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Abstract

In this paper, we presentthe mathematicalanalysisof two importantperformancemeasuresfor a

BitTorrent(BT) likeP2P�le sharingsystem,namely, average�le downloadingtimeand�le availability.

For the�le downloadingtime,wedevelopamodelusingthe“stochasticdifferentialequation” approach,

not only it capturesthe systemmoreaccurately thansomepreviousapproach[18], but alsoallows us

to capturevariousnetwork settingsandpeersbehavior. We studythesteady-statebehavior andobtain

the closed-formsolutionsfor performancemeasuressuchastheaveragenumberof peers,the average

systemthroughput,average�le downloadingtime. Theseanalyticalresultsallow usto carrysensitivity

analysison variousperformancemeasuresfor varioussystemparameters.We thenextendthis model

to considermulticlasspeerswhereinsomepeersarebehind�re walls which may impedetheuploading

service.We alsopresentthemathematicalmodelto studythe�le availability of a BT-like system.The

modelhelpsusgaintheunderstandingof why the“rarest-�rst” chunkselectionpolicy is usedin today's

BT protocol. We show undersomesituationsthis policy may not be good in practiceandproposea

novel chunkselectionalgorithmto enhancetheoverallsystem�le availability. Extensivesimulationsare

carriedto validateour analysis.

Keywords: Peer-to-peer, BitTorrent,Modeling,Performanceevaluation,File availability

1 Intr oduction

For thepastfew years,peer-to-peer(P2P)�le sharingsystemsaregeneratingtremendousamountof traf�c

on today's Internet.This form of communicationparadigmis reshapingtheway new network applications

arebeingdesigned.For example,onecan�nd P2Psoftwaresfor multimedia�le sharing(i.e., video and

audio�les), livevideostreamingapplications[22], aswell asdistribution of softwarepatches[11].

Comparedwith the traditionalclient/server paradigm,the P2Papproachhasa muchbetterscalability

property. Speci�cally, whenonescalesupthenumberof users,theperformancesuchasthe�le downloading

time for theclient/server architecturecandegradesubstantially, while theP2Parchitecturehasanattractive
�
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propertythatmoreuserscanactuallyimprove the�le downloadingperformance.Thispropertyis especially

truefor theBitTorrent(BT) protocol[1]. Anotherinterestingfeaturesof theBitTorrentprotocolis thebuilt-

in incentive to shareinformation,whichencourageusersto cooperateso�les canbedownloadedquickly.

Themaincontributionsof ourwork are:

� We develop a �uid model for BT-like P2Psystemsbasedon the “stochastic differential equation”

(SDE)technique[6], ratherthanthesimpledifferentialequationapproach.TheSDEapproachallows

usto obtainclosed-formsolutionfor thetransientandthesteadystateperformancemeasuressuchas

numberof downloaders,numbersof seeders,the average�le downloadingtime. We show that our

resultsarenot only moreaccuratethanthepreviouswork [18], but it allows usto performimportant

sensitivity analysisof theperformancemeasuresonvarioussystemparameterssuchas�le popularity,

effect of seeders,connectionprobability,...,etc.

� We extendtheabove modelto allow classdifferentiation.In particular, we considera classof peers

which arebehind�re walls,which is commonthesedays,andthesepeersmayimpedetheuploading

processof theoverall system.

� Wepresentthemathematicalmodelfor predictingthe�le availability in BT system.Themodelallows

us to gain theunderstandingasto why the rarest-�rst policy is usedasthe built-in chunkselection

algorithmin BT. We alsopresenttherationalewhy this policy maynot beoptimalandwe proposea

moreef�cient chunkselectionalgorithmto enhancethe�le availability.

� Bothanalyticalmodelsarevalidatedby adiscreteeventsimulationwhichisdetailedenoughtocapture

many of BT's features1. Theseanalyticalresultsprovide us the importantinsightsfor designinga

BT-like protocol.Also, ascomparedwith thesimple�uid modelin [18], not only our modelis more

accurate,but ourmodelfocusesmoreoncharacterizingdetailsof heterogeneouspeerswith reasonable

network topologyandnetwork parameters,andat thesametime,maintainsthemodelsimplicity and

mathematicaltractability.

Thebalanceof ourpaperis asfollows. In Section2, weprovideabasicintroductionto BitTorrentanda

brief review of relatedwork. In Section3, wepresentthemathematicalmodelto describethedynamicsof a

BT-like P2Psystemaswell asits performancemeasures.In Section4, we extendthis mathematicalmodel

to accommodateheterogeneouspeers,i.e.,someof thepeersarebehind�re walls. File availability modelis

presentedin Section5. Section6 concludes.

2 Background and Previous Work

BitTorrentis a peer-to-peerapplicationdesignedto facilitate�le sharingamongmultiple peersacrossun-

reliablenetworks [1]. In BT-like systems,�les aresplit into equal-sizedsegmentswhich arecalledchunks

1Someof thepreviousresearchresultsdid notperformmodelvalidation.
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(the typical sizeof a chunkis 32 to 256 KB) so that peerscandownloaddifferentchunksfrom multiple

peersconcurrently. To downloada �le, onepeershould�rst geta torrent �le which containsthenecessary

informationsuchasthechunknumber, chunksize,checksumandthe�le tracker. A tracker is a nodein a

BT systemwhich keepstrack of all peersthat areinterestedin downloadingandsharinga particular�le.

Usually, theURL of a tracker is containedin thecorrespondingtorrent�le. A newly joinedpeercancon-

tact thetracker andthe tracker will returna subsetof peerswho arecurrentlyin theBT system,andthese

peersbecometheneighborsof this newly joinedpeer. Undera BT-like system,peersthataredownloading

andsharingchunkswith otherpeersarecalled“ leechers”. After collectingall chunksof the intended�le,

peersmaychooseto stayin a BT systemanduploadchunksto otherpeers.Peersthathave all chunksare

called“seeders”. Initially, a BT systemhasat leastoneseeder, which is the �rst peerthat wantsto share

theintended�le with others.UndertheBitTorrentprotocol,thereis no speci�cationasto how long a peer

shouldstayasaseeder. In fact,apeercanchooseto abortin themiddleof thedownload,or chooseto leave

thesystemimmediatelyafterit getsall thenecessarychunks.

Therearetwo importantfeaturesin theBT protocol,namely, the“rarest-�st” chunkselectionpolicy and

the “ tit-for-tat” peerincentive policy [8]. Using the rarest-�rst policy, a leecherwill downloadoneof its

missingchunksandthat chunkis the rarestchunkfound in all its connectedpeers.The objective of this

mechanismis to enhancethe overall �le availability (we will justify the useof the rarestchunkpolicy in

Section5). Thetit-for-tat policy is a mechanismwhich aimsto prevent free-riding[15] so thatpeerswho

refuseto uploadchunksto otherpeersmaynot receive any downloadservice.

Let usbrie�y summarizetherelatedwork on this topic. Recently, therearea numberof analyticaland

measurement-basedstudiesof BT-like systems.In [13], authorspresentthemeasurementresultscollected

duringa � ve-monthperiodthatinvolvesthousandsof peers,andevaluatetheperformanceof thealgorithms

andmechanismsusedby BT. In [17], authorspresentan eight-monthtrace-basedstudyandmeasurement

resultsof thepopularityandtheavailability of BT systems.In [20], authorsanalyzethemeasurementresult

collectedby a modi�ed client in aBT network andproposeaP2P-basedstreamingprotocol.In [3], authors

studytheability of theBT protocolto disseminatevery large �les amongpeersandpresentmeasurement

resultsover a durationof four months. In [4], authorsconductvarioussimulation-basedexperimentsto

investigatetheeffectof network parametersandsystemsettingson theperformanceof �le downloading.

For themathematicalanalysisaspect,authorsin [9,21] proposeacoarse-grainMarkovianmodelto rep-

resentaP2P�le sharingsystem.However, thisMarkovian modelcannotcapturemany importantproperties

of aBT-likesystem.Furthermore,theseis noclosedformsolutionfor thesteadystateperformancemeasure

andonecanonly usenumericalmethodto calculatethesemeasures.To overcomethecomputationproblem

in [9,21], authorsin [18] proposea �uid modelanda setof differentialequationsto describethedynamics

of BT systemsanddiscussissueslike incentive mechanismsandfree-riding. Note that the modelin [18]

is not accuratein theperformanceprediction(we will illustratethis in latersection),andalsofails to cap-

ture many intrinsic andimportantpropertiesof BT-like P2Psystemssuchasnodedegreeandnumberof

�le sharingconnections.Also, thesepreviousworksdo not considertheunderlyingoverlay topologyand
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treattheeffective throughputof peersasa constant.In [16], authorsdevelop a detailedMarkovian model

to investigatethescalabilityandeffectivenessof a P2Psystem.However, the resultis moreof theoretical

interestsincethe modelhasa hugestatespaceandit is dif�cult to analyze. Instead,onehasto reply on

asymptoticanalysis.In [7], authorsextendthemodelin [18] to illustratetheperformanceissueof providing

servicedifferentiationin a BT-like system.Similar to [18] whereinmany simpli�ed assumptionsaremade

andessentialnetwork parametersareomittedwhich impedefundamentalunderstandingon BT systems.

In [12], authorsmakesomecorrectionof themodelof [18] andpresentamulti-torrentcollaborationpolicy.

In [2] authorsmodelthedistribution of theindividual chunkundermultiplenetwork topologiesandrouting

algorithms.As for availability measure,theauthorsin [11] experimentallyshow thatby usingthenetwork

codingscheme,thesystemis muchmorerobust thantheBitTorrentprotocolin theextremescenariowhere

theoriginalseederleavesimmediatelyafterdistributing few copiesto thesystem.

3 Mathematical Model for BT Dynamics

To representthe dynamicsand evolution of a BitTorrent-like P2Psystem,we usea �uid model with a

simpli�ed statespaceusingthestochasticdifferential equationapproach [6]. Performancemeasuressuch

astheaveragenumberof leechers,theaveragenumberof seeders,theaverage�le downloadingtime and

theoverall systemthroughputarederived.

3.1 Analytical Model

ConsideraBitTorrent-like P2Psystemthatdistributesagiven�le
�

to a largenumberof cooperative peers.

The�le is dividedinto � orthogonalchunkssuchthat
���������	��
���
�
�
������

, where
�����	�������

for ���

���

and
�

�

is the �! #" chunkof the�le. For simplicity of analysis,weassumeno network codingor erasurecode

is appliedin the�le sharingprocess.Typically, thenumberof chunks� is in theorderof thousands.Based

onBT'sde�nition, aseederis apeerwhichhasall � chunksof
�

while a leecher is apeerwhichonly has

a subsetof
�

. Assumeat time $ , thereare %'&($*) peersin thesystem.Thesepeerswantto obtainandshare

the�le
�

, andnew peersarrive accordingto a Poissonarrival processwith rate + . By thehelpof a tracker,

eachpeermaintainsa connectionwith anotherpeerasits neighborwith a connectivity probability ,.-0/ .

Onecanview theBT �le sharingsystemasanoverlaynetwork andevery nodein theoverlaynetwork has

anaveragedegreeof ,1&2%3&($4)657/8)�9�,:%'&($*) . For eachconnection,theaveragedownloadingrateis ; . Each

peeris constrainedby amaximumtransferrate < , which includesthedownloadingandtheuploadingrates

Althoughapeercankeeplogicalconnectionsto many peers,apeercanhaveatmost <>=?; uploadingand/or

downloadingconnectionssimultaneously. After collectingall chunksof
�

, a leecherbecomesaseederand

may serve othersby uploadingchunks. A seedercanchooseto leave a BT-like systemandthe average

departurerateis @ (i.e., /8=8@ is theaveragetimeaseederstaysin theBT system).Welet A

�

-�� to represent

thenumberof chunksthatpeer� is holding.
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In [18,21], all peersare consideredas having the sameeffectiveness� to contribute to the system.

However it is not truein reality becausewhena new peer�rst entersthesystem,it hasno chunkto upload.

Even after sometime it collectsa small numberof chunks,the effectivenessof this “new” peeris very

different from peerswith large numberof chunks. On the otherhand,if we considerall combinationof

differentchunks[16] (i.e. peerswith only
����� ��


andpeerswith only
�	�
� ���

areof differenttypessothere

are 


�

statesin themodel),thenthestatespaceis extremelylarge. In thispaper, weuseadifferentapproach

anddistinguishthestatesof peersby thenumberof chunksthey areholding (i.e. peerswith only
� ��� ��


andpeerswith only
���
� ���

areof thesametypesowe need��� / states).Assumechunksareuniformly

distributedamongpeers,whichactuallycouldbeensuredby therarest-�rst chunkselectionpolicy. Let peer

� andpeer
�

have A

�

and A

�

chunksrespectively, whereA

���

A

�����

�

�

/

�������
�

��� . Let usderive theprobability

thatpeer � canobtainat leastoneusefulchunkfrom peer
�

, which we denoteas �

��� �

. When A

���

A

�

, it is

clearthat �

��� ���

/ . When A

���

A

�

, we have:

�

��� � �

/�5 P[chunksin peer
�

aresubsetof chunksin peer� ]

�

/�5

�! !"

 �#%$

�

�

 �#
$

�

/ 5

A

�



&2A

�

5 /8)


�
�


&2A

�

5 A

�

� /8)

�




&�� 5 /8)


�
�


&�� 5 A

�

� /8)

�

(1)

Sogiventhenumberof chunkspeer� andpeer
�

holding,wecanestimatetheprobability �

��� �

(asillustrated

in Figure1). FromEq. (1), we needuse �&� / variablesto capturethesystemdynamics.Theproblemis,

thenumberof all states� is still a largenumber, canonereducethenumberfurther?FromFigure1, one

canobserve that �

��� �

increasesverysharply. Soweusethis importantobservationto reducethestatespace.

We distinguishthreetypesof peers:Type1 peeris a leecherthatholdsa few chunks(i.e.,saylessthan

half of the � chunks).Type2 peeris a leecherthatholdsmostbut notall chunks.Type3 peerrepresentsa

seederin thesystem.Theprobability �

��� �

in Eq. (1) canbesimpli�ed basedon thefollowing cases:

� case1: If peer� is of type1 or type2, andpeer
�

is of type3, thenclearly �

��� � �

/ sinceaseedercan
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alwaysprovide ausefulchunkto a leecher.

� case2: If peer � is of type1 andpeer
�

is of type1 or type2, then A

�

= � is very smallandwe have

�

��� � �

/�57&2A

�

= � )

 #

9 / .

� case3: If peer� is of type2 andpeer
�

is of type1, then A

�

= � is closeto 1 but since A

�

is small,we

have �

��� �

9 � .

� case4: If peer� andpeer
�

areof type2, then A

�

is largeand &2A

�

= � )

 �#

9 � , so �

��� �

9 / .

Now to representtheheterogeneityof peers'effectivenesswhile keepingthemodelsimpleandanalyti-

cally tractable,we assign�

��� �

only two possiblevalues:0 or 1 accordingto thetypesof peer� and
�

.

Let
� �

&($*) ,
�>


&($*) and � &($4) be the randomvariablesrepresentingthe numberof type-1peers,type-2

peersandtype-3(seeders)in thesystemat time $ . By case1 and2 of theanalysisof Eq. (1), type-1,type-2

peersandseederscanassisttype-1peersin the �le downloadprocess.Also, type-2peersandseederscan

assisttype-2peersbasedon case1, 2 and4 above. Let �

�

&($4) and �

�

&($*) denotethe randomvariablesof

thedownloadinganduploadingratesfor �����
	

�

at time $ . Whenthereis no bandwidthconstraint (i.e., < is

in�nitely large):

�
�

�

�

&($4)��

�

��

�

��

; , &

��� � �

&($*)�� �

��� �>


&($4)�� �

�
�

� &($4)��() � is type-1

; , &

��� �>


&($*)�� �

�
�

� &($*)��() � is type-2.
(2)

Whenweconstrainapeerwith bandwidth< , it meansthatfor eachpeer� , theinequality �

�

&($4)����

�

&($4)	-�<

needsto besatis�ed.Fromthesystem's perspective, wehave thefollowing conservationrules:

���

 ��
�

��� �

�

�

&($*) �

���

 ��
�

��� �

�

�

&($4)�- < %3&($4)

�

(3)

���

 ��
�

��� �

�

�

&($4)

�

���

 ��
�

��� �

�

�

&($4)

�

(4)

SubstituteEq. (4) to Eq. (3) andtakingtheexpectation.By theWald's Equation[19], wehave:

���

�

�

&($*)�� -7< =



�

(5)

CombiningEq. (2) and(5) andlet �

�

�

�
&($*) and �

�




�
&($4) betherandomvariablesdenotingthedownloading

rateat time $ for type-1andtype-2peerrespective, wehave:

���

�

�

�

�

&($4)�� 9! #"%$

�

; ,1&

�
� � �

&($4)�� �

��� �>


&($*)�� �

�
�

� &($*)��()

�

<>=

 �

���

�

�




�

&($4)�� 9! #"%$

�

; ,1&

�
� �>


&($4)�� �

���

� &($4)��()

�

<>=

 �

�

(6)
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Wecannow presentthemathematicalmodelthatcapturesthedynamicsof aBT-likesystem.Themodel

is basedonthestochasticdifferential equation[6]. First,thearrival processof peersis modeledasaPoisson

counterprocess%3&($4) with anaveragearrival rate + . ThePoissoncounterhasthefollowing properties:

�

%3&($4)

�

�

/ atPoissonarrival
� elsewhere,

� ��� �

%'&($*)��

�

+

�

$

�

(7)

Let
� �

&($4) and
� 


&($*) denotethe numberof type-1 and type-2 leechersat time $ while � &($4) denotethe

numberof seedersin the systemat time $ . The following equationsdescribethe rate of change of these

threeimportantvariables:

� � �

&($4)

� �

%'&($4) 5������	�

�

 ���


�

�

 ��
�* 

�

��� 


�

� �>


&($4)

�

�

���	�

�

 ���


�

�

 ��
�* 

�

��� 


5

�

�����

�

 ���


�

�

 ����* 

�

��� 


�

�

� &($*)

�

� �����

�

 ���


�

�

 ��
�* 

�

��� 


5 @ � &($*)

�

$

�

(8)

Therateof changeof
� �

&($4) is affectedby thenumberof new arrival, which is denotedas
�

%'&($*) , andthe

numberof peersthattransferfrom type-1to type-2is denotedby �
���	�

�

 ��



�

�

 ��
�* 

�

��� 
 , where ��� =

 representsthe

sizeof ahalf of the�le
�

, and �

�

�

�

� �

&($*)

�

$ representstheamountof new informationthatall
� �

&($4) type-1

peerscollectin
�

$ . Similarly, thetransferratefrom type-2peersto seedersis �

�����

�

 ��



�

�

 ��
�4 

�

��� 
 . Lastly, sincethe

departurerateof a seederis @ , sothetotal departurerateof all seedersis representedby @�� &($4) . Takingthe

expectationof Eq. (8), we have:

�
�
� � �

&($4)�� 9

�
�
�

%'&($4)�� 5����
�

���	�

�

 ����

���




�

�

 ������* 

�

��� 


�

�
�
� �>


&($4)�� 9 ���
�����	�

�

 ����

���




�

�

 ������4 

�

��� 


5����
�������

�

 ����

���




�

�

 ������* 

�

��� 


�

�
�
�

� &($4)�� 9
���

�
�����

�

 ����

���




�

�

 ������4 

�

��� 


5 @

�
�

� &($*)��

�

$

�

(9)

Notethattheabove equationsareapproximationsbecausewe areassumingtheindependenceof �

�

&($4) and
�

�

&($*) , for �

�

/

�


 .

3.2 Steady-StatePerformanceMeasures

To study the steady-stateperformance,we let
�

�
� � �

&($*)��

�
�

��� �>


&($4)��

�
�

�
�

� &($4)��

�

� . To simplify

notationfurther, we use �

 

to representtheexpectedvalueof therandomvariable
 

andlet !

�


#"%$

�

� and
&

� '


#"($ to simplify theexpressions.To �nd thesteadystatesolution,we classifyEquation(9) into three

cases:

Case1 �

� �

�
�

�>


�
�

�

�
&

,

Case2 �

�>


�
�

�

�
&

-
�

� �

�
�

�>


�
�

� , and
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Case3
&

- �

�>


� �� .

The�rst caseimpliesthattheuploadinganddownloadingprocessarenot constrainedby thebandwidth< .

Thisoccurswhenpeershavebroadbandaccessto theInternet,or whenthepeer's arrival rateis low sothere

areonly few peersin thesystem.For thesecondcase,type-1peersareconstrainedby bandwidth< while

type-2peersarenotconstrainedby thisbandwidthlimit. Thejusti�cation for thiscaseis thattherearemore

peerswho canhelp type-1peersthantype-2peers.Henceit is possiblethat formerpeersaresaturatedby

thebandwidthconstraint,yet not thelatter. For thelastcase,all peersareconstrainedby thebandwidth<

in the�le sharingprocess.Thiscaseoccurswhenpeershave a low bandwidthconnectionto theInternet,or

the�le is verypopularsothatthepeer's arrival rateis veryhighandtherearemany peersin thesystem.We

cansolve �

� �

, �

�>


, �� respectively in thesethreecases.Thefollowing theorembelow statestheequilibrium

point �

� �

& �

� ���

�

�>

�

��>) of Eq. (9):

Theorem 1 (Equilibrium point) In theregime
��� � �

&($*)�� ,
�
� � 


&($*)�� and
���

� &($4)�� are nonnegative, Eq. (9)

hasa uniqueequilibriumpoint �

�

:

�

� �

��

�

�

�

�

�

��

&

� ���

�


��

�

�	�


#"%$

5

�

��


�

�

�

�	�


#"($

5

�


�


�

�




) if
��


� �




�

�

� �

�

��


� &

(for Case1)
�

&

�

�	�

'

�

�

�

�	�


#"($

5

�


�


�

�




) if �

�

�
�

�


�


�
&

-

��


� �




�

�

�
�

�

��
 (for Case2)
�

&

�

�	�

'

�

�

�	�

'

�

�




) if �

�
&

-

�

�

�
�

�


�
 (for Case3)

(10)

Proof: Dueto thelack of space,we referour readersto thetechnicalreport[10].

Theorem 2 (Local Stability) Theequilibriumpointgivenby Theorem1 is asymptoticallystable.

Proof: Dueto thelack of space,we referour readersto thetechnicalreport[10].

Theorem 3 Let �

�

�

denotetheaverage downloadingtime for the �le
�

, which is theaverage time it takes

for a peerto obtainall � uniquechunksof
�

. Wehavethefollowingresults:

�

�

�

�

�
�

�

�

�

�
�

��


� �


��

�

�


#"%$��

5

�

��
 Case1,
�

�

�


#"($��

�

�

�

'

5

�


�
 Case2,



�

�

'

Case3.

(11)

Proof: By the Little' s result[14], �

�

�

is given by �

�

�

� �




�




�




�

� . By Theorem1, we canobtainthe above

resultseasily.

Theorem 4 Let �

���

denotetheaverage systemthroughputof theBT-likeP2Psystem,theaverage numberof

peers in thesystemis �
%

�

�

�
�

�
�

�



�
�

� . Wehavethefollowingresult:

�

�
�

�

���

& �%




) Case1,
�

&
�

% ) Case2 or 3.
(12)
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Proof: Dueto thelack of space,we referour readersto thetechnicalreport[10].

Theabove theoremsprovide thefollowing importantinsights:

Remark 1: Quantifying the scalability of BitTorrent-like P2P networks: Basedon the steadystate

systemthroughputasgivenby Eq. (12),onecan�nd thattheBT-likesystemscaleswell with thenumberof

peers.Case1 representsthesystemundera low arrival rate,thereforea smallnumberof peersexistsin the

system.Thethroughputof thesystemis of theorderof
�

& �%




) . Whentherearemorepeersin thesystems

(i.e., in case2 and3), thesystemthroughputis linearly proportionalto thenumberof peers.Sothesystem

performancewill notdegradeaswescaleup thenumberof peers.

Remark 2: Quantifying the sensitivity of downloading time to arri val rate: Theintensityof thearrival

raterepresentsthe popularityof the �le. To understandthe impactof �le popularityon the performance

of BT-like P2Psystems,we considertherateof changeof �

�

�

whenoneincreasesthepeer's arrival rate + .

Basedon theexpressionof �

�

�

in Eq. 12,wehave:

�

�

�

�

�

+

�

��

�

�

�

��

5

��


� �

�

�

�

+

�

� � 


Case1,

5

�




�

�

+

�

� � 


Case2,
� Case3.

For case1 and2, theaveragedownloadingtime decreaseswhenthearrival rate + increases;in case3, the

rateof changeof �

�

�

is not relatedto + . This meansif the�le is popular(i.e., largevalueof + ), theaverage

downloadingtime will besmaller. ThereforetheBT-likesystemscaleswell with the�le popularity.

Remark 3: Quantifying the effect of the presenceof seeders:Since @ representsthedepartureratefor

seeders,
�

�

�

/8=8@ is theaveragetime a seederstaysin a P2Psystem.For case1 and2, when
�

� increases,

therewill bemoreseedersin thesystemtoprovidetheuploadingservice,therefore,theaveragedownloading

time �

�

�

will decrease.Noticethat

�

�

�

�

�

�

�

�

��

�

��

5�� =�� Case1,
5 /8=

 Case2,

� Case3.

Thisimpliesthathaving moreseederswill reducethe�le downloadingtime. But whenall peersaresaturated

dueto the bandwidthlimit, having moreseederswill not improve the performance.Consideran extreme

caseof
�

�

�

� , thatis, apeerwill leave thesystemimmediatelyafterit downloadstheentire�le
�

.

�

"% 


����

�

�

�

�

��

�

�

�

��

��


� �


��

�

�


#"%$�� Case1,
�

�

�


#"%$��

�

�

�

'

Case2,



�

�

'

Case3.

The above expressionimplies that peerscan still obtain the �le, thoughwith higher downloadingtime,

without thehelpof many seedersin thesystem.
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Remark 4: Quantifying the effect of the connectionprobability , : A closeexaminationof Eq. (11)

revealsthat �

�

�

is a functionof theconnectivity parameter, for case1 and2 but not case3. Increasingthe

valueof , will reducethevalueof �

�

�

. This is dueto the fact thata peerhasmoreneighborsto reduceits

downloadingtime,aslong asit is not saturatedby its own bandwidthlimit. In case1 andcase2, increasing

, will decrease�

�

�

, becauselarger , increasesthe possibility of downloadingfor peers. In case3, , will

not affect �

�

�

becausethesystemis operatingat thesaturatedmode.Onemaythink a largervalueof , will

alwaysbene�t a peer. However it is importantto notethat larger valueof , will alsocausepeersto keep

too many TCPconnections.Hencea large valueof , will increasetheburdenof thepeerswith too many

connectionoverheadsandeventuallyleadsto saturatingpeers'bandwidth.Since, is affectedby thenumber

of peersreportedby the tracker to a peer, a properselectionof this numberis an interestingandpractical

problem.

Remark 5: Quantifying the effectof bandwidth constraint < : Considerthemarginal utilizationof < :

�

�

�

�

�

<

�

��

�

�

�

� Case1,
5

�

�

'

�

Case2,
5




�

�

'

�

Case3.

For case1, thebandwidthis not fully utilizedso �

�

�

is notaffectedby < , andmorebandwidthis nothelpful

in thiscase.For case2 and3, by increasingthebandwidthlimit, apeercangetabetterperformance.Given

theaboveanalysis,onecanbetteranticipatethesystem's needsincemostBitTorrentimplementationsallow

usersto con�gure themaximumbandwidth.

3.3 Model Validation and Evaluation

In this section,we performa seriesof experimentsto validateour analyticalresults.First,we implementa

discreteeventsimulatorfor a BitTorrent-like �le sharingsystem.Theinput of thesimulatorareparameters

suchasarrival rate,transferratebetweenpeers,departurerateof seeds,connectionprobability, transmission

bandwidthof peers,etc. Our simulatormodelsthebehaviors of peerssuchasjoining thesystem,making

connectionsto neighboringnodes,selectingchunksfor download, transferchunks,updatingthe chunk

bitmaps,seedingandalsodeparturesof seeders.

Experiment. 1 (Accuracy in estimating number of peers): In the following experiments,we consider

theaccuracy of theproposedmathematicalmodelin estimating
�
� � �

&($4)�� ,
��� �>


&($*)�� and
���

� &($4)�� . We also

usethis experimentto testtheaccuracy of the [18]'s model. In Fig.2, we comparetheaveragenumberof

leechers(
�
� � �

&($4)�� �

�
� �>


&($4)�� ) andtheaveragenumberof seeders(
�
�

� &($4)�� ) with thesimulationresults.

Fig.2(a) illustratesthe casethat the peer's arrival rate is +

�

�

�

/ , seeder's departurerate is @

�

�

�

� / ,

the transferrateis ;

�

�

�

/ betweentwo peers,themaximumtransferbandwidthof a peeris <

�


 and

theconnectionprobability is ,

�

�

�


�� . Thesettingrepresentsthesituationthatpeerswith low download

bandwidth,andthemaximumtransferratebetweenpeersis low. Becausethepeer's arrival rateis low, so

the �le is not that popular. Onecanseethat our modelcanaccuratelytrack thedynamicsof the leechers
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Figure2: Comparingdynamicsof peerevolutionsfor ourmodelandQiu'smodelunderthreedifferentcases
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Figure3: ComparingSystemScalabilityfor ourmodelandQiu's model

andseeders,while modelbasedon [18] is only accuratein estimatingthenumberof leechersandseedersin

thesteadystatecase.Fig.2(b)illustratesthecasethat thepeer's arrival rateis +

�

�

���

, seeder's departure

rate @

�

/

�

� , peer's downloadingbandwidthis ;

�

�

�

� , peer's maximumtransferbandwidthis <

�

/�
 and

theconnectionprobability is ,

�

�

�


�� . In this setting,the �le is morepopularso thepeer's arrival rateis

higher. Also, peershave a high downloadingrateanda highermaximumtransferbandwidth.However, the

seeder's departurerateis alsohigherthanthepreviousexperiment.Again, our modelcanaccuratelytrack

thedynamicsof theleechersandseeders,while modelbasedon [18] underestimatesthenumberof leechers

in thesystem.Lastly, Fig.2(c)illustratesthecasethat thepeer's arrival rateis +

�

�

���

, seeder's departure

rate @

�

�

�

/ , downloadingbandwidthbetweenpeersis ;

�

�

�

� , peer's maximumtransferbandwidthis

<

�

/�
 andtheconnectionprobability is ,

�

�

�

/ . Notethatour modelcanaccuratelytrackthedynamics

of theleechersandseeders,while modelbasedon [18] signi�cantly underestimatesthenumberof leechers

in thesystem.

Experiment. 2 (Accuracy for Performance Measures �

�

�

and �

� �

): In this experiment,we investigate

the accuracy of thederived performancemeasures,namely, the averagedownloadingtime �

�

�

andsystem
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Figure4: �
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asthefunctionof arrival rate +
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Figure5: �

�

�

asthefunctionof departurerate @

throughput �

���

. We set �

�

�
��� , ;

�

�

�

� , @

�

/

�

� , ,

�

�

�

� , <

���

andvary the numberof peersin

the system. As shown in Fig.3, the BT-like systemscaleswell with the numberof peers. Note that our

analyticalresultsmatchwell with the simulationresultswhile Qiu's modelunderestimate(overestimate)

�

�

�

( �

� �

). Also, thereis a decreaseof averagedownloadingtime whenmorepeersarein the system.This

propertyis alsoreportedfrom therealBT-tracedata[21]. Thenearlinearrelationshipbetweenthenumber

of peersandthesystemthroughputis re�ectedin ourmodelandis alsoreportedin [3].

Experiment. 3 (Sensitivity Analysis): In this setof experiments,we investigatethesensitivity of perfor-

mancemeasuresto varioussystemparameterssuchasthearrival rate + , theseeder's departurerate @ , the

connectionprobability , andtransmissionbandwidth< .

3a) The relationship between
�

�

and arri val rate + : For this experiment,we set � ,; and @ thesameas

in Experiment2, but vary thearrival rate + underdifferentvaluesof < and , . Fig.4(a)and4(b) illustrate

theeffect on theaveragedownloadingtime. Both of these�gures show thatwhenthevalueof arrival rate

becomeslarge,theaveragedownloadingtimedecreasesmonotonicallyandeventuallyreachesa �x edvalue

whenthetransmissionbandwidthis saturated.
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Figure6: File downloadingtimevs. bandwidthunderdifferentbandwidthdistributions

3b) The relationship between
�

�

and departure rate @ : In this experiment,we alsosetthe parameters

+ , � and ; thesameasin Experiment2 but now we vary thevaluesof leaving rate @ . Fig.5(a)illustrates

the averagedownloadingtime for <

���

and /�
 while Fig.5(b) illustratesthe averagedownloadingtime

for ,

�

�

�


�� and �

�

� . Thesetwo �gures alsocon�rm that by increasingthe departurerate @ , the seeder

spendslesstime in thesystem,hencetheaveragedownloadingtime for peersincreases.Notice thatwhen

@ is largeenough,therateof deteriorationon the�le downloadingtime approacheszero.This impliesthat

evenwhenthereis no incentive for peerto bea seeder, theBT-like systemcanstill provide serviceto peers

in thesystem.

3c) The relationship between
�

�

and connectionprobability , . FromFig.4(b)andFig.5(b),we observe

that when thereare moreconnectionsto peers(i.e., , is of high value), then the �le downloadingtime

actuallydecreases.FromFig.4(b),weobservethatmorehighly connectedsystemhasasmallerdownloading

time, especiallywhen + is small. As + increases,the performancedifferencebetweendifferentvaluesof

, diminishes.So for a systemwith a low arrival rate,high connectionprobabilityof peersis importantto

improve theperformance.

3d) The relationship between
�

�

and bandwidth: In Fig.5(a),the systemwith a higherbandwidthhas

a lower averagedownloadingtime. But in Fig.4(a),we can�nd that for the low arrival ratecase,higher

transferbandwidthdoesnot necessarilybring betterperformance.One can achieve betterperformance

whenthepeer's arrival rateis highbecausetherewill bemorepeerscontributing to theuploadingprocess.

Experiment. 4 (Bandwidth Heterogeneity): Theaveragedownloadingtime givenby Eq. (11) is derived

undertheassumptionof homogenousbandwidth< for all peersin thesystem.In this experimentwe relax

thisassumptionandexaminethecasethatpeersjoin thesystemwith differentbandwidth.Still usingparam-

etersin Experiment2 except < , werepeatthesimulationusingdifferentbandwidthdistribution,namely, (a)

exponentialdistribution with mean20, (b) uniformdistribution in
�

/��

�

�
� � , and(c) normaldistribution with

mean20andvariance2. Fig. 6(a)shows thenumberof peerscorrespondingto thebandwidthin thesethree

13



runs.Thesimulationresultsmeasuredby averagedownloadingtime of thepeerswith certainbandwidth<

is illustratedin Fig. 6(b). An interestingobservationis thatthedownloadingtime of peerswith a particular

valueof bandwidthis actually“independent”onthebandwidthdistribution in all threeruns.In otherwords,

theaveragedownloadingtime of a speci�c peeris mainly determinedby its own bandwidthinsteadof the

bandwidthof its neighbors.For example,for peerswith bandwidth20, the averagedownloadingtime is

around180,indepedentof thebandwidthdistribution asnormal,exponential,or uniformly distributed.And

it is quitecloseto themodelpredictiongivenby Eq. (11) (setting <

�



� ) which is 174. Thusfrom Fig.

6(b), Eq (11) is a goodperformancepredictorfor the downloadingtime even whennow peershave het-

erogenousbandwidth.Having this observation,we canusetheanalyticalresultswe obtainedto investigate

theimpactheterogenouspeersin a BT-likesystem.

4 Model ExtensionFor Peersbehind Fir ewalls

In this section,we investigatethe impactof �re wall (or the network-address-translation box) on the BT

protocol. Althoughrecentlysomeimplementationsof BitTorrentenableusersbehinddifferent�re walls or

NATsconnectedto eachothervia UDP, it still remainsaproblemfor TCP. In general,apeerwith apublicIP

addresscannotinitiateaTCPconnectionwith a peerbehinda �re wall sincetheaddressof thelatterpeeris

unknown. Oneway to establisha connection(bothfor thedownloadinganduploadingof chunks)between

thesetwo differentclassesof peersis to involve a third party(i.e. theBT tracker). To illustrate,considera

peer � which is behind�re wall while a peer
�

hasa public IP address.Whenpeer � joins theBT system,

it hasto contactthe tracker so asto obtaina sublistof connectingpeers.During this contact,the tracker

remembersthe“address”of peer � . Whenpeer
�

joins thesystem,thetracker caninform peer � to initiate

theconnectionwith peer
�

(i.e. a peerbehindthe �re wall needsto initiate theconnection).In this way, a

connectionbetweenpeer � and
�

canbe established.It is alsoimportantto notethat whentwo peersare

behinddifferent�re walls(i.e. underdifferentnetwork domains),they cannotestablishconnectionwith each

othersincethey do not know the“address”of eachother. This impliesthatpeersbehinddifferent�re walls

cannotassisteachotherin thechunkuploading.This form of interactionis illustratedin Figure7 wherein

a peerwith a public IP addresscanreceive uploadservicefrom any peerin the BT system,while a peer

behind�re wall canonly receive uploadserviceby peerswith public IP addresses.

In our model,we assumetherearetwo classesof peers:peerswith publicly routableIP address,and

peersbehind�re wall. Let +

�

betheaveragerateatwhichnon-�rewalledpeersarrive,and +�� betheaverage

rateat which �re walledpeersarrive. Denotethenumberof non-�rewalled leechersandseedersas
�

�

and

�

�

, the numberof �re walled leechersandseedersas
�

� and ��� . For simplicity of presentation,we do

not differentiatepeersby the amountof chunksthey have cached.Similar to the previous mathematical

development,we have thefollowing differentialequationsto describethedynamicof theoverall system:

�
�

�

�
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�
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�
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�
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 �
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Figure7: Generalmodelillustratestheimpactof �re wallsandNATs
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For mathematicaltractability, we assumethesituationthata peerwill leave thesystemassoonasit obtains

all thenecessarychunks.This implies �

�

&($*)

�

� and ��� &($*)

�

� for large $ . Eq. (13) canbereducedto:
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Weareinterestedin thesteadystatebehavior andwehave thefollowing importanttheorems:

Theorem 5 (Equilibrium point) When+

�

�

+ � , in theregimethat
�

�

�

� and
�

�

�

� , Eq. (14) hasthe

uniqueequilibriumpoint �

� �

&
�

�
�

�

�

�
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When +

�

- + � , in the regime that
�

�

�

� and
�

�

�

� , Eq. (14) has the uniqueequilibrium point
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Proof: Dueto thelack of space,pleasereferto thetechnicalreport[10].

Theorem 6 (Local Stability) Theequilibriumpointgivenby Theorem5 is asymptoticallystable.

Proof: Pleasereferto thetechnicalreport[10].

Theorem 7 Let �

�

�

�

�

and �

�

�

�

� denotethe average downloadingtime for non-�rewalled peers and peers

behind�r ewall respectively. Theaverage downloadingtimesare givenby:
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Proof: By Little' s result [14], �

�

�

�

�

is given by �

�

�

�

�

�

�




�

�

� , and �

�

�

�

� is given by �

�

�

�

�

�

�




�

�
� . Basedon

Theorem5, theabove resultscanbeeasilyderived.

Remark 1: Importance of non-�r ewalledpeers:Considertheextremecaseof smallbirthof non-�rewalled

peers(i.e., +

���

� ), underthis casewe have +��

�

+

�

and 

�

+

�

; , ���

�

< . Theaveragedownloading

timefor non-�rewalledpeersis
�

"% 

�

�

���
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�
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'

, which is aconstant,but
�
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���

,

whichmeansthepeersbehind�re wall cannot�nish the�le downloadingwithout thehelpof non-�rewalled

peers.In summary, we needto have a suf�cient numberof non-�rewalledpeersto sustainthe �le sharing
process.

Remark 2: Performance gap: It is easyto prove that in all situationslisted above, �

�

�

�

�

- �

�

�

�

� , which

impliesthatnon-�rewalledpeerscanalwaysperformat leastasgoodaspeersbehind�re walls. Wede�ne
�

astheperformancegapof thedownloadingtime betweennon-�rewalledpeerand�re walledpeer. We have
�

�

/�5
�

�

�

�

�

=
�

�

�

�

� . When
�

�

� , it meansboth classesof peershave thesamedownloadingtime while
�

�

/ meansthat the �re walledpeerstake a very long time to completethe �le download. We have the

following importantobservations:
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� When �

�

<

�


 � +

�

; , �?� , which representsthe situationthat bandwidthof all peersarecon-

strained,then
�

�

� . This impliesthattheimpactof �re walls is neglectable.

� When 
 � +

�

; , ���

�

< (i.e.,bandwidthis unconstrained),wehave
� �

/ but
�

is increasingaswe

reduce+

�

. In otherwords,whentherearefew numberof non-�rewalledpeers,thereis a noticeable

performancegapbetweenthesetwo classes.

� When +

�

�

+ � and

 �

�

�

"%$

�

�

�

�

�

�

���

�

< , we have
�

�

+ � = +

�

�

/ . This implies that thereis a perfor-

mancegapandthis gapdependson the relative arrival rates(or population)of thesetwo classesof
peers.

5 File Availability and the Chunk SelectionPolicies

In thissection,welook atanotherimportantperformancemeasure- the�le availability for aBT-likesystem.

A �le is availableonly whena peercandownloadall thechunksneededfrom seedersor otherpeersin the

system.If thereis alwaysat leastoneseederin thesystem,naturallythe�le is alwaysavailable. However

in reality, theseedersmaywantto minimizethetime of stayingin thesystemandtheleechersmaychoose

to departfrom thesystemoncethey obtainall necessarychunks,or they mayabortin themiddleof the�le

downloaddueto thesystemor network failures.Thusthesystemmaylosesomechunksdueto thedeparture

of thepeersandseedersandtheremainingdownloadingprocesseswill never �nish. Therearemany factors

thatmayin�uence the�le availability. In this paperwe areinterestedin how thechunkselectionalgorithm

canaffect the�le availability. In otherwords,if apeerneedsto downloadachunkfrom aneighboringpeer,

whichchunkis theproperonesoasto improve theprobabilityto completethe�le downloadprocess?

5.1 Modeling the File Availability

In this section,we presenta mathematicalmodelto evaluatethe �le availability of a BT-like �le sharing

system.We still usethesimilar notationsasin previoussections.Assumethatat time $ , thereare � peers

in thesystemandthe intended�le
�

has � chunks:
� �

,
��


,. . . ,
� �

. Let �

�

denotethenumberof peers

whichhavecachedthe �
 #" chunk

���

, then �

�

= � is theprobabilitythatarandomlychosenpeerhasthischunk
���

. Since, is theconnectionprobability, a peerconnectsto , & � 5�/8) numberof peerson theaverage.Let

@

�

betheprobabilitythatapeercan�nd
� �

from at leastoneof its connectingpeers,wehave:

@

� �

/�5

�

/ 5

�

�

���

$

���

�

�

�

9 / 5 �

�

$

"

"

�

(19)

Aboveapproximationis valid for largevalueof � , which is usuallythecasefor apopularBT �le.

To completelydownloadthe�le
�

, a peerneedsto collectall the � chunks.Let � betheprobability
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thatapeercanobtainthese� chunksfrom its connectingpeers,wehave:

�

�

Prob
�

A peercangetall � chunks�

�

�

�

�%� �

Prob
�

A peercanget
���

�

�

�

�

�%� �

@

� �

�

�

�%� �

& /�5 �

�

$

"

"

)

�

(20)

To gaintheunderstandingabouttheappropriatechunkselectionpolicy, we�rst �nd theoptimaldistribution

of differenttypesof chunksin thesystem.Assumethat � is thetotal storagespace(in unitsof chunks)of

all � peersin thesystem,we formulateaconstrainedoptimizationproblem:

 ���� �

�

�

�

�%� �

& /�5 �

�

$

"

"

)

s.t.

�

�

�%� �

�

�

-���� �

� �

�

�

for �

� �

/

������� �

���

�

Theoptimalsolutionfor thedistribution of chunksis:

	�
 � �

�




�

������� �

�




�

�

�
�

�

�

������� �

�

���

�

(21)

Thephysicalmeaningof theabove resultis not surprising:to maximizetheprobabilityof obtaininga �le,

thesystemshouldensurethatthechunksareasevenlydistributedaspossibleacrossthesystem.Wecanuse

thefollowing functionto measurehow evenly thechunksaredistributed:

�

& �

���

�


����������

�

�

)

�

�

�

�%� �

�

�

�

5

�

�

$




�

�

(22)

where �

�

���

�

�%� �

�

�

= � is theaveragenumberof chunksin thesystemat time $ . In essence,
�

measuresthe

varianceof thechunkdistribution in thesystem.
�

is minimized,when �

�
� ����� �

�

�
�

�

� .

Now thequestionwe needto answeris: given theexisting distribution
	

� �

�

��������� �

�

�

� , what is the

properchunkselectionpolicy? This canbe formulatedasan problemto minimize
�

becausewhen
�

is

closeto zero,it meansall chunksareevenly distributedacrossthesystem(Herethedecisionvariablesare
�

�

�

, �

�

/

������� �

� ,
�

�

�

is therateof changeof numberof
� �

).

To solve theabove optimizationproblem,let us considerin a shortperiodof time
�

$ . For
�

�

�
�

� ,

it is thenumberof newly replicated
� �

in
�

$ . Assumethesystemis in steady-statesothat thethroughput

of system �

�
�

couldbeconsideredasa constant.The increaseof total numberof chunkscopies
�

�

�%� �

�

�

�

is upperboundedby �

�
�




�

$ . To minimize
�

& �

�
�

�



������� �

�

�

) within therangeof changeof
�

�

�%� �

�

�

�

-

�

� �




�

$ , onecanusethesteepestdescentmethodfor �

�

-norm( see[5] page478),wehave thesolution:

�

�

� �

�

�

� �




�

$ if 5����

�

"

" is greatest,
� otherwise.

(23)
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Since 5�� �

�

"

"

�




�

�

"

�

"

"

�

� , Eq. (23) revealsthat to maximizethe systemmeasureof �le availability, system

shouldlet peersdownloadthe rarestchunkin the system,which is indeedthe chunkselectionalgorithm

usedin theBT protocol.

Mathematically, a peershouldalwaysdownloadtherarestchunk(assumingthatpeerdoesnot possess

this chunk)from its neighboringpeers.Practicallyaswe will show by simulationin the latersection,this

policy works well when the connectionprobability , is small(i.e.,peershave few neighbors). However

when , is large(i.e., the peersare quite well connected),it may causesomeproblemand reducein �le

availability(we will show it by simulationslater). In this case,assumethat
� �

is the rarestchunkand
�	�

is thesecondto therarestchunkin thesystem.Dueto the large connectionprobability , , nearlyall peers

preferto download
���

andthosepeersthathold on to
� �

departor abortfrom thesystem,thenthe�le will

not be available. This synchronizationproblemdeterioratesthe availability especiallyamongthe system

with high connectivity wherepeersmayhave many neighbors.

To alleviate this problem,we proposethe�le availability enhancement(FAE) algorithm. In essence,it

tries to randomizethe chunkselectionprocessbut the rarestchunkwill still be selectedwith the highest

probability. Wede�ne
�

�

�

as:

�

�

� �

�

���

�

"

"

�




�

�

"

�

"

"

�

� if �

�

-

�

�

� otherwise.

Amongall its missingchunks,apeerwill select
� �

with theprobability �

�

where

�

� �

�

�

�

�����

"

#��

�

�

�

�

�

(24)

Notethatfor theabovediscussion,thevalueof �

�

is obtainedby examiningall � peersin thesystem,which

implies peersknow the global information. In a practicalimplementation,a peercanonly connectto a

subsetof peers.In this case,thevalueof �

�

is thenumberof
���

from its neighbors,which is just thelocal

information. In the following we consideralgorithmsin bothcases:with global informationor with local

information.Now we have thefollowing chunkselectionalgorithms:

� Global RarestFirst (GRF): A peerwill select
���

from aneighboringpeerwith probability1, where
���

is therarestchunkin thewholesystem.

� Local RarestFirst (LRF) : A peerwill select
���

from a neighboringpeerwith probability1, where
�

�

is the rarestchunkamongits connectingpeers.This is the built-in chunkselectionalgorithmin

BitTorrentsystem.

� Global File Availability Enhancement(GFAE): A peerwill select
� �

from aneighboringpeerwith

probability �

�

, which is calculatedby theglobalinformation �

�

for �

�

/

�����

� .

� Local File Availability Enhancement(LFAE): A peerwill select
� �

from a neighboringpeerwith

probability �

�

, which is calculatedby thelocal information �

�

for �

�

/

�����

� .
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� Random Selection(RD): A peerwill select
���

from a neighboringpeerassuming
� �

is oneof its

missingchunkwhich is cachedby theneighboringpeer.

Note that,GRF andGFAE requireglobal informationfor peersto make their decisions,which canhardly

beimplementedin realsystem.Sowe justusetheresultsof thesetwo policiesasbenchmarks.

5.2 Performanceof Different Chunk SelectionAlgorithms

In this section,we carryout simulationsto comparetheeffect on averagedownloadingtime and�le avail-

ability for differentchunkselectionalgorithmsdescribedin previoussubsection.In eachof thesimulation,

we allow peersto dynamicallyjoin or leave the system.The arrival processof peeris a Poissonprocess.

A peercanleave thesystemafterobtainingall thenecessarychunks,or mayabortin themiddleof the�le

download.In eachexperiment,theserved�le has200chunks.An initial seederis put in thesystemandthis

seederstaysin thesystemfrom $

�

� to $

�

�
��� . All otherpeersmayabortthesystembeforecollectingall

chunksat theabortionrate
�

, andchoosetheseedingtimeaccordingto theleaving rate @ afterthey become

seeders.

Note that we usethe variancemeasure
�

de�ned in Eq. (22) to measurethe goodnessof the chunk

selectionalgorithm.Since
�

dependsheavily on thenumberof peers,while in our simulation,thenumber

of peersaretimevarying(dueto peer's arrival anddeparture).Sowede�ne anormalizedmetric:

�

�

&($*)

�

�

�

&($*)

�

� &($4)

�

which is usedto measurethevariancenormalizedby theaveragenumberof chunksat time $ . We usethe

mean
�

�

� of observed �

�

&($4) from time 400to time1500.

Experiment 1: Normalized Varianceand File Downloading Time under Low Bandwidth Scenario:

In this experiment,we �x thebandwidthfor eachpeerto be <

�

�

�

� , arrival rate +

�

�

�

� , leaving rate

@

�

�

���

, abortionrate
�

�

�

�

� / andtransferrate ;

�

�

�

� . We vary theconnectivity probability , from 0.2

to 0.8.Fig. 8(a)illustratesthenormalizedvariancefor the� vechunkselectionalgorithms.NotethatGFAE

andLFAE provide betteravailability andtherandompolicy is theworst. It is interestingto notethatLRF

even performsbetterthanGRF especiallywhen , is high, althoughLRF only usesthe local information.

From the trace�le of our simulationwe �nd the justi�cation that when , is high, peersget information

from mostof the peersin the system. So the GRF is more likely to causethe synchronizationproblem,

whichmeansall peerstendsto downloadthefew chunksthataretherarest.LRF bringsmorerandomnessto

alleviatethis problem.OurFAE with localor globalinformationis betterthanLRF when , is highbecause

we make a probabilisticchoiceto remedythis problem. Another importantobservation is that whenwe

increase, , the availability is alsoimproved by LEF andLFAE. This is becausein this simulationsetting

wesetbandwidthto <

�

�

�

� , sopeerscannotperformmoredownloadingdueto thebandwidthconstraint.

Evenwhenwe increase, sothatpeersmayhave moreneighbors,they canstill downloadfrom a smallpart

of all its theneighbors.This randomnesspushessystemaway from thissynchronizationproblem.
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Figure8: Availability andthroughputby differentchunkselectionpolicesin low bandwidthcase.
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Figure9: Availability andthroughputby differentchunkselectionpolicesin high bandwidthcase.

In termsof averagedownloadingtime, from Fig. 8(b) we �nd thattheperformanceof differentpolicies

are actually comparableexcept the Randompolicy. Randompolicy performsworst becauseit can not

distributeall typesof chunksevenlyamongpeerssopeersmaysuffer dueto waiting for usefulchunks.The

importantpoint is that the GFAE andLFAE provide similar averagedownloadingtime ascomparedwith

GRFandLRF, yet,GFAE andLFAE have betteravailability.

Experiment 2: Normalized Varianceand File Downloading Time under High Bandwidth Scenario:

In this simulation,we setbandwidth<

�

/�
 sothatwe simulatethecasethatpeershave high bandwidth

connectionto downloadthe�le. In thissetting,GFAE is thebestin termsof thenormalizedvariance.LFAE

performsbetterthanLRF especiallywhen , is high andLRF performsbetterthanGRF. Randompolicy is

still the worst amongthe all. We observe that the availability deteriorateswhen , increases.This is due

to the fact that increasing, may introducethesynchronizationproblem,but LFAE is lesssensitive in this
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Figure10: Availability by differentchunkselectionpolicesin severelydynamicsystem.

regard.

For averagedownloadingtime, randompolicy is still much worsethan the otherswhen , is small.

Randompolicy in this situationcannot ensurethe chunksequallydistributed acrossthe systembecause

peershave only few choicedueto thesmallnumberof neighbors.But when , is large,Randompolicy has

similarperformanceascomparedwith theothers.

Experiment 3: Normalized Varianceunder Different Peer's Abortion Rates:

In this experiment,we increasearrival rate +

�

�

���

, and vary different abortionrate
�

from 0.005to

0.02to investigatethe performanceof the systemwith high arrivals andabortion. In Fig. 10, the X-axis

representsthefractionof peersthatabortbeforedownloadingall thechunksin thesystem.Fromthis �gure

we canobserve thattheGFAE or LFAE hasa lower valueof thenormalizedvariance,this implieshigh �le

availability at theseextremeconditionseven when
�

�

�

�

� 
 andnearly � ��� peersabortbeforeobtaining

all chunks.

6 Conclusion

In this paper, we �rst proposea �uid modelbasedon thestochasticdifferentialequationmethodin model-

ing andcharacterizingthepeerbehaviors andperformancemetricsof BT-like P2Psystems.We obtainthe

closed-formsolutionof theaveragenumberof seedersandleechers,aswell astheaverage�le downloading

time andthe steadystatesystemthroughput.We validatethis modelby the discreteevent simulator, and

�nd ourmodelhasmuchhigheraccuracy, while previousmodelproposedin [18] mayprovidewrongperfor-

manceestimatesunderlargesystemsettings.Basedontheclosed-formsolution,wequantifythesensitivity

of the downloadingtime to varioussystemparameterssuchaspeers'arrival rate,seeder's departurerate,

connectionprobabilityandtransmissionbandwidth.We alsoextendthemodelto investigatetheimpactof

�re walls or NATs on theperformanceof BT-like system.We �nd thatpeersin thepublic domainplay an

importantrole andanalyzetheperformancegapbetweenthesetwo classesof peers.Lastly, we investigate
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the�le availability issuein termsof chunkselectionalgorithms.Wemodelthe�le availability and�nd that

the rarest�rst is the theoreticalsolutionto maximizethe availability. In practice,however, onemay en-

counterthesynchronizationproblemin usingtherarest�rst policy especiallyin high connectivity scenario.

To alleviate this problemwe proposea randomizedversion of the chunkselectionpolicy. We show the

experimentalresultsof all thesealgorithmsandillustrateour proposedalgorithmcansigni�cantly improve

the�le availability of BT systems.
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