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Abstract

In this paper we presenthe mathematicahnalysisof two importantperformanceneasuregor a
BitTorrent(BT) like P2P le sharingsystemnamely averagele downloadingtimeand le availability.
Forthe le downloadingtime, we developamodelusingthe*stotasticdifferentialequatiori approach,
not only it captureghe systemmore accutately than someprevious approach18], but alsoallows us
to capturevariousnetwork settingsandpeershehaior. We studythe steady-statdehaior andobtain
the closed-formsolutionsfor performancaneasuresuchasthe averagenumberof peers the average
systemthroughputaveragele downloadingtime. Theseanalyticalresultsallow usto carry sensitivity
analysison variousperformanceneasuregor varioussystemparametersWe thenextendthis model
to considemulticlasspeerswhereinsomepeersarebehind re walls which may impedethe uploading
service.We alsopresenthe mathematicaimodelto studythe le availability of a BT-like system.The
modelhelpsusgaintheunderstandingf why the“rarest- rst’ chunkselectiorpolicy is usedin today's
BT protocol. We shov undersomesituationsthis policy may not be goodin practiceand proposea
novel chunkselectioralgorithmto enhanceheoverallsystemle availability. Extensve simulationsare

carriedto validateour analysis.

Keywords: Peefto-peey BitTorrent,Modeling, Performancevaluation,File availability

1 Intr oduction

For the pastfew years peerto-peer(P2P) le sharingsystemsaregeneratingremendousimountof traf c
ontodays Internet. This form of communicatiorparadigmis reshapinghe way nev network applications
arebeingdesigned.For example,onecan nd P2Psoftwaresfor multimedia le sharing(i.e., video and
audio les), livevideostreamingapplicationd22], aswell asdistribution of softwarepatcheg11].

Comparedwith the traditionalclient/serer paradigm,the P2Papproachhasa much betterscalability
property Speci cally, whenonescalesupthenumberof userstheperformanceuchasthe le dowvnloading
time for the client/serer architecturecandegradesubstantiallywhile the P2Parchitecturdhasanattractve
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propertythatmoreuserscanactuallyimprove the le downloadingperformanceThis propertyis especially
truefor theBitTorrent(BT) protocol[1]. Anotherinterestingieatureof the BitTorrentprotocolis the built-
in incentive to shareinformation,which encourageiserso cooperateso les canbedowvnloadedquickly.

Themaincontritutionsof our work are:

We develop a uid modelfor BT-like P2P systemsbasedon the “stodastic differential equatiori

(SDE)techniqud6], ratherthanthe simpledifferentialequatiorapproachThe SDE approachallows
usto obtainclosed-formsolutionfor the transientandthe steadystateperformanceneasuresuchas
numberof downloadershumbersof seedersthe average le downloadingtime. We shav thatour
resultsarenot only moreaccuratehanthe previouswork [18], but it allows usto performimportant
sensitvity analysisof theperformanceneasuresnvarioussystenparametersuchas le popularity
effect of seedersgonnectiorprobability...,etc.

We extendthe abore modelto allow classdifferentiation.In particular we considera classof peers
which arebehind re walls, which is commonthesedays,andthesepeersmayimpedethe uploading
procesf theoverall system.

We presenthemathematicamodelfor predictingthe le availability in BT system.Themodelallows
usto gainthe understandingsto why the rarest- rst policy is usedasthe built-in chunkselection
algorithmin BT. We alsopresenthe rationalewhy this policy may not be optimalandwe proposea
moreef cient chunkselectioralgorithmto enhancehe le availability.

Bothanalyticaimodelsarevalidatedoy adiscreteaventsimulationwhichis detailedenoughto capture

mary of BT's feature$. Theseanalyticalresultsprovide us the importantinsightsfor designinga
BT-like protocol. Also, ascomparedvith the simple uid modelin [18], notonly our modelis more
accuratebut ourmodelfocusesnoreon characterizingletailsof heterogeneoyseerswith reasonable
network topologyandnetwork parametersandat the sametime, maintainsghe modelsimplicity and
mathematicalractability

Thebalanceof our paperis asfollows. In Section2, we provide a basicintroductionto BitTorrentanda
brief review of relatedwork. In Section3, we presenthe mathematicamodelto describehedynamicsof a
BT-like P2Psystemaswell asits performanceaneasuresln Section4, we extendthis mathematicaimodel
to accommodatbeterogeneouseers).e., someof the peersarebehind re walls. File availability modelis
presentedn Section5. Section6 concludes.

2 Background and Previous Work

BitTorrentis a peerto-peerapplicationdesignedo facilitate le sharingamongmultiple peersacrossun-
reliablenetworks[1]. In BT-like systems,les aresplit into equal-sizedsegmentswhich arecalledchunks

1Someof the previousresearchresultsdid not performmodelvalidation.



(the typical size of a chunkis 32 to 256 KB) so that peerscandownload differentchunksfrom multiple
peersconcurrently To downloada le, onepeershould rst getatorrent le which containsthe necessary
informationsuchasthe chunknumbey chunksize,checksumandthe le tracker. A trackeris anodein a
BT systemwhich keepstrack of all peersthatareinterestedn downloadingandsharinga particular le.
Usually the URL of atracler is containedn the correspondingorrent le. A newly joined peercancon-
tactthetracler andthetracker will returna subsebf peerswho arecurrentlyin the BT system,andthese
peersbecomehe neighborsof this newly joinedpeer Undera BT-like system peersthataredowvnloading
andsharingchunkswith otherpeersarecalled“leeders’. After collectingall chunksof theintendedle,
peersmay chooseto stayin a BT systemanduploadchunksto otherpeers.Peerghathave all chunksare
called“seedes’. Initially, a BT systemhasat leastoneseederwhich is the rst peerthatwantsto share
theintendedle with others.Underthe BitTorrentprotocol,thereis no speci cationasto how long a peer
shouldstayasa seederln fact,a peercanchooseo abortin the middle of thedownload,or chooseo leave
the systemimmediatelyafterit getsall the necessarghunks.

Therearetwo importantfeaturesn the BT protocol,namely the“rarest- st’ chunkselectiorpolicy and
the “tit-for-tat” peerincentve policy [8]. Usingthe rarest- rst policy, aleecherwill downloadoneof its
missingchunksandthat chunkis the rarestchunkfoundin all its connectecpeers. The objective of this
mechanisms to enhanceahe overall le availability (we will justify the useof the rarestchunkpolicy in
Section5). Thetit-for-tat policy is a mechanisnwhich aimsto preventfree-riding[15] sothatpeerswho
refuseto uploadchunksto otherpeeramaynotreceve ary downloadservice.

Let usbrie y summarizeherelatedwork onthistopic. Recently therearea numberof analyticaland
measurement-basatlidiesof BT-like systems.In [13], authorspresenthe measurementesultscollected
duringa ve-monthperiodthatinvolvesthousand®f peersandevaluatethe performancef thealgorithms
andmechanismsisedby BT. In [17], authorspresentan eight-monthtrace-basedtudyandmeasurement
resultsof the popularityandtheavailability of BT systemsin [20], authorsanalyzethe measuremenesult
collectedby amodi ed clientin aBT network andproposea P2P-basedtreamingprotocol.n [3], authors
studythe ability of the BT protocolto disseminaterery large les amongpeersandpresenimeasurement
resultsover a durationof four months. In [4], authorsconductvarioussimulation-base@xperimentsto
investigatethe effect of network parameterandsystensettingson theperformancesf le downloading.

For themathematicafinalysisaspectauthorsan [9,21] proposea coarse-graiMarkovian modelto rep-
resenaP2P le sharingsystem However, this Markovian modelcannotcapturemary importantproperties
of aBT-like system Furthermoretheses no closedform solutionfor the steadystateperformanceneasure
andonecanonly usenumericalmethodto calculatehesemeasuresTo overcomethe computatiorproblem
in [9,21], authorsin [18] proposea uid modelanda setof differentialequationgo describethe dynamics
of BT systemsanddiscussssuedike incentve mechanismandfree-riding. Note thatthe modelin [18]
is not accuratdn the performancerediction(we will illustratethis in later section),andalsofails to cap-
ture mary intrinsic andimportantpropertiesof BT-like P2P systemssuchas nodedegreeand numberof

le sharingconnections Also, theseprevious works do not considerthe underlyingoverlay topologyand



treatthe effective throughputof peersasa constant.In [16], authorsdevelop a detailedMarkovian model
to investigatethe scalabilityand effectivenessof a P2Psystem.However, the resultis moreof theoretical
interestsincethe modelhasa hugestatespaceandit is dif cult to analyze.Instead,one hasto reply on
asymptoticanalysis.In [7], authorsextendthemodelin [18] to illustratethe performanceassueof providing
servicedifferentiationin a BT-like system.Similar to [18] whereinmary simpli ed assumptionsremade
and essentiahetwork parametersre omitted which impedefundamentalunderstandingpn BT systems.
In [12], authorsmake somecorrectionof the modelof [18] andpresent multi-torrentcollaborationpolicy.
In [2] authorsmodelthedistribution of theindividual chunkundermultiple network topologiesandrouting
algorithms.As for availability measurethe authorsin [11] experimentallyshav thatby usingthe network
codingschemethe systemis muchmorerohbustthanthe BitTorrentprotocolin the extremescenariovhere
theoriginal seedefearesimmediatelyafterdistributing few copiesto the system.

3 Mathematical Model for BT Dynamics

To representhe dynamicsand evolution of a BitTorrent-like P2P system,we usea uid modelwith a
simpli ed statespaceusingthe stohasticdifferential equationappmoadc [6]. Performanceneasuresuch
asthe averagenumberof leechersthe averagenumberof seedersthe average le downloadingtime and
theoverall systemthroughputarederived.

3.1 Analytical Model

ConsideraBitTorrent-like P2Psystenthatdistributesagiven le  to alarge numberof cooperatie peers.
The le isdividedinto  orthogonathunkssuchthat , Where for

and isthe chunkofthe le. Forsimplicity of analysiswe assumeao network codingor erasurecode
is appliedin the le sharingprocessTypically, thenumberof chunks isin theorderof thousandsBased
onBT'sde nition, aseedeiis apeerwhichhasall  chunksof while aleederis apeerwhichonly has
asubsebf . Assumeattime , thereare peersin the system.Thesepeerswantto obtainandshare
the le , andnew peersarrive accordingto a Poissorarrival processwith rate . By the helpof atracler,
eachpeermaintainsa connectionwith anothermpeerasits neighborwith a connectiity probability
Onecanview theBT le sharingsystemasan overlay network andevery nodein the overlay network has
anaveragedeggreeof . For eachconnectionthe averagedowvnloadingrateis . Each
peeris constrainedy a maximumtransferrate , whichincludesthe downloadingandthe uploadingrates
Althougha peercankeeplogical connection$o mary peersapeercanhase atmost uploadingand/or
downloadingconnectionsimultaneouslyAfter collectingall chunksof , aleechebecomes seedeand
may sene othersby uploadingchunks. A seedercanchooseto leave a BT-like systemandthe average
departureateis (i.e., is theaveragetime aseedestaysin the BT system) We let torepresent
thenumberof chunksthatpeer is holding.



Figurel: Probability = when

In [18,21], all peersare consideredas having the sameeffectiveness to contritute to the system.
Howeverit is nottruein reality becausevhenanew peer rst entershe systemijt hasno chunkto upload.
Even after sometime it collectsa small numberof chunks,the effectivenessof this “new” peeris very
differentfrom peerswith large numberof chunks. On the otherhand,if we considerall combinationof
differentchunks[16] (i.e. peerswith only andpeerswith only areof differenttypessothere
are statesn themodel),thenthestatespaceas extremelylarge. In this papeywe useadifferentapproach
anddistinguishthe statesof peersby the numberof chunksthey areholding (i.e. peerswith only
andpeerswith only areof the sametype sowe need states).Assumechunksareuniformly
distributedamongpeerswhich actuallycouldbe ensuredy therarest- rst chunkselectiorpolicy. Let peer

andpeer have and chunksrespectrely, where . Let usderive the probability
thatpeer canobtainat leastoneusefulchunkfrom peer , whichwe denoteas . When ,itis
clearthat . When , we have:

P[chunksin peer aresubsebf chunksin peer |

— (1)

Sogiventhenumberof chunkspeer andpeer holding,we canestimatehe probability (asillustrated
in Figurel). FromEg. (1), we needuse variablesto capturethe systemdynamics.The problemis,

thenumberof all states is still alarge numbey canonereducethe numberfurther? FromFigurel, one
canobserethat  increasesery sharply Sowe usethisimportantobserationto reducethe statespace.

We distinguishthreetypesof peers.Type 1 peeris aleecherthatholdsafew chunks(i.e., saylessthan
half of the  chunks).Type2 peeris aleecherthatholdsmostbut notall chunks.Type 3 peerrepresents
seedein thesystem.Theprobability in Eq. (1) canbesimpli ed basednthefollowing cases:

casel: If peer isof typel ortype2, andpeer is of type3, thenclearly sincea seedecan
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alwaysprovide a usefulchunkto aleecher

case2: If peer isof typel andpeer is of typel ortype2, then is very smallandwe have
case3: If peer is of type2 andpeer is of typel, then is closeto 1 but since is small,we
have

cased: If peer andpeer areof type2,then islargeand , SO

Now to representhe hetepgeneityof peers'effectivenesswhile keepingthe modelsimpleandanalyti-
cally tractablewe assign  only two possiblevalues:0 or 1 accordingio thetypesof peer and .

Let , and be the randomvariablesrepresentinghe numberof type-1peers,type-2
peersandtype-3(seedersin thesystemattime . By casel and2 of theanalysisof Eq. (1), type-1,type-2
peersandseederganassisttype-1peersin the le downloadprocess.Also, type-2peersandseedersan
assisttype-2 peersbasedon casel, 2 and4 above. Let and denotethe randomvariablesof
the downloadinganduploadingratesfor attime . Whenthereis no bandwidthconstaint (i.e., is
in nitely large):

istype-1
2)
is type-2.
Whenwe constraira peerwith bandwidth , it meanghatfor eachpeer , theinequality
needdo besatis ed. Fromthe systems perspectie, we have thefollowing conserationrules:
(3)
(4)
SubstituteEq. (4) to Eq. (3) andtakingthe expectation By theWald's Equation[19], we have:
5)
CombiningEg. (2) and(5) andlet and be the randomvariablesdenotingthe downloading
rateattime for type-landtype-2peerrespeciie, we have:
(6)



We cannow presenthe mathematicamodelthatcapturegshedynamicsof a BT-like system.Themodel
is basednthestodasticdifferential equation6]. First,thearrival procesof peerds modeledasa Poisson
counterprocess with anaveragearrival rate . The Poissorcounterhasthefollowing properties:

at Poissorarrival
elsavhere,

(7)

Let and denotethe numberof type-1andtype-2leechersat time while denotethe
numberof seedersn the systemattime . The following equationsdescribethe rate of change of these
threeimportantvariables:

(8)
Therateof changeof is affectedby the numberof new arrival, which is denotedas , andthe
numberof peerghattransferfrom type-1to type-2is denotedby ——— , where representghe
sizeof ahalfofthe le ,and representtheamountof new informationthatall type-1
peerscollectin . Similarly, thetransferratefrom type-2peerso seederss ————. Lastly, sincethe
departurgateof aseedeis , sothetotal departurgateof all seederss representetly . Takingthe
expectatiornof Eq. (8), we have:

9)
Notethatthe abore equationsareapproximationdecausave areassuminghe independencef and

, for

3.2 Steady-StatePerformance Measures
To study the steady-stat@erformancewe let . To simplify
notationfurther weuse  to representhe expectedvalueof therandomvariable  andlet — and

— to simplify the expressions.To nd the steadystatesolution,we classify Equation(9) into three
cases:

Casel ,

Case2 , and



Case3

The rst caseimpliesthatthe uploadinganddownnloadingprocessarenot constrainedy thebandwidth .

This occurswhenpeershave broadbandccesdo thelnternet,or whenthe peers arrival rateis low sothere
areonly few peersin the system.For the secondccase type-1peersareconstrainedy bandwidth  while

type-2peersarenot constrainedby this bandwidthlimit. Thejusti cation for this caseis thattherearemore
peerswho canhelptype-1peersthantype-2peers.Henceit is possiblethatformer peersare saturatedy
the bandwidthconstraintyet notthe latter For thelastcase all peersareconstrainedy the bandwidth

in the le sharingprocessThis caseoccurswhenpeershave alow bandwidthconnectiorto the Internet,or
the le isverypopularsothatthe peers arrival rateis very highandtherearemary peersn thesystemWe

cansole , , respectiiely in thesethreecases.Thefollowing theorembelown stateshe equilibrium
point of Eq. (9):
Theorem 1 (Equilibrium point) In theregime , and are nonngative Eq. (9)

hasa uniqueequilibriumpoint

S | U (for Casel)
. it — — - — (forCase2) (10)
- _ if - — (for Case3)

Proof: Dueto thelack of spacewe referour readerdo thetechnicalreport[10]. |

Theorem 2 (Local Stability) Theequilibriumpointgivenby Theoem1 is asymptoticallystable
Proof: Dueto thelack of spacewe referourreadergo thetechnicalreport[10]. |

Theorem3 Let denotethe avelage downloadingtimefor the le , which is the avelage time it takes
for apeerto obtainall  uniguechunksof . We havethefollowingresults:

— —— — Casel,
— — — Case2 (11)

— Cases.
Proof. By thelLittle's result[14], is givenby ——. By Theoreml, we canobtainthe above
resultseasily |

Theorem4 Let denoteheavemge systenthroughputof the BT-like P2P systemthe average numberof
peesin thesystemnis . We havethefollowing result:

Casel,

Case2 or 3. (12)



Proof: Dueto thelack of spacewe referour readerdo thetechnicalreport[10]. |
Theabore theoremgrovide thefollowing importantinsights

Remark 1: Quantifying the scalability of BitTorrent-like P2P networks: Basedon the steadystate
systemthroughputasgivenby Eq. (12),onecan nd thatthe BT-like systemscaleswvell with thenumberof
peers.Casel representshe systemundera low arrival rate,thereforea smallnumberof peersexistsin the
system.Thethroughputof the systemis of the orderof . Whentherearemorepeersin the systems
(i.e.,in case2 and3), the systemthroughputs linearly proportionalto the numberof peers.Sothe system
performancevill notdegradeaswe scaleup thenumberof peers.

Remark 2: Quantifying the sensitvity of downloading time to arrival rate: Theintensityof thearrival
rate representshe popularity of the le. To understandhe impactof le popularityon the performance
of BT-like P2Psystemswe considertherateof changeof =~ whenoneincreaseshe peers arrival rate .

Basedontheexpressiorof  in Eqg. 12,we have:

—_— Casel,
— —_— Case?,
Cases.

For casel and2, the averagedownloadingtime decreasewhenthearrival rate  increasesin case3, the

rateof changeof  is notrelatedto . Thismeansf the le is popular(i.e., largevalueof ), theaverage
downloadingtime will besmaller Thereforethe BT-like systemscaleswell with the le popularity

Remark 3: Quantifying the effect of the presenceof seeders:Since representshe departureatefor
seeders, is the averagetime a seedesstaysin a P2Psystem.For casel and2, when increases,
therewill bemoreseederi thesystento provide theuploadingservice thereforetheaveragedownloading

time  will decreaselNoticethat

Casel,
e Case?,
Cases.

Thisimpliesthathaving moreseedersvill reducehe le downloadingtime. Butwhenall peersaresaturated
dueto the bandwidthlimit, having moreseedersvill not improve the performance.Consideran extreme
caseof , thatis, apeerwill leave thesystemimmediatelyafterit downloadstheentire le

—— —— Casel,

——  — Case?,
—_— Cases.

The abore expressionimplies that peerscan still obtainthe le, thoughwith higher downloadingtime,
withoutthe help of mary seederén thesystem.



Remark 4: Quantifying the effect of the connectionprobability : A closeexaminationof Eq. (11)
revealsthat is afunctionof theconnectrity parameter for casel and?2 but not case3. Increasinghe
valueof will reducethevalueof . Thisis dueto thefactthata peerhasmoreneighborgo reduceits
downloadingtime, aslong asit is not saturatedy its own bandwidthlimit. In casel andcase2, increasing

will decrease , becausdarger increaseghe possibility of downloadingfor peers.In case3, will
notaffect becausehe systemis operatingat the saturatednode.Onemaythink alargervalueof will
alwaysbene t a peer However it is importantto notethatlarger valueof  will alsocausepeersto keep
too mary TCP connectionsHencea large valueof  will increasethe burdenof the peerswith too mary
connectioroverheadsindeventuallyleadsto saturatingpeers’bandwidth.Since is affectedby thenumber
of peersreportedby the tracler to a peer a properselectionof this numberis aninterestingand practical
problem.

Remark 5: Quantifying the effect of bandwidth constraint : Considerthemaiginal utilization of

Casel,
—_— —  Case?,
—— Cases.

For casel, thebandwidthis notfully utilizedso is notaffectedby , andmorebandwidthis nothelpful
in this case.For case2 and3, by increasinghe bandwidthlimit, a peercangetabetterperformanceGiven
theabove analysispnecanbetteranticipatethe systems needsincemostBitTorrentimplementationgllow
usersto con gure the maximumbandwidth.

3.3 Model Validation and Evaluation

In this section,we performa seriesof experimentdo validateour analyticalresults.First, we implementa
discreteeventsimulatorfor a BitTorrent-like le sharingsystem.Theinputof the simulatorareparameters
suchasarrival rate,transferratebetweemeersdeparturgateof seedsconnectiomrobability transmission
bandwidthof peersetc. Our simulatormodelsthe behaiors of peerssuchasjoining the system,making
connectiongo neighboringnodes,selectingchunksfor dowvnload, transferchunks, updatingthe chunk
bitmaps,seedingandalsodeparturesf seeders.

Experiment. 1 (Accuracy in estimating number of peers): In the following experimentswe consider
theaccurag of the proposednathematicamodelin estimating : and . Wealso
usethis experimentto testthe accurag of the[18]'s model. In Fig.2, we comparethe averagenumberof
leecherq ) andthe averagenumberof seederg ) with the simulationresults.
Fig.2(a)illustratesthe casethat the peers arrival rateis , seedes departurerateis ,
the transferrateis betweenwo peers the maximumtransferbandwidthof a peeris and
the connectionprobability is . The settingrepresentshe situationthat peerswith low download
bandwidth,andthe maximumtransferrate betweenpeersis low. Becausehe peers arrival rateis low, so
the le is notthatpopular Onecanseethat our modelcanaccuratelytrack the dynamicsof the leechers
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Figure3: ComparingSystemScalabilityfor our modelandQiu's model

andseedersyhile modelbasedn[18] is only accuraten estimatinghe numberof leecheraandseederin
the steadystatecase.Fig.2(b)illustratesthe casethatthe peers arrival rateis , Seedes departure

rate , peers downloadingbandwidthis , peers maximumtransferbandwidthis and

the connectionprobability is . In this setting,the le is morepopularsothe peers arrival rateis
higher Also, peershave a high dowvnloadingrateanda highermaximumtransferbandwidth.However, the
seedes departurgateis alsohigherthanthe previous experiment. Again, our modelcanaccuratelytrack
thedynamicsof theleecherandseederswhile modelbasedn [18] undeestimateshe numberof leechers
in the system.Lastly, Fig.2(c)illustratesthe casethatthe peers arrival rateis , seedes departure

rate , downloadingbandwidthbetweenpeersis , peers maximumtransferbandwidthis

andthe connectiorprobabilityis . Notethatour modelcanaccurateltrackthe dynamics
of theleechersaandseedersywhile modelbasedon [18] signi cantly undeestimateshe numberof leechers

in thesystem.

Experiment. 2 (Accuracy for Performance Measures  and

):

the accurag of the derived performanceneasuresnamely the averagedownloadingtime

In this experiment,we investigate

andsystem
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throughput . We set , , , , andvary the numberof peersin

the system. As shawn in Fig.3, the BT-like systemscaleswell with the numberof peers. Note that our
analyticalresultsmatchwell with the simulationresultswhile Qiu's modelunderestimat¢overestimate)

(). Also, thereis a decreas®f averagedownloadingtime whenmorepeersarein the system. This
propertyis alsoreportedirom thereal BT-tracedata[21]. The nearlinearrelationshipbetweerthe number
of peersandthe systenthroughpuis re ectedin our modelandis alsoreportedn [3].

Experiment. 3 (Sensitvity Analysis): In this setof experimentswe investigatethe sensitvity of perfor
mancemeasures$o varioussystemparametersuchasthe arrival rate , the seedes departureate , the
connectiorprobability andtransmissiobandwidth

3a) Therelationshipbetween andarrival rate : Forthisexperimentweset , and thesameas

and . Fig.4(a)and4(b) illustrate
the effect on the averagedownloadingtime. Both of these gures shav thatwhenthe valueof arrival rate

in Experiment2, but vary the arrival rate  underdifferentvaluesof

becomedarge, theaveragedownloadingtime decreasesonotonicallyandeventuallyreaches x edvalue
whenthetransmissiorbandwidthis saturated.
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Figure6: File downloadingtime vs. bandwidthunderdifferentbandwidthdistributions

3b) The relationship between and departure rate : In this experiment,we alsosetthe parameters
, and thesameasin Experiment2 but nonv we vary the valuesof leaving rate . Fig.5(a)illustrates
the averagedownloadingtime for and  while Fig.5(b)illustratesthe averagedownloadingtime
for and . Thesetwo gures alsocon rm thatby increasingthe departurerate , the seeder
spenddesstime in the system hencethe averagedownloadingtime for peersincreasesNotice thatwhen
is large enoughtherateof deterioratioronthe le downloadingtime approachegero. Thisimpliesthat
evenwhenthereis noincentive for peerto bea seederthe BT-like systemcanstill provide serviceto peers

in thesystem.

3c) The relationship between  and connectionprobability . FromFig.4(b)andFig.5(b),we obsere
that whenthereare more connectiondo peers(i.e., is of high value), thenthe le downloadingtime
actuallydecreased-romFig.4(b),we obserethatmorehighly connecteadystemhasasmallerdovnloading
time, especiallywhen is small. As increasesthe performancalifferencebetweendifferentvaluesof

diminishes.Sofor a systemwith alow arrival rate,high connectiorprobability of peersis importantto
improve the performance.

3d) The relationship between  and bandwidth: In Fig.5(a),the systemwith a higherbandwidthhas
a lower averagedownloadingtime. But in Fig.4(a),we can nd thatfor the low arrival rate case,higher
transferbandwidthdoesnot necessarilybring better performance. One can achieve better performance
whenthepeers arrival rateis high becauseherewill bemorepeerscontrituting to the uploadingprocess.

Experiment. 4 (Bandwidth Heterogeneity): The averagedownloadingtime givenby Eq. (11) is derved
underthe assumptiorof homogenousandwidth for all peersin the system.In this experimentwe relax
thisassumptiomndexaminethe casehatpeergoin thesystemwith differentbandwidth.Still usingparam-
etersin Experimen except , werepeathesimulationusingdifferentbandwidthdistribution, namely (a)
exponentialdistribution with mean20, (b) uniform distribution in , and(c) normaldistribution with
mean20 andvariance2. Fig. 6(a) shavs thenumberof peerscorrespondingo the bandwidthin thesethree
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runs. The simulationresultsmeasuredy averagedovnloadingtime of the peerswith certainbandwidth

is illustratedin Fig. 6(b). An interestingobserationis thatthe downloadingtime of peerswith a particular
valueof bandwidthis actually“independent’onthebandwidthdistributionin all threeruns.In otherwords,
the averagedownloadingtime of a speci ¢ peeris mainly determinedy its own bandwidthinsteadof the
bandwidthof its neighbors. For example,for peerswith bandwidth20, the averagedownloadingtime is

aroundl180,indepedenof the bandwidthdistribution asnormal,exponential ,or uniformly distributed. And

it is quite closeto the modelpredictiongivenby Eq. (11) (setting ) whichis 174. Thusfrom Fig.

6(b), Eq (11) is a good performancepredictorfor the downloadingtime even whennow peershave het-
erogenoudpandwidth.Having this obseration, we canusethe analyticalresultswe obtainedto investigate
theimpactheterogenoupeersn a BT-like system.

4 Model ExtensionFor Peersbehind Fir ewalls

In this section,we investigatethe impactof rewall (or the network-address-trastation box) on the BT

protocol. Althoughrecentlysomeimplementation®f BitTorrentenableusersbehinddifferent re walls or

NATs connectedo eachothervia UDP, it still remainsaproblemfor TCR In generalapeerwith apublicIP

addressannotinitiate a TCP connectiorwith a peerbehinda re wall sincetheaddres®of thelatterpeeris

unknavn. Oneway to establisha connectionbothfor the downloadinganduploadingof chunks)between
thesetwo differentclassesf peersis to involve athird party(i.e.the BT traclker). To illustrate,considera

peer whichis behind re wall while a peer hasa public IP addressWhenpeer joinstheBT system,
it hasto contactthe tracker so asto obtaina sublistof connectingpeers. During this contact,the tracker

remembershe“address”of peer . Whenpeer joinsthesystemthetracker caninform peer toinitiate

the connectionwith peer (i.e. a peerbehindthe re wall needgo initiate the connection).In this way, a

connectionbetweenpeer and canbe establishedlt is alsoimportantto note that whentwo peersare
behinddifferent re walls (i.e. underdifferentnetwork domains)they cannotestablistconnectiorwith each
othersincethey do notknow the“address”of eachother Thisimpliesthatpeersbehinddifferent re walls

cannotassisteachotherin the chunkuploading.This form of interactionis illustratedin Figure7 wherein
a peerwith a public IP addrescanreceve uploadservicefrom ary peerin the BT system,while a peer
behind re wall canonly receie uploadserviceby peerswith public IP addresses.

In our model,we assumeherearetwo classef peers:peerswith publicly routablelP addressand
peersbehind rewall. Let  betheaveragerateatwhichnon- rewalledpeersarrive,and  betheaverage
rateatwhich re walled peersarrive. Denotethe numberof non- rewalled leechersandseederas  and

, the numberof rewalled leechersand seedersas and . For simplicity of presentationye do
not differentiatepeersby the amountof chunksthey have cached. Similar to the previous mathematical
developmentwe have the following differentialequationgo describethe dynamicof the overall system:
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Figure7: Generamodelillustratestheimpactof re wallsandNATs

— (13)

For mathematicalractability we assumehe situationthata peerwill leave the systemassoonasit obtains
all thenecessarghunks.Thisimplies and for large . Eq. (13) canbereducedo:

— (14)

We areinterestedn the steadystatebehaior andwe have thefollowing importanttheorems:

Theorem 5 (Equilibrium point) When , in theregimethat and , EQ. (14) hasthe

uniqueequilibriumpoint

when—— ,
- when _— (15)
_ when
When , in the regime that and , Eq. (14) hasthe uniqueequilibrium point
_ hen ,
" (16)
—— —— when
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Proof: Dueto thelack of spacepleaseaeferto thetechnicalreport[10]. |

Theorem 6 (Local Stability) Theequilibriumpointgivenby Theoemb5 is asymptoticallystable

Proof: Pleaseeferto thetechnicalreport[10]. |

Theorem7 Let and denotethe avelage downloadingtime for non- rewalled pees and pees

behind r ewall respectivelyTheaveiage downloadingimesare givenby:

When
— _ when———
SR when _ (17)
_ when
When
— ——  when ,
18
— —— Wwhen (18)
Proof. By Little's result[14], is given by —, and is given by —. Basedon
Theorenb, theabove resultscanbe easilyderived. |

Remark 1: Importance of non- r ewalledpeers: Considetheextremecaseof smallbirth of non- rewalled

peers(i.e., ), underthis casewe have and . The averagedownloading
time for non- rewalled peerss —, whichis aconstantput — ,

which meanghe peersbehind re wall cannotnish the le downloadingwithoutthe helpof non- rewalled
peers.In summarywe needto have a sufcient numberof non- rewalled peersto sustainthe le sharing
process.
Remark 2: Performance gap: It is easyto prove thatin all situationslisted above, , which
impliesthatnon- rewalledpeerscanalwaysperformat leastasgoodaspeersehind re walls. We de ne
asthe performanceyapof the downloadingtime betweemon- rewalled peerand re walled peer We have
. When , it meangboth classef peershave the samedownloadingtime while
meansthatthe re walled peerstake a very long time to completethe le download. We have the
following importantobserations:
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When , Which representshe situationthat bandwidthof all peersare con-

strainedthen . Thisimpliesthattheimpactof re wallsis neglectable.

When (i.e.,bandwidthis unconstrained)wve have but isincreasingaswe
reduce . In otherwords,whentherearefew numberof non- rewalled peersthereis a noticeable

performanceyapbetweerthesewo classes.

When and —— , we have . Thisimpliesthatthereis a perfor

mancegap andthis gapdependon the relative arrival rates(or population)of thesetwo classef
peers.

5 File Availability and the Chunk SelectionPolicies

In thissectionwelook atanotheimportantperformanceneasure the le availability for aBT-like system.
A le is availableonly whena peercandownloadall the chunksneededrom seeder®r otherpeersin the
system.If thereis alwaysat leastoneseedein the systemnaturallythe le is alwaysavailable. However
in reality, the seedersnaywantto minimize thetime of stayingin the systemandtheleechersnay choose
to departfrom the systemoncethey obtainall necessarghunks,or they mayabortin the middle of the le
downloaddueto thesystemor network failures. Thusthe systemmaylosesomechunksdueto thedeparture
of thepeersandseederandtheremainingdovnloadingprocessewill never nish. Therearemary factors
thatmayin uencethe le availability. In this paperwe areinterestedn how the chunkselectionalgorithm
canaffectthe le availability. In otherwords,if a peerneedgo downloadachunkfrom aneighboringpeer
which chunkis the properonesoasto improve the probabilityto completethe le downloadprocess?

5.1 Modeling the File Availability

In this section,we presenta mathematicamodelto evaluatethe le availability of a BT-like le sharing
system.We still usethe similar notationsasin previous sections.Assumethatattime , thereare peers

in the systemandtheintendedle  has chunks: , ..., . Let denotethe numberof peers
whichhave cachedhe chunk | then is the probabilitythatarandomlychoserpeerhasthis chunk
. Since is the connectiorprobability, a peerconnectdo numberof peerson the average.Let

betheprobabilitythatapeercan nd  from atleastoneof its connectingpeerswe have:

— (19)

Above approximations valid for largevalueof , whichis usuallythe casefor apopularBT le.

To completelydowvnloadthe le , apeerneeddo collectall the  chunks.Let bethe probability
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thatapeercanobtainthese chunksfrom its connectingpeerswe have:

ProbA peercangetall  chunks ProbA peercanget (20)

To gaintheunderstandingbouttheappropriatecehunkselectiorpolicy, we rst nd theoptimaldistribution
of differenttypesof chunksin the system.Assumethat is thetotal storagespace(in units of chunks)of
all peersn thesystemwe formulatea constrainedptimizationproblem:

s.t. for

Theoptimalsolutionfor thedistribution of chunksis:
— — (21)
The physicalmeaningof the above resultis not surprising:to maximizethe probability of obtaininga le,

thesystemshouldensurghatthechunksareasevenlydistributedaspossibleacrosshe systemWe canuse
thefollowing functionto measurénow evenly the chunksaredistributed:

(22)
where is theaveragenumberof chunksin thesystemattime . In essence, measurethe
varianceof thechunkdistribution in thesystem. is minimized,when

Now the questionwe needto answelris: giventhe existing distribution , Whatis the

properchunkselectionpolicy? This canbe formulatedasan problemto minimize becausavhen is
closeto zero,it meansall chunksare evenly distributed acrosshe system(Herethe decisionvariablesare
, , is therateof changeof numberof ).

To solve the above optimizationproblem,let us considerin a shortperiodof time . For

it is the numberof newly replicated in . Assumethe systemis in steady-statsothatthe throughput
of system couldbe consideredisa constant.The increaseof total numberof chunkscopies
is upperboundedoy . To minimize within the rangeof changeof

, onecanusethe steepestiescentnethodfor -norm( see[5] page478),we have the solution:

if — isgreatest,

otherwise. (23)
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Since —  ———, EQ. (23) revealsthatto maximizethe systemmeasureof le availability, system

shouldlet peersdowvnloadthe rarestchunkin the system,which is indeedthe chunk selectionalgorithm
usedin theBT protocol.

Mathematically a peershouldaiwaysdownloadthe rarestchunk (assuminghat peerdoesnot possess
this chunk)from its neighboringpeers.Practicallyaswe will shav by simulationin the later section,this
policy works well whenthe connectionprobability is small(i.e.,peershave few neighbors). However
when is large(i.e., the peersare quite well connected)jt may causesomeproblemandreducein le
availability(we will shav it by simulationslater). In this case,assumehat is the rarestchunkand
is the secondo the rarestchunkin the system.Dueto the large connectiorprobability , nearlyall peers
preferto download andthosepeersthatholdonto  departor abortfrom the systemthenthe le will
not be available. This synchronizatiorproblemdeteriorateghe availability especiallyamongthe system
with high connectrity wherepeersmayhave mary neighbors.

To alleviate this problem,we proposethe le availability enhancemenFAE) algorithm. In essencei
tries to randomizethe chunk selectionprocessout the rarestchunkwill still be selectedwith the highest
probability We de ne as:

— —— if
otherwise.

Amongall its missingchunks,apeerwill select with theprobability where

(24)

Notethatfor theabove discussionthevalueof is obtainedoy examiningall peersn the systemwhich
implies peersknow the global information. In a practicalimplementationa peercanonly connectto a
subsebf peers.In this casethevalueof isthenumberof  from its neighborswhichis justthelocal
information. In the following we consideralgorithmsin both cases:with globalinformationor with local
information.Now we have thefollowing chunkselectionalgorithms:

Global RarestFirst (GRF): A peerwill select from aneighboringpeerwith probability 1, where
is therarestchunkin thewholesystem.

Local RarestFirst (LRF): A peerwill select from aneighboringpeerwith probability 1, where
is the rarestchunkamongits connectingpeers. This is the built-in chunkselectionalgorithmin
BitTorrentsystem.

Global File Availability Enhancement(GFAE): A peerwill select from aneighboringoeerwith
probability , whichis calculatedby theglobalinformation  for

Local File Availability Enhancement(LFAE): A peerwill select from aneighboringpeerwith
probability , whichis calculatedoy thelocalinformation  for
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Random Selection(RD): A peerwill select from a neighboringpeerassuming is oneof its
missingchunkwhichis cachedoy the neighboringpeer

Note that, GRF and GFAE requireglobalinformationfor peersto malke their decisionswhich canhardly
beimplementedn realsystem.Sowe just usetheresultsof thesetwo policiesasbenchmarks.

5.2 Performanceof Different Chunk SelectionAlgorithms

In this section,we carry out simulationsto comparethe effect on averagedownloadingtime and le avail-
ability for differentchunkselectionalgorithmsdescribedn previous subsectionln eachof the simulation,
we allow peersto dynamicallyjoin or leave the system. The arrival processof peeris a Poissonprocess.
A peercanleave the systemafter obtainingall the necessarghunks,or may abortin the middle of the le
download.In eachexperimentthesened le has200chunks.An initial seeders putin thesystemandthis
seedestaysin the systemfrom to . All otherpeeranayabortthe systembeforecollectingall
chunksattheabortionrate , andchooseaheseedingime accordingo theleaving rate afterthey become
seeders.

Note that we usethe variancemeasure de ned in Eq. (22) to measurghe goodnes®f the chunk
selectionalgorithm. Since  depend$eaily onthe numberof peerswhile in our simulation,the number
of peersaretime varying(dueto peers arrival anddeparture) Sowe de ne a normalizedmetric:

which is usedto measurehe variancenormalizedby the averagenumberof chunksattime . We usethe

mean of obsered from time 400to time 1500.

Experiment 1: Normalized Variance and File Downloading Time under Low Bandwidth Scenario:

In this experiment,we x the bandwidthfor eachpeerto be , arrival rate , leaving rate

, abortionrate andtransferrate . We vary the connectrity probability from 0.2

to 0.8.Fig. 8(a)illustratesthe normalizedvariancefor the ve chunkselectioralgorithms.NotethatGFAE
andLFAE provide betteravailability andthe randompolicy is theworst. It is interestingto notethat LRF
even performsbetterthan GRF especiallywhen is high, althoughLRF only usesthe local information.
Fromthe trace le of our simulationwe nd the justi cation thatwhen is high, peersgetinformation
from mostof the peersin the system. Sothe GRF is morelikely to causethe synchronizatiorproblem,
which meansll peergendsto downloadthefew chunksthataretherarest.LRF bringsmorerandomnes
alleviatethis problem.Our FAE with local or globalinformationis betterthanLRF when is high because
we make a probabilisticchoiceto remedythis problem. Anotherimportantobseration is that whenwe
increase , the availability is alsoimproved by LEF andLFAE. This is becausen this simulationsetting
we setbandwidthto , Sopeerscannot performmoredowvnloadingdueto the bandwidthconstraint.
Evenwhenwe increase sothatpeersnayhave moreneighborsthey canstill downloadfrom a smallpart
of all its the neighbors Thisrandomnespushesystemaway from this synchronizatiomproblem.

20



0.4r 180¢ I GRF
—»— GRF 160 I LRF
035t |+ LRF L_IGFae
—— GFAE £ 140} I LFAE
-©-LFAE o -RD
03/ | _a—rp %120— r=0.4 |- =05 _, 1=
3 100}
£0.25¢ €
S 80r
o
0.2t < S 60t
N o
o-e, -+ 2 0t
0.15} YOy <
20+
01 ‘ ‘ ‘ ‘ ‘ 0
0 0.2 0.4 0.6 0.8 1 0 2 4 6

Connection probability r

(a) Availability, (b) Averagedownloadingtime,
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Figure9: Availability andthroughputby differentchunkselectiorpolicesin high bandwidthcase.

In termsof averagedownloadingtime, from Fig. 8(b) we nd thatthe performancef differentpolicies
are actually comparableexcept the Randompolicy. Randompolicy performsworst becauseat can not
distribute all typesof chunksevenly amongpeerssopeersmay suffer dueto waiting for usefulchunks.The
importantpoint is thatthe GFAE andLFAE provide similar averagedownloadingtime ascomparedwith
GRFandLRF, yet, GFAE andLFAE have betteravailability.

Experiment 2: Normalized Variance and File Downloading Time under High Bandwidth Scenario:

In this simulation,we setbandwidth sothatwe simulatethe casethat peershave high bandwidth
connectiorto dovnloadthe le. In thissetting,GFAE is thebestin termsof thenormalizedvariance LFAE
performsbetterthanLRF especiallywhen is high andLRF performsbetterthanGRFE Randompolicy is
still the worstamongthe all. We obsere thatthe availability deterioratesvhen increases.Thisis due
to thefactthatincreasing may introducethe synchronizatiorproblem,but LFAE is lesssensitve in this
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regard.

For averagedownloadingtime, randompolicy is still much worsethan the otherswhen is small.
Randompolicy in this situationcannot ensurethe chunksequally distributed acrossthe systembecause
peershave only few choicedueto the smallnumberof neighbors But when is large, Randompolicy has
similar performanceascomparedvith the others.

Experiment 3: Normalized Variance under Differ ent Peer's Abortion Rates:

In this experiment,we increasearrival rate , andvary differentabortionrate from 0.005to
0.02to investigatethe performanceof the systemwith high arrivals andabortion. In Fig. 10, the X-axis
representghefractionof peersthatabortbeforedownloadingall the chunksin the system Fromthis gure
we canobsere thatthe GFAE or LFAE hasalower valueof the normalizedvariance thisimplieshigh le
availability at theseextremeconditionsevenwhen andnearly peersabortbeforeobtaining
all chunks.

6 Conclusion

In this paperwe rst proposea uid modelbasedon the stochastidifferentialequationmethodin model-
ing andcharacterizinghe peerbehaiors andperformancenetricsof BT-like P2Psystems We obtainthe
closed-formsolutionof theaveragenumberof seederandleechersaswell astheaveragele downloading
time andthe steadystatesystemthroughput. We validatethis model by the discreteevent simulator and
nd ourmodelhasmuchhigheraccurayg, while previousmodelproposedn [18] mayprovide wrongperfor
manceestimatesinderlarge systensettings Basedon the closed-formsolution,we quantifythe sensitvity
of the downloadingtime to varioussystemparametersuchaspeers'arrival rate, seedes departurerate,
connectiorprobability andtransmissiorbandwidth.We alsoextendthe modelto investigatethe impactof
re walls or NATs on the performanceof BT-like system.We nd thatpeersin the public domainplay an
importantrole andanalyzethe performanceyapbetweenthesetwo classeof peers.Lastly, we investigate
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the le availability issuein termsof chunkselectionalgorithms.We modelthe le availability and nd that

therarest rst is the theoreticalsolutionto maximizethe availability. In practice,however, onemay en-

counterthe synchronizatiomproblemin usingtherarestrst policy especiallyin high connectrity scenario.

To alleviate this problemwe proposea randomizedrersion of the chunk selectionpolicy. We shav the

experimentakesultsof all thesealgorithmsandillustrateour proposedalgorithmcansigni cantly improve

the le availability of BT systems.
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