). |

Compared with Theorem 1, the average downloading time has ealed up by
a factor of1 /(1 — e7!) when K is large. It is interesting to explore whether using
FEC can improve the performance of the system. We have tlusvioly result.

Lemma3 When one uses FEC in this system, the bounds; @fs specified in
Theorem 4 and the average downloading ties specified in Theorem 5 will
remain the same.

Proof: Similar to Section 3.2.2, FEC will increase the valugofand other equa-
tions remain the same. Thus the upper bound;af Theorem 4 still hold. Notice
that we just replaceg; ; by 1 in the proof of the lower bound df; in Theorem 4.
And p; ; < 1 still holds even with FEC, thus the lower boundBfin Theorem 4
still holds too. We know that Theorem 5 is derived from 4 die¢hus the bounds
in Theorem 5 also remain the same. |

Lemma 3 implies that FEC could not improve the performancg nich. It can be
explained as follows. The random peer selection policy naage request collision
since a peer may receive multiple chunk requests but carsem one peer. Other
peers requesting chunk from the same peer will waste timeg $lot.
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5 Incentive File Swarming via Coordinated Matching

From Theorem 5, one can observe that when there are bothdigévenload capac-

ity constraints on cooperative peers and peers use a randenselection policy,

the average downloadlng time= ; ,1 + O(log K'), where the coefficient of the
term K is .—= ~ 1.58. The system performance degrades as compared with the
file swarmlng system without upload capacity constraintnehbe coefficient of
term K is 1. The performance degradation can be explained as folldvesran-
dom peer selection may cause request collision since a p@greneive multiple
chunk requests but can only serve one request. Therefaree peers may waste
the download opportunity and remain idle for a time slot. fhercase of unlimited
upload capacity, all requests can be satisfied, hence, tf@mpance is better.

One may ask, in the system with both download and upload dgpamstraints,

can the system still achieve good performance by using mectgon algorithms
other than the random policy? In the following, we show thatunning a maximal

matching algorithm (usually regard as an “easy problemhwiticient polynomial

algorithm) at the beginning of every time slot, one can digantly improve the

system performance. Also, we show that with built-in ineemtmechanisms, this
approach can also provide very good performance.

5.1 Without Incentive Mechanism

We assume at the beginning of each time slot, every peerumlsome distributed
maximal matching algorithrf11], or gets the help from some central server, so that
peerA will find peer B as its neighbor while peds will also find A as its neighbor.

If the matching process iadependenof the chunks held by each peer, then given
peer A, the probability that peeB is of typei is y;/y wherey; is the number of
type i peers and, is the total number of peers in the system. At the current time
slot, peerA can only communicate with ped¢ and vice versa and the matched
peers can upload and download at most one chunk per time slot.

Let us first study the system without incentive mechanismelbeerA and peer
B are matched, peet will help peerB if and only if peerA is useful to pee
(i.e.Fa \ Fp # 0); similarly peerB will help peerA if and only if 75 \ F4 # 0.
Since the selection of neighbor is independent of peerg,ye get the differential
equations for the number of typeeers as

dyz-(t): A= yleKlly;)pl] i=1 ©
dt ()ZKlyJ(t - yi(t) YK 1yt p”z_Q K1

let J=1 y(t)
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One can find that, Eq. (5) is equivalent to the differentialans given in Eq.
(2) where peers have unlimited upload capacity ané- 1. Thus, the asymptotic
bounds given in Theorem 1 still holds for this model, whiclplesT = K +
log(K) + O(1)

Remark: Both the download and upload capacity are one chunk per tmhessich
peer has the same constraints as that in Section 4. Howewdrave better perfor-
mance when matching is used instead of the random peerisalethe random
peer selection may cause request collision (i.e. a peer awe multiple chunk
requests but it can only serve one request due to its uplqaatitg), so the down-
load capacities of the unserved peers are wasted. But i§ @germatched at the
beginning of each time slot, then the performance is gréatbyoved, approaching
the performance of the random peer selection withmitedupload capacity.

5.2 With Incentive Mechanism

Let us study the system with coordinated matching but withnaentive mech-
anism. Namely, given a pair of neighboring peers: péeand peerB, both of
them will perform chunk transfeiff both of them are useful to each other (i.e.,
Fa\Fp # 0 andFp \ Fa # 0). In this case, peed and B will obtain one
new chunk from each other in the current time slot. We userttadel to capture
the “tit-for-tat” incentive mechanism in the BT protocol. With this mechamishe
probability that a type peer can exchange chunk with a typpeer is

i (6)
1— = 1<i<j<K-1l.

, {155 1<j<i<K-1,

Let us first state some important propertieg);%f.

Lemma4 p; ; has the following properties: (1), ; = p/;;; (2) p ; = px_; x_; and
(3) p; ; is an increasing function of when; < i, andp; ; is a decreasing function
of j whenj > i.

Proof: The proof of property (1) is trivial. To prove property (2¢ consider the
following three cases:

o Casel: 1< j<i:wehavey, =1- Cf/C}'{K: 1 —KC,?(:;/C}{. ng i implies
K —i< K —j,thereforepy ;, ;,=1—-Cg7;/Cg™" =1~ Cg_;/Ck. So
we getp; ; = pl_j x_;

e Case2ii<j< K —1:Wehavep, , =p}, =pg_ix_; = Pk_jx—i

To prove property (3), let us consider the following cases:
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e Caseli 1 <j<j<i<K-1

C: cv cE CEZL
—[1-—=]=(1- J 1— —J
Pia =Py = < c“) ( c;() < CK> ( cr )"

e Case2: i <j'<j<K-1:SinceK —j < K —j < K —i,we have

/ / o / /
Pij — Pij =Pr—ik—j — Pr—ir—j <0. n

To simplify our notation, let us denote; ; = p; ; +p; x_; (1,5 =1,..., K = 1). It
is easy to show thab, ; = w; x_; = wk_;; = W,

Lemmas For a giveni, w; ; is an increasing (or decreasing) function gffor
j < K/2 (for j > K/2).

Proof: Consideri < K /2 first, in this case,

(1) 5 <i,we have
Wi,j — Wi, j—1 :p;,j +p;,K—j - (p;gj—l +p;,K—j+1)
= (p;,j _p;,j—l) + (p;,K—j - p;,K—j-i—l) > 0.
(2) i < j < K/2,we have
Ct Ci. . O Ci.
wij—wijg = (1— =L +1——E2) (1 - TET
’ ’ Ck Ci Ci Ci.
[0 - cinl] >0

CZ

Combine case (1) and (2), we know whett K /2, w; ; is increasing ifj < K/2.
Sincew; ; = w; k—;, w;; is decreasing iff > K/2. Becausev;; = wg_;;, the
above results hold far> K/2. |

Lemma6 T, = Tx_,.

Proof: We take a reverse view in the steady state so that (1) we régaceparture
as arrival; (2) if peer As storage 84, we just imagine there is no peer A but its
complementary peet with storageF; = F \ F4. So originallyT; is the average
time for peer A to stay in typg(i.e. with i chunks), but now the average time for
peerA to stay in typg K —i): T/ = Ty;. From Lemma 4 we know, ; = pj_; x_..
So the “reversed system” is identical to the original systemch implies?; = T;.
Thus we getl; = Ty _;. [ |
Similar to the steady state analysis in previous sectionhawe the equations for
T

18



ﬂlﬂ

pz,jv i:1727"'7K_17 (7)

=3 |

whereT’ = 3" T;.
Lemma7 Fori < K/2,T; is adecreasing sequencg>T,>T5>...>T| k.

Proof: Let1 < i’ <i < |K/2]. Base on Lemma 6, we have

K— K-1 K-1
N, T 1R T
T—Z T Z _2 — T<p2]+p2K ]) 2; Twly.]'
Similarly, - o = st L Zwy ;. From Lemma 5 and); ; = w;;, we have

ThusT; < Ty, and the upper bound @f; is

2 2 2
T = = = 2. |

K-11T; K-1T
Ylim1 TW ZJ L Wi Wi

Theorem 6 Using the incentive mechanism stated above, the boundseavth-
age downloading timé&’ are

log K

K—4+2HK+O<

log K
)ngK—2+4HK+O<Og )

K

Proof: Base on Lemma 5, Lemma 6 and Lemma 7, we have

) E -8

Jj=i+1

_q 1 1 _I_K—z 1
0 K—-1|K—i+1 i+1 C&|’

Therefore, we obtain the lower boundBfas
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K-1 -1 1 K-1 1

i K—i _ 1 i K—i

1 i _ﬁ[K—iH"' i+1 01 i=1 1_——1[K——i+1+i+—1_1]
Kl — K2—1 <1+ 1 >
= K+2 K2+2K 7 K —1

1
=K—4+2H;+0 ( OgK) .
According to Eq. (7) and Lemma 7, we have

K

=1 K j=itl
T e K-1 (i 2 K —
S - S i & < ! )
T j—ch ]—i-i-lCK K—-1\K—-17+1 7+1

Thus fori = 3... K — 3 (assumingk > 5), we have

T 1 B (K —1)(K —i+1)(i+1)

- (e ) K% - K? - K2+ 3Ki— 32— 2K — 1
(K—1)(K—i+1)(i+1)_K—1+2(K—1)( 1 N 1)
K2 —K?2—Ki24+ K K K—2 \K—i—1 i—1

Thus the upper bound @f is

Rl KB3ITK—-1 2(K-1) 1 1
T=YS T, <4T : :
2ot s 1+§[ K K2 <K—z—1+z—1>]
(K —1)(K —5) 4(K —1) )
<8+ e + (Hk—a— 1)+ O(K™)
1
:K+4HK—2+O<O§<K>. "

Remark: Given the upper and lower bounds in Theorem 6, one can comthad

when incentive mechanism is employed to enhance fairneegpdrformance of
the file swarming system still achieves better than the nangeer selection pol-
icy in Section 5 wherein no fairness is guaranteed and foegican benefit from
peers’ altruistic service. Therefore, it is important f@system to help peers avoid
waste of download capacity (request collision). Under #sestiance of peer match-
ing mechanism (such as coordinated matching presentexd)fétie uploading and

download capacity is tightly constrained, the system céimpsbvide good perfor-
mance with a fairness guarantee.
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6 Simulation

In this section, we carry out simulations to (1) validate aoalytical results and
(2) obtain other performance measures such as probabditylaition of file down-
loading time. Unless we state otherwise, the arrival precdégpeers is a Poisson
process with\ = 2.0. Since the system is slotted, peers arrive at timetsioli ob-
tain the initial chunk and will start participating in thegfiswarming process in the
beginning of time slot + 1. The file that will be shared by all peers hgs= 200
chunks. We also have results f&r = 500, but due to the lack of space we mainly
discuss the cask = 200.

Experiment 1: The goal of this experiment is to validate the analyticatiltssin
Section 3 and to illustrate therobability density functioof the file download time.
For this experiment, we set = 1 or equivalently, this corresponds to the coupon
model [18].
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Fig. 4.T; andT for m = 1, constraint on download capacity only

Fig. 4(a) presents the average sojourn timdor a file with K = 200 chunks.
We compare the simulation results and the analytical resulEhis indicates that
our analytical result is very accurate. Fig. 4(b) illuséssif; under similar setting
but we enable the FEC with 10% redundancy (ice+~ 0.1). One can conclude
that the analytical model is again very accurate and thagusEC can resolve the
last-piece problem. Fig. 4(c)-(d) illustrate the probipitiensity function for the
average file downloading timg, with and without using FEC, foKk = 200 and

2 For the analytical results, since the spread of the boundrystight, we simply plot the
upper bound off;
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500 respectively. Wherll = 200 (K = 500) without using FEC, the analytical
average file downloading time B = 203.88 (7" = 504.79), and the simulation
average file downloading time I8 = 204.11 (7" = 504.99). When K = 200

(K = 500) and FEC is enabled, the analytical average file downloatimg is

T = 200.64 (T = 500.64) while simulation average file downloading timelis=
200.72 (T = 500.64). We can observe that by using FEC, not only one can reduce
the averagé’ but also the variance df.

Experiment 2: This experiment s to validate the results in Section 3 wihen 1.
According to our analysis, there is not much difference leetwn = 2 andm > 2
since the average downloading tifhewill be bounded byK'. For this experiment,
we setm = 2. Fig.5(a) presents the average sojourn tifhevithout FEC. The
simulation results are similar to the analytical resultaiagComparing Fig. 5(a)
and Fig. 4(a), one can find that last-piece problem is not seredorm = 2.

T; raises only for the last five chunks. If we deploy FEC = 0.1) together with
m = 2, the last-piece problem can be resolved and this is illtedran Fig. 5(b).
Notice that we only give out a loose upper bound/bfn Fig. 5(b), which is also
the upper bound of the system without FEC in Fig. 5(a). Now wanmane the
probability density function of " in Fig. 5(c). Without FEC, 50% peers finished in
K — 1 time slots and 80% peers finished in less than or equél tione slots. After
we enable the FEC with = 0.1, 96% peers finished ik — 1 time slots and all
finished in less than or equal @ time slots. One can conclude that the average
downloading timé" is close to the optimal value @H9 (or K—1), and the variance
of T is also reduced. WheR = 200 (K = 500) and without FEC, our analysis
gives an upper bound of the average downloading fime 200 (7" < 500), and
the simulation isl” = 199.83 (1" = 499.78). After using FEC witha = 0.1, the
analytical upper bound df’ still holds, while the simulation give$' = 199.04
(T = 499.01).

Experiment 3: This experiment is to validate the altruistic system witlwdtoad
and upload capacity constraints in Section 4. We considef 1 in our analysis
thus we setn = 1 in this simulation. Fig.6(a) presents the average sojoung t
T; without FEC. The simulation results and the analytical itssnatch very well,
i.e. our theoretical upper bound is very tight. Comparing. lei(a) and Fig. 6(b),
we observe that FEC eases the last-piece problem, but mést@hain the same
and they cannot approach teven with FEC. The reason is that the performance
degradation is due to the request collision but not thepaste problem. Also note
that when we have upload and download capacity constrdivdsyariance orl’
is significant larger than the previous experiments. Thislmaconfirmed by Fig.
6(c), the downloading timé& varies in a wide range, frora75 to 375, and using
FEC does not reduce the variance very much. WhRer= 200 (K = 500) and
without FEC, our analytical bound of the average downlogdime is7" < 322.53
(T < 798.56), while the simulation give§” = 319.99 (T' = 793.67). With FEC,
the upper bound still holds, and the simulation result is 316.06 (7' = 791.01),
these show that using FEC in this type of system cannot ingifoxvery much.
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Experiment 4: This experiment is to validate the coordinated matchingesys
with incentive mechanism as described in Section 5. Fijfi@sents the average
sojourn timeT; without FEC. One can observe that the gap between the simula-
tion results and our analytical upper bound is small. Alste can observe both
the last-piece problenandfirst-piece problem in our analytical bound and sim-

3 This problem is reported as first block problem in [15] by mezament study as the slow
startup due to choking.
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ulation result. Thdirst-piece problentan be explained as follows. When a peer
has very few chunks, it can hardly help other peers. Due tontentive mecha-
nism, it is difficult for this peer to obtain service from oteeWe can observe that
FEC does well in easing the last-piece problem, but is notcsml gt easing the
first-piece problemas Fig. 7(b) has indicated. From Fig. 7(c) and 7(d), one &an o
serve that the average and variance of file downloading tanebe reduced when
FEC is deployed. Another important observation is that WHEQ is deployed, the
performance measures @f (both for the average and variance) are significantly
improved as compared with the results in Experiment 3 whdveth systems are
under the upload and download capacity constraints. Whea 200 (KX = 500)
and without FEC, our analysis gives an upper bound of theageedownloading
timeT < 221.50 (T' < 525.17), and the simulation i§" = 211.78 (T" = 513.10).
After using he FEC withe = 0.1, the analytical upper bound &f still holds,
and the simulation give® = 203.90 (T' = 503.77). This validates our analytical
models.
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7 Related Work

There are numerous empirical studies on the BT protocoin&tance, [2,5,12,15,
20]. I1zal et al. [12] present the traffic information on peeetavior collected during
a five-month period. Pouwelse et al. [20] study the avaiiigbithe integrity, the

flash crowd effect and the download performance from a trdgehwas collected
for eight months. Erman et al. [5] study the session intesa@rtimes, sizes and
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durations and propose to use the hyper-exponential disitritbto model the session
interarrivals, and use the log-normal distribution to fésien durations and sizes.
Legout et al. [15] evaluate the two core components of Bifit: choking and the
rarest first algorithm and claim that they are enough to quaesthe efficiency and
viability. Bindal et al. [2] report great variability of dawoading time and claim that
instead of network bandwidtlglose neighbor set{i.e. those peers in a stable data-
exchange relationship) is the major contributing factotiie variability. However,
a major limitation of these empirical studies is that theadatllected is usually
from a local view (i.e. the tracker log or a modified client)dahe behavior is very
time-dependent. Therefore, it is not an easy task to uratetshe efficiency of the
BT protocol simply based on empirical studies.

There are also several analytical studies of BT protocahg¥et al. [24] study the
service capacity of BT protocols. Their result indicates $krvice capacity of BT
protocols increases exponentially at the beginning anksaeeell with the num-
ber of peers, thus providing fast downloading independédemand rate. Qiu et
al. [21] extend the coarse-grain Markovian model in [24] bymyiding an analytical
solution to a fluid model in steady state which shows highadzibly and stability
of BT protocols. Our work differs from [21, 24] in that we piide a detailed prob-
abilistic model to capture the peers’ diversity (in termsdofvnloading progress)
and show the change of downloading speed during the whosgosed\Ve also an-
alyze the peer selection and chunk selection which are nwidered in [21, 24].
Fan et al. [7] also generalize Qiu’s model by dividing peats three types accord-
ing to number of chunks they hold. Our work extends the nunolbgéypes from
3 to K — 1 so as to capture the system more accurately. Under the agsamp
that “uplink is the only constraint”, Mundinger et al. [19lgpose a determinis-
tic scheduling algorithm to achieve the optimal makespaickvhequires global
knowledge. Sanghavi et al. [23] also propose a gossip-dkeomized algorithm
requiring only local knowledge. Both studies in [19] and ][2Be orthogonal to
ours as they only consider the “closed system” where no new\w#l arrive dur-
ing the file dissemination while we consider an “open systarhich new peers
are joining in according to Poisson process. The work thelbisely related to our
study is [18]. In that paper, the authors provide a detailetbgbilistic model to
investigate the stability and effectiveness of a peerdergdile swarming system.
Their results state that even by the “random chunk selétpoficy, the system
throughout is still asymptotically optimal. Our paper irapes and extends the re-
sult in [18] by providing tighter asymptotic bounds and rata its assumption of
unlimited upload capacity. Moreover, we study the peercsigle by both random
selection and coordinated matching policies. Gaeta eéjghl$o use a probabilistic
model to study the large-scale P2P network but they are fiogas searching strat-
egy. There are some other analytical studies in fairnesg dfésides performance
modeling. In [3,16, 17], the authors present a mathemaditallysis on service dif-
ferentiation in resource allocation for P2P networks. Ihy {be authors present a
mathematical framework to study the tradeoff between perémce and fairness in
BT-like systems. In [25], authors present the first anafjtrnodel of BT-like sys-
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tems and quantify the tradeoff between scalability and Qgfpart for multimedia
streaming applications.

8 Conclusion

In this paper, we propose a probabilistic model which gdiz@sthe model in [18]
to capture the basic properties of a file swarming system.eUtile same as-
sumption as [18](i.e. unlimited upload capacity), we firaprove its asymptotic
bound of the average downloading time. Then we provide tfferéint approaches,
namely fetching multiple bitmaps and using FEC code, to bedpsystem achieve
nearly optimal performance. Besides showing that FEC cadeatso remedy the
last-piece problem, we also remove the assumption of “utdorupload capacity”
and analyze the performance under the random peer selaedgiorithm. Since the
performance deteriorates due to request collision, weqe®@a matching scheme
to improve the performance. We show that under the cooreliivaiatching, if peers
are altruistic the system performance can achieve as gabd agstem with unlim-
ited upload capacity. Even when the system deploys cenmtaegntive mechanism
(tit-for-tat), the average downloading time is still goddhe result suggests that the
performance of a peer-to-peer file swarming system doesepsrd critically on
altruistic peers, but rather due to the diversity of peereest data so the system can
achieve good performance.
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