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Abstract

We investigate the non-stationary stochas-
tic linear bandit problem where the reward
distribution evolves each round. Existing
algorithms characterize the non-stationarity
by the total variation budget By, which is
the summation of the change of the consec-
utive feature vectors of the linear bandits
over K rounds. However, such a quantity
only measures the non-stationarity with re-
spect to the expectation of the reward dis-
tribution, which makes existing algorithms
sub-optimal under the general non-stationary
distribution setting. In this work, we propose
algorithms that utilize the wariance of the
reward distribution as well as the By, and
show that they can achieve tighter regret up-
per bounds. Specifically, we introduce two
novel algorithms: Restarted WeightedOFUL™
and Restarted SAVE™. These algorithms ad-
dress cases where the variance information of
the rewards is known and unknown, respec-
tively. Notably, when the total variance Vi
is much smaller than K, our algorithms out-
perform previous state-of-the-art results on
non-stationary stochastic linear bandits under
different settings. Experimental evaluations
further validate the superior performance of
our proposed algorithms over existing works.

1 Introduction

In this work, we study non-stationary stochastic ban-
dits, which is a generalization of the classical stationary
stochastic bandits, where the reward distribution is
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non-stationary. The intuition about the non-stationary
setting comes from real-world applications such as dy-
namic pricing and ads allocation, where the environ-
ment changes rapidly and deviates significantly from
stationarity Auer et al. (2002); Cheung et al. (2018).
Most of the existing works in stochastic bandits con-
sider a stationary setting where the goal of the agent is
to minimize the static regret, i.e., the summation of sub-
optimality gaps between the agent’s selected arm and
the fixed, time-independent best arm that maximizes
the expectation of the reward distribution. In contrast,
for the non-stationary setting, the emphasis shifts to
minimizing the dynamic regret, which represents the
gap between the cumulative reward of selecting the
time-dependent optimal arm at each time and that of
the learner. As we can always treat a stationary bandit
instance as a special case of the non-stationary bandit
instance, designing algorithms that work well under the
non-stationary setting is significantly more challenging.

There have been a series of works aiming to minimize
the dynamic regret for non-stationary stochastic ban-
dits, such as Multi-Armed Bandits (MAB) (Auer et al.,
2002; Garivier and Moulines, 2011; Besbes et al., 2014b;
Wei et al., 2016), linear bandits (Cheung et al., 2018,
2019; Zhao et al., 2020b; Wei and Luo, 2021; Wang
et al., 2023), general function approximation (Faury
et al., 2021; Russac et al., 2020, 2021), and the even
more challenging reinforcement learning (RL) setting
(Mao et al., 2021; Touati and Vincent, 2020; Gajane
et al., 2018; Cheung et al., 2020; Wei and Luo, 2021).
In this work, we mainly consider the linear bandit set-
ting, where each arm is a contextual vector, and the
expected reward of each arm is assumed to be the linear
product of the arm with an unknown feature vector.
Most existing dynamic regret results for non-stationary
linear bandits depend on both the non-stationarity
measurement and the number of interaction rounds.
Specifically, assume K is the total number of rounds,
and for each k € [K], x is one of the arms, 6}, and 0511
are the feature vectors at k and k+ 1 rounds, satisfying
[Ix|l2 < 1. Then, the non-stationarity measurement is
often defined as the summation of the changes in the
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mean of the reward distribution, which is

K K
Bg = ;ggg |, 0 = Ok1)| = > 110k — Oria -

k=1
(1)

Existing works for non-stationary linear bandits (Rus-
sac et al., 2019; Kim and Tewari, 2020a; Zhao et al.,
2020a; Touati and Vincent, 2020; Cheung et al., 2018;
Zhao et al., 2020b) achieved a regret upper bound of
O~(d7/SB§(K%), where d is the problem dimension. A
recent work by Wei and Luo (2021) proposed a black-
box reduction I{lethOd that can achieve a regret upper
bound of O(dBE K %) in the setting with a fixed arm set
across all rounds. Such regret bounds clearly demon-
strate that regret grows as long as the non-stationarity
grows, which is aligned with intuition.

Although existing works clearly demonstrate the rela-
tionship between the Bg and the regret, we claim that
it is not sufficient for us to fully characterize the non-
stationary level of the reward distributions. Consider
applications such as hyperparameter tuning in physi-
cal systems, the noise distribution may highly depend
on the evaluation point since the measurement noise
often largely varies with the chosen parameter settings
Kirschner and Krause (2018). For linear bandits, such
examples suggest that the non-stationarity not only
consists of the change of the mean of the distribution,
but also the variance of the distribution. However, none
of the previous works on non-stationary linear bandits
considered how to leverage the variance information
to improve regret bounds in the above heteroscedastic
noise setting. Therefore, an open question arises:

Can we design even better algorithms for
non-stationary linear bandits by considering its
variance information?

In this paper, we answer this question affirmatively.
We assume that at the k-th round, the reward distri-
bution of an arm x satisfies 7, ~ (6, %) + €, where
€ is a zero-mean noise variable with variance 0,%. Our
contributions are:

e We establish the first variance-dependent regret
lower bound for non-stationary linear bandits.
This result captures the interplay between non-
stationarity and variance, which is not addressed in
existing literature for non-stationary linear bandits.

o For the case where the reward variance ai at round k
can be observed and the total variation budget By is
known, we propose the Restarted-WeightedOFUL ™"
algorithm, which uses variance-based weighted linear
regression to deal with heteroscedastic noises (Zhou

et al., 2021; Zhou and Gu, 2022) and a restarted
scheme to forget some historical data to hedge
against the non-stationarity. We prove that the
regret upper bound of Restarted-WeightedOFUL™
is O(d"/3(BxVi)Y*"VK + d°/B}/*K2/3).  No-
tably, our regret surpasses the best result for non-
stationary linear bandits O(dB}/*K?/3) (Wei and
Luo, 2021) when the total variance Vi = O(1) is
small, which indicates that additional variance in-
formation benefits non-stationary linear bandit al-
gorithms.

o For the case where the reward variance o3 is un-
known but the total variance Vi and variation bud-
get By are known, we propose the Restarted-SAVE™
algorithm. It maintains a multi-layer weighted
linear regression structure with carefully-designed
weight within each layer to handle the unknown
variances (Zhao et al., 2023). We prove that
Restarted-SAVE™ can achieve a regret upper bound
of ON(d%VE BI%(K% + d%BéK%). Specifically, when
Vi = O(1), our regret is also better than the exist-
ing best result O(dB%ng/g) (Wei and Luo, 2021),
which again verifies the effect of the variance infor-
mation.

« Lastly, we propose Restarted-SAVET-BOB for the
case where both the reward variance ai and By are
unknown. Restarted-SAVE'-BOB equips a bandit-
over-bandit (BOB) framework to handle the un-
known Bg (Cheung et al., 2019), and also main-
tains a multi-layer structure as Restarted-SAVE™.
We show that Restarted—SAV2E+1—BOB achieves a re-
gret upper bound of é(déVIEBEK% + ng?{K% +
ds K T70), and it behaves the same as Restarted-
SAVE" when Vi = O(1) and Bg = Q(d~"K1/19),

e We also conduct experimental evaluations to validate
the outperformance of our proposed algorithms over
existing works.

Notation We use lower case letters to denote scalars,
and use lower and upper case bold face letters to denote
vectors and matrices respectively. We denote by [n]
the set {1,...,n}. For a vector x € R? and a positive
semi-definite matrix X € R?*4 we denote by |x||2 the
vector’s Euclidean norm and define ||x[|s = vVxT Xx.
For two positive sequences {a,} and {b,} with n =
1,2,..., we write a, = O(by,) if there exists an absolute
constant C' > 0 such that a,, < Cb, holds for all
n > 1 and write a,, = (b,,) if there exists an absolute
constant C' > 0 such that a,, > Cb,, holds for all n > 1.
We use O(-) to further hide the polylogarithmic factors.
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i Variance Varying .
Model Algorithm Regret _Dependent  Arm Set Require Bg
: . SW-UCB R ‘ ‘
Linear Bandit (Cheung et al., 2018) O(dsBjK7) No Yes Yes
BOB 1,
(Cheung et al., 2018) o(d BKK4) No Yes No
RestartUCB ~( 1ol s
(Zhao et al., 2020b) O(dsBg K 4) No Yes Yes
RestartUCB-BOB N
(Zhao et al., 2020b) 0 dSBKK“) No Yes No
LB-WeightUCB a1,
(Wang et al., 2023) o(d BKK4) No Yes Yes
MASTER + OFUL ~ 1os
(Wei and Luo, 2021) 0 dBKK3) No No No
Restarted-WeightedOFUL™ O(d% Bk Vk)iK3
(OuI'S) +d§ BI§1(K% ) Yes Yes Yes
Restarted SAVE™ O(ds Vé BI%{ K#
(Ours) +d3 BiK%) Yes Yes Yes
Restarted SAVET-BOB 0(dtv;iBLK?
(Ours) +d3BLK} + dE K Yes Yes No
Lower Bound Q <d2/3B}(/3 V11</3K1/3
Ours AVk + VB K Yes Yes -
(
MAB Rerun-UCB-V O( |A|% BI%(VEK%
(Wei et al., 2016) + |A|% BI%(K%) Yes No Yes
Lower Bound (oo 1o
(Wei et al., 2016) 0 (BKVKK3 + BKK2) Yes No .

Table 1: Comparison of non-stationary bandits in terms of regret guarantee. K is the total rounds, d is the
problem dimension for linear bandits, By is the total variation budget defined in Section 3 (for the MAB setting,
Bg = Ziil Ik — 141100, Where py is the mean of the reward distribution at round k), Vi is the total variance

defined in Section 3, |A| is the number of arms for MAB.

2 Related Work

2.1 Non-stationary (Linear) Bandits

There have been a series of works about non-stationary
bandits Auer et al. (2002); Garivier and Moulines
(2011); Besbes et al. (2014b); Wei et al. (2016); Che-
ung et al. (2019); Russac et al. (2019); Auer et al.
(2019); Chen et al. (2019); Russac et al. (2020); Zhao
et al. (2020b); Kim and Tewari (2020b); Wei and Luo
(2021); Russac et al. (2021); Chen et al. (2021); Deng
et al. (2022); Suk and Kpotufe (2022); Liu et al. (2023);
Abbasi-Yadkori et al. (2023); Clerici et al. (2023).

In non-stationary linear bandits, the unknown fea-
ture vector 8y can be dynamically and adversarially
adjusted, with the total change upper bounded by

the total variation budget Bg over K rounds, i.e.,
S 10ks1 — Oklla < Bx. To tackle this problem,
some works proposed forgetting strategies such as slid-
ing window, restart, and weighted regression (Cheung
et al., 2019; Russac et al., 2019; Zhao et al., 2020Db).
Kim and Tewari (2020b) also introduced the random-
ized exploration with weighting strategy. The 1regret

upper bounds in these works are all of é(BiI(K%).
A recent work by Wei and Luo (2021) proposed the
MASTER-OFUL algorithm based on a black-box ap-

proach, which can achieve a regret bound of O(BI%(K %)
in the case where the arm set is fixed over K rounds.
To the best of our knowledge, none of the existing
works consider how to utilize the variance information
to improve the regret bound in the case with time-
dependent variances. The only exception of utilizing
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the variance information in the non-stationary ban-
dit setting is Wei et al. (2016), which proposed the
Rerun-UCB-V algorithm for the non-stationary MAB
setting with a regret dependent on the action set size
|A|. To compare with, the regret upper bounds of our
algorithms are independent of the action set size, thus
our algorithms are more efficient for the case where the
number of actions is large.

2.2 Linear Bandits with Heteroscedastic
Noises

Some recent works study the heteroscedastic linear ban-
dit problem, where the noise distribution is assumed
to vary over time. Kirschner and Krause (2018) first
proposed the linear bandit model with heteroscedas-
tic noise. In this model, the noise at round k € [K]
is assumed to be og-sub-Gaussian. Some follow-up
works relaxed the oj-sub-Gaussian assumption by as-
suming the noise at the k-th round to be of variance o
(Zhou et al., 2021; Zhang et al., 2021; Kim et al., 2022;
Zhou and Gu, 2022; Dai et al., 2022; Zhao et al., 2023).
Specifically, Zhou et al. (2021) and Zhou and Gu (2022)
considered the case where oy, is observed by the learner
after the k-th round. Zhang et al. (2021) and Kim et al.
(2022) proposed statistically efficient but computation-
ally inefficient algorithms for the unknown-variance
case. A recent work by Zhao et al. (2023) proposed an
algorithm that achieves both statistical and computa-
tional efficiency in the unknown-variance setting. Dai
et al. (2022) also considered a specific heteroscedastic
linear bandit problem where the linear model is sparse.

3 Problem Setting

We consider a heteroscedastic variant of the classic non-
stationary linear contextual bandit problem. Let K be
the total number of rounds. At each round k € [K],
the learner interacts with the environment as follows:
(1) the environment generates an arbitrary arm set
D) C R? where each element represents a feasible
arm for the learner to choose, and also generates an
unknown feature vector Oy; (2) the leaner observes Dy
and selects a, € Dy; (3) the environment generates the
stochastic noise ¢, and reveals the stochastic reward
rr = (O, ak) + € to the leaner. We assume that for
all k> 1 and all a € Dy, (a,0y) € [-1,1], ||0k]l2 < B,
Jallz < A.

Following Zhou et al. (2021); Zhao et al. (2023), we
assume the following condition on the random noise €
at each round k:

P(lex] < R) =1,

Ele;|arr, e1:6-1] < 0% (2)

Elex|ai.x, €1:6—1] = 0,

Following Cheung et al. (2018, 2019); Russac et al.
(2019); Zhao et al. (2020b), we assume the sum-
mation of ¢y differences of consecutive 6;’s is up-
per bounded by the total variation budget By, i.e.,
ZkK;ll |0k+1 — Okll2 < Bk, where the 0;’s can be
adversarially chosen by an oblivious adversary. We
also assume that the total variance is upper bounded
by Vi, which is Zszl 0? < Vk. The goal of the
agent is to minimize the dynamic regret defined as fol-
lows: Regret(K) =ik ((ar, k) — (ay, Oy)), where
aj = argmax,cp, (a,0) is the optimal arm at round
k with the highest expected reward.

4 Lower Bound

In this section, we establish a novel variance-dependent
regret lower bound for non-stationary linear bandits,
which reveals new insights into the problem structure.

Theorem 4.1. Given K > 0. For any bandit algorithm
there exists 01, ...,0k satisfying the problem setting
denoted in Section 3, such that

Regret(K)
> Q(min{d*? BV K3 Vi) + /BkK).

Proof. See Appendix C. O

Remark 4.2. Note that Cheung et al. (2019) proposed

a lower bound of Q(dz/SB%?’KQB) for general non-
stationary linear bandits. However, their result applies
only to cases without the variance restriction Vi, mak-
ing it inapplicable to our setting.

Theorem 4.1 represents the first variance-dependent re-
gret lower bound specifically tailored for non-stationary
linear bandits. The bound highlights the inherent com-
plexity of balancing variance and non-stationarity, of-
fering a foundation for future work aimed at designing
algorithms with matching upper bounds. Notably, our
result improves the existing variance-dependent lower
bound Q(BY VY K13+ BY/?K1/2) (Wei et al., 2016)
by a factor of d?/3 for the linear bandits setting.

5 Non-stationary Linear Contextual
Bandit with Known Variance

In this section, we introduce our Algorithm 1 under the
setting where the variance o} at k-th iteration is known
to the agent in prior. We start from WeightedOFUL™
(Zhou and Gu, 2022), an weighted ridge regression-
based algorithm for heteroscedastic linear bandits un-
der the stationary reward assumption. For our non-
stationary linear bandit setting where 8, is changing
over the round k, WeightedOFUL™ aims to build an
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Algorithm 1 Restarted-WeightedOFUL™
Require: Regularization parameter A\ > 0; B, an up-
per bound on the ¢o-norm of 8y, for all k € [K]; con-
fidence radius 3k, variance parameters «,y; restart
window size w.
1: 3, « AL b, < 0,0, <0, 1 = VAB
2: for k=1,...,K do
3: if k%w == 0 then
ﬁ}k<—/\l, Bk<—0, ékFO,BkZ\/XB
end if
Observe Dy andA
argmaxacp, (a,04) + i
7 Observe (rg,ok), set o as

choose ay —

_ 1
O + max{oy, « ey (3)
k
. . T o ¢ N _2
8: Y1 & X +aga, /O'k, bri1 <—b;€+rkak/ak,
- el
Ort1 < X7 bry
9: end for

), which estimates the feature vector 6y, by using the
solution to the following regression problem:
k-1
6, < argmin 5,2
k g 7 ; o, (

(0,a;) —r¢)” + A|0]3,  (4)

where the weight is defined as in (3). After obtaining
6, WeightedOFUL™T chooses arm aj, by maximizing
the upper confidence bound (UCB) of (a, §), with an
exploration bonus Bk”fik”ﬁ:;l, where 3, is the covari-

ance matrix over aj. The weight &} is introduced to
balance the different past examples based on their re-
ward variance ai, and such a strategy has been proved
as a state-of-the-art algorithm for the stationary het-
eroscedastic linear bandits (Zhou and Gu, 2022). How-
ever, the non-stationary nature of our setting prevents
us from directly using 0y defined in (4) as an estimate
to 6. Therefore, inspired by the restarting strategy
which has been adopted by previous algorithms for
non-stationary linear bandits (Zhao et al., 2020b), we
propose Restarted-WeightedOFUL™, which periodi-
cally restarts itself and runs WeightedOFUL™ as its
submodule. The restart window size is set as w, which
is used to balance the nonstationarity and the total
regret and will be fine-tuned in the next steps. Com-

bined with the restart window size w, we set {3 }rx>1
to

B = 12t + LI g 2 1) B
+aotoga2006( %) + D L vip

We now propose the theoretical guarantee for Algo-
rithm 1. The following key lemma shows how nonsta-
tionarity affects our estimation of the reward of each
arm.

Lemma 5.1. Let 0 < § < 1. Then with probability at
least 1 — 6§, for any action a € R?, we have

[ dw
\a (0k70k|<— )\

0 — Ory1]|2
t=w- \_k/w]+1

Drifting term

Stochastic term
Proof. See Appendix D for the full proof. O

Here we provide a proof sketch of Lemma 5.1 to show
the technical challenge we need to overcome. Without
loss of generality, we prove the lemma for k£ € [1,w].
We have

k—1
la’ (0 —60)| < |a' ;" Z aa/

=1 !

(6: — 6y)

ate
+ llalls- 1||Z 7 s+ VABlalls
(6)

For the first term, it gets involved by the nonstation-
arity of ;. By rearranging the summation orders and
several calculation steps, we have

k

k—1
& — aa a a
2TEN DT 00| <3 R TEN IS
P Ut g¢ g¢

k—1
dw

DIC s+1\|2<—\/ Zne 0112,

s=t

We would like to highlight the subtleties in both our
algorithm design and analysis to get the desired im-
provement. First, from here, we can see the necessity
of introducing « in the design of 7 in Eq.(3), which
makes it possible to upper bound 6;1 and get a tunable
« in the drifting term, which can subsequently be used
to optimize the regret bound. Second, we show that it
is essential to split the term &; 2 as how we did. Only
by doing that can we bound the »_;_; 2 ?t TE ! 2 term
by d with the elliptical potential lemma Otherw1se
we can get a 1/a? term rather than the A/a term,
which will hurt the final regret bound. For the second
term in Eq.(6), a vanilla way to control it is adopt-
ing a self-normalized concentration inequality from
(Abbasi-Yadkori et al., 2011). However, it can not uti-
lize variance information, but just the magnitude of
the noise, which fails to get a tight bound with the
variance information. Inspired by Zhou and Gu (2022);
Zhou et al. (2021); Zhao et al. (2023), we adapt a
variance-adaptive concentration inequality in Theorem
H.1 to get a tighter bound. Similar arguments also
hold for the proof of Theorem 6.1 for the unknown vari-
ance case. We refer to Appendix D for the full proof.
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Lemma 5.1 suggests that under the non-stationary set-
ting, the difference between the true expected reward
and our estimated reward will be upper bounded by
two separate terms. The first drifting term charcterizes
the error caused by the non-stationary environment,
and the second stochastic term charcterizes the error
caused by the estimation of the stochastic environment.
Note that similar bound has also been discovered in
Touati and Vincent (2020). We want to emphasize that
our bound differs from existing ones in 1) an additional
variance parameter « in the drifting term, and 2) a
weighted convariance matrix 3 rather than a vanilla
convariance matrix.

Next we present our main theorem.

Theorem 5.2. Let 0 < 6 < 1. By treating A,\, B, R
as constants and setting v> = R//d, with probability
at least 1 — &, the regret of Restarted-WeightedOFUL™
is bounded by

Regret(K) = O(Bgw®2d"?a™! + dKa/\/w
+ dy/EVi Jw + dK Jw). (7)

Proof. See Appendix E. O

Remark 5.3. For the stationary linear bandit case where
By = 0, we can set the restart window size w = K and
the variance parameter o = 1/v/K, then we obtain an
O(dv/Vi 4 d) regret for Algorithm 1, which is identical
to the one in Zhou and Gu (2022).

Next, we aim to select parameters o and w in order to
optimize (7).

Corollary 5.4. Assume that By, Vi € [Q(1),O0(K)].
Then by selecting

w = d1/4\/VK/BK,

w=d"/%(K/Bg)"?

dvg > K*B%,

otherwise.
and o = d71/4B}</2wK’1/2, the regret is in the order

Regret(K) = O(d"/*(Bx Vi) /*"VK + d°/°B}/* K*/3).
(8)

Remark 5.5. We compare the regret of Algo.1 in Corol-
lary 5.4 with previous results in the special cases below.

o In the worst case where Vi = O(K), our result
becomes O(d/8 B}/*K3/4), matching the state-of-
the-art results for restarting and sliding window
strategies Cheung et al. (2018); Zhao et al. (2020Db).

e In the case where the total variance is small, i.e.,
Vi = O(1), assuming that K* > d, our result be-
comes 0(d5/6B}(/3K2/3), better than all the pre-
vious results Cheung et al. (2018); Zhao et al.
(2020b); Wang et al. (2023); Wei and Luo (2021).

Remark 5.6. Wei et al. (2016) has studied non-
stationary MAB with dynamic variance. With the
knowledge of Vi and Bk, Wei et al. (2016) pro-
posed a restart-based Rerun-UCB-V algorithm with
a O~(\.A|% BI%(VI?K% + |A\% BI%{K%) regret, where
A is the action set. Reduced to the MAB
setting, our Restarted-WeightedOFUL™ achieves
an O(JA/8(Bi Vi) Y*VEK + | A/ B}/ K2/3) regret,
which is worse than Wei et al. (2016). We claim that
this is due to the generality of the linear bandits, which
brings us a looser bound to the drifting term in Lemma
5.1. When restricting to the MAB setting, our drift-
ing term enjoys a tighter bound, which could further
tighten our final regret. To develop an algorithm achiev-
ing the same regret as Wei et al. (2016) is beyond the
scope of this work.

Remark 5.7. Wei et al. (2016) has established a lower
bound QU(BEVEKS + BLK?}) for MAB with total
variance Vi and total variation budget Bg. There still
exist gaps between our regret and their lower bound
regarding the dependence of K, Vi, B, and we leave
to fix the gaps as future work.

6 Non-stationary Linear Contextual
Bandit with Unknown Variance and
Total Variation Budget

By Theorem 5.2, we know that Algorithm 1 is able
to utilize the total variance Vi and obtain a better
regret result compared with existing algorithms which
do not utilize V. However, the success of Algorithm 1
depends on the knowledge of the per-round variance
ok, and it also depends on a good selection of restart
window size w, whose optimal selection depends on
both Vg and Bg. In this section, we aim to relax these
two requirements with still better regret results.

6.1 Unknown Per-round Variance, Known Vi
and Bg

We first aim to relax the requirement that each a,f is
known to the agent at the beginning of k-th round. We
follow the SAVE algorithm (Zhao et al., 2023) which
introduces a multi-layer structure (Chu et al., 2011; He
et al., 2021) to deal with unknown o7. In detail, SAVE
maintains multiple estimates to the current feature
vector 6y, which we denote them as ék’l, e 0A;€’L in line
2. Each ék,g is calculated based on a subset \i/hg -
[k — 1] of samples {(a;,r:)}. The rule that whether
to add the current k£ to some \TIM is based on the
uncertainty of a; with the sample set {(a, Tt)he@,c,g'
As long as ay, is too uncertain w.r.t. some level ¢ (line
2), we add k to @k)e and update the estimate ék,gk
accordingly (line 2). Each 6}, is calculated as the
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Algorithm 2 Restarted SAVE™

Require: « > 0; the upper bound on the ¢5-norm of a in D (k > 1), i.e., A; the upper bound on the £-norm of

0, (k> 1), i.e., B; restart window size w.
1: Initialize L < [logy(1/a)].

N

e[l
:fork=1,...,K do
if k%w == 0 then

Initialize the estimators for all layers: 3 ¢ <= 27201, by g < 0, 014 < 0, B < 27471 Ty 4 < 0 for all

Set Sk)g 272 1, Bk)g 0, ék,g +— 0, Bl,@ — 2_“_1, \ilk)g — Pforall lc [L]

Observe Dy, choose ay < argmax, p, Minge(z)(a, O.0) + Bk7g||a||271 and observe 7.
k.0

3
4
5
6: end if
7
8  Set fp +— L+1
9

Let Ly {E S [L] : ||ak||ﬁ:;1’ > 275}, set £ + min(ﬁk) if Ly 7£ 0

100 Wy g« Wy, U{k}

11:  if £ # 0 then

12: Set wy i
}:k,lk

and update

N N 9 T . 9 A I .
Zk-i-l,ék — Ek,ék + wiaga, ,bk-i-l,é — b}@gk + wg, - rrag, 0k+1,gk — Ek+1,zkbk+1,fk'

13: Compute the adaptive confidence radius Bk+1’lf0r the next round according to (9).

14:  end if

15 For £ # £y let i1 < Xg o, bryie < br e, Okyi10 < Oko, Brt1,e < Bre-

16: end for

solution of a weighted regression problem, where the
weight wy, is selected as the inverse of the uncertainty
of the arm aj w.r.t. the samples in the ¢-th layer.
Maintaining L different OA;M, ¢ € [L], Algorithm 2 then
calculates L number of UCB for each arm a w.r.t. L
different ék,g, and selects the arm which maximizes the
minimization of L UCBs (line 2). It has been shown in
Zhao et al. (2023) that such a multilayer structure is
able to utilize the Vi information without knowing the
per-round variance o;. Similar to Algorithm 1, in order
to deal with the nonstationarity issue, we introduce a
restarting scheme that Algorithm 2 restarts itself by a
restart window size w (line 2).

Next we show the theoretical guarantee of Algorithm
2. We call the restart time rounds grids and denote
them by g1,92,...97x7_;, where g;%w = 0 for all

i € [[£] —1]. Let i), be the grid index of time round

k, i.e., gi, <k < gi,+1. We denote \TIW ={t:te
(g, k — 1],¢; = £}. We define the confidence radius

A

Bk, at round k and layer £ as

3 ~ 2
Br,e =16 - 2_2\/<8Vark,z + 6R? log(w

2 2
X Hlog(4u; L) +6- 2_eRlog(4qu L) +27B, (9)

where we set Vary, ¢ as e, w? (r; — <ék7g,ai>)2, if

—24+4
;) t2 )

2¢ > 64, /log (%), or R? ‘\i/k7g’ for the remain-
ing cases.

Note that our selection of the confidence radius Bk,é
only depends on V?:er’g, which serves as an estimate
of the total variance of samples at /-th layer without
knowing a,%.

We build the theoretical guarantee of Algorithm 2 as
follows.

Theorem 6.1. Let 0 < & < 1. Define {Bre}r>1,0e1)
as in (9), regarding A, R as constants, we have
Regret(K) = O(Vdw' 5By Jo + o (K + v/ wK V)

+dv/KVk/w+ dK/w).

Proof. See Appendix F for the full proof. O

Remark 6.2. Like Remark 5.3, we consider the case
where Bx = 0. We set w = K and o? = 1/K+/Vk,
then we obtain a regret O(dy/Vi + d), which matches
the regret of the SAVE algorithm in Zhao et al. (2023).

Corollary 6.3. Assume that Bg, Vi € [Q(1),0(K)],
then by selecting

w = dl/S(K/BK)1/37
w = d*5(K V)5 /B}®

K? > Vid/Bg,

otherwise.
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Figure 1: The regret of Restarted-WeightedOFUL™, Restarted SAVE', SW-UCB and Modified EXP3.S under

different total rounds.

and o = cll/ﬁ\/EB;{/S/(Kl/‘3 + (Vg Kw)'/%), we have
Regret(K) = O(d4/5V12(/5B}(/5K2/5 + d2/3B}(/3K2/3).

Remark 6.4. We discuss the regret of Algo.2 in Corol-
lary 6.3 in the following special cases. In the case where

the total variance is small, i.e., Vx = O(1), assuming
that K2 > d, our result becomes O(dwg’B}(/BK?/?’)7 bet-
ter than all the previous results Cheung et al. (2018);
Zhao et al. (2020b); Wang et al. (2023); Wei and Luo
(2021). In the worst case where Vi = O(K), our result
becomes O(d4/> B}/ K4/5).

Unknown Per-round Variance, Unknown Vi and
Bg In Corollary 6.3, we need to know the total vari-
ance Vg and total variation budget Bg to select the
optimal w and a. To deal with the more general case
where Vi and Bg are unknown, we can employ the
Bandits-over-Bandits (BOB) mechanism (Cheung et al.
(2019); Wang et al. (2023); Zhao et al. (2020b)). We
name the Restarted SAVE™ algorithm with BOB mech-
anism as “Restarted SAVET-BOB”. Due to the space
limit, we put the algorithm design, descriptions, and
theoretical analysis of Restarted SAVET-BOB (Algo.3)
in Appendix A.

7 Experiments

To validate the effectiveness of our methods, we conduct
a series of experiments on the synthetic data.

Problem Setting and Baselines Following the ex-
perimental set up in Cheung et al. (2019), we con-
sider the 2-armed bandits setting, where the action set
Dr ={(1,0),(0,1)}, and
9. — [ 05+ 3 sin(5Bxmk/K)
705+ 2 sin(r + 5Brmk/K) )

It is easy to see that the total variation budget can be
bounded as Bg. At each round k, the €, satisfies the
following distribution:

e ~ Bernoulli(0.5/k) — 0.5/k.

We can verify that under such a distribution for e,
the variance of the reward distribution at k-th round is
(1-0.5/k)-0.5/k, and the total variance Vi ~ log K.

We compare the proposed Restarted-WeightedOFUL™
and Restarted SAVE™ with SW-UCB Cheung et al.
(2019) and Modified EXP3.S Besbes et al. (2014a). We

leave the detailed setup for the baselines in Appendix
B.

Result We plot the results in Figure.l, where all
the empirical results are averaged over ten indepen-
dent trials and the error bar is the standard error
divided by v/10. The results are consistent with
our theoretical findings. It is evident that our algo-
rithms significantly outperform both SW-UCB and
Modified EXP3.S. Among our proposed algorithms,
Restarted-WeightedOFUL™ achieves the best perfor-
mance. This can be attributed to the fact that it knows
the variance and can make more informed decisions.
Although Restarted SAVE™ performed slightly worse
than Restarted-WeightedOFUL™, it still outperforms
the baseline algorithms, particularly when By = K1/3.
These results highlight the superiority of our methods.

8 Conclusion and Future Work

We study non-stationary stochastic linear bandits in
this work. We establish the first variance-dependent
regret lower bound for non-stationary linear bandits,
which captures the interplay between variance, non-
stationarity, and dimensionality in the linear bandit
setting, offering new insights into the complexity of
this problem. We propose Restarted-WeightedOFUL™
and Restarted SAVE™, two algorithms that utilize the
dynamic variance information of the dynamic reward
distribution. We show that both of our algorithms are
able to achieve better dynamic regret compared with
best existing results (Wei and Luo, 2021) under several
parameter regimes, e.g., when the total variance Vi
is small. Experiment results backup our theoretical
claim. It is worth noting there still exist gaps between
our current obtained regret and the lower bound, and
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to fix such a gap leaves as our future work.
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A Restarted SAVET-BOB

In this section, we provide the details of our proposed Restarted SAVET-BOB algorithm. The Restarted SAVE™-
BOB algorithm is summarized in Algo.3. We divide the K rounds into f%l blocks, with each block having H
rounds (except the last one may have less than H). Within each block 4, we use a fixed (o, w;) pair to run the
Restarted SAVE™ algorithm. To adaptively learn the optimal (o, w) pair without the knowledge of Vx and By,
we employ an adversarial bandit algorithm (Exp3 in Auer et al. (2002)) as the meta-learner to select a;, w; over
time for i € [%l blocks. Specifically, in each block, the meta learner selects a (o, w) pair from the candidate pool
to feed to Restarted SAVE™, and the cumulative reward received by Restarted SAVE™ within the block is fed to
the meta-learner as the reward feedback to select a better pair for the next block.

We set H to be [d%K%], and set the candidate pool of («, w) pairs for the Exp3 algorithm as:

P={(w,a) : weW,ae T}, (10)
where
. 1 ; 2
W = {w; =d32"" i (3 logy K+ 1} U {w; = d821i e (5 logy K] +1}, (11)
and
To—itly; 1 s5o—itl; 11
J ={a; =d32 li € [gloggKW—i—l}U{ai:dSﬂ li € (%logQK]—ﬁ—l}. (12)

The algorithm also labels all the [P| = ([ logy K]+ [%log, K]+2)-([4logy K]+ [ logy K]+2) candidate pairs
of parameters in P,i.e., P = {(w;, az)}lzzll The algorithm initializes {Sj,l}yi‘l tobes;i =1, Vj=0,1,...,|P|,
which means that at the beginning, the algorithm selects a pair from P uniformly at random. At the beginning of

each block i € [[K/H]], the meta-learner (Exp3) calculates the distribution (ij)IjZ‘l over the candidate set P by

Siq Y .
ii=(1— I + , Yi=1,...,|P|, 13
where v is defined as
. (Pl +1)In(|P| +1)
= 1 . 14
7 mm{ \/ (e = DK/ 14
[P

Then, the meta-learner draws a j; from the distribution (p; ;) j—1, and sets the pair of parameters in block 4

to be (wj,, j,), and runs the base algorithm Algo.2 from scratch in this block with (w;,,a;,), then feeds the
min{i-H,K} min{i-H,K}

cumulative reward in the block Zk:(i—l)H+1 k=(i—1) H+1

min{i-H,K}
Zk:(zﬁ—i}f!:l "k
H+R\/g log (K (%+1))+2-Rlog (K (%+1))

H.7). The meta-learner updates the parameter sj, ;41 to be

) to the meta-learner. The meta-learner rescales T) to

to make it in the range [0, 1] with high probability (supported by Lemma

min{i-H,K}
v 1 k=(i—1)H+1 "k

N _|_
(IPI+Dpii \ 2 g Ry/%log (K (% +1)) + 2 Rlog (K(% +1))

Sjiji+1 = Sji,i " €XP

and keep others unchanged, i.e., s, 41 = Sy,i, Yu # j;. After that, the algorithm will go to the next block, and
repeat the same process in block ¢ + 1.
We have the following theorem to bound the regret of Restarted SAVET-BOB.

Theorem A.l. By using the BOB framework with Exp3 as the meta-algorithm and Restarted SAVE" as the
base algorithm, with the candidate pool P for Exp3 specified as in Eq.(10), Fq.(11), Eq.(12), and H = (d%K%],
then the regret of Restarted SAVET-BOB (Algo.3) satisfies

Regret(K) = O(d*PV/P BIP KI5 + a3 By/P K*/3 4 @2/ K7/19). (16)
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Algorithm 3 Restarted SAVET-BOB
Require: total time rounds K; problem dimension d; noise upper bound R; o > 0; the upper bound on the
ly-norm of a in Di(k > 1), i.e., A; the upper bound on the ¢o-norm of 6 (k > 1), i.e., B.

1: Initialize H = [d3K?]; P as defined in Eq.(10), and index the [P| = ([1log, K] + [2logy K] + 2) -
(f%logg K|+ f% log, K+ 2) items in P, i.e., P = {(wi,ai)}ﬁ‘l; ~ = min {1, %}, {sj71}22‘1
issettosj1 =1, Vj=0,1,...,|P|.

2: fori=1,2,...,[K/H]| do

3:  Calculate the distribution (pj,i)‘jzll by pji = (1—7) ”S,Jls : + \79\117 Vi=1,...,|P|

4:  Set j; +— j with probability p;;, and (w;, a;) (wii,a;_)T

5:  Run Algo.2 from scratch in block i (i.e., inrounds k = (i—1)H +1, ..., min{i- H, K'}) with (w, o) = (w;, ;).

min{i H,K}
+ k=(i—1)H+1

H+R\/g log (K (%+1))+2-Rlog (K(%+1))

Tk

, and keep all the

N

. = . I
6:  Update sj, 541 = 8j,,; - €xXp e

others unchanged, i.e., Sy i+1 = Su,i; YU # J;.
7: end for

Proof. See Appendix G for the full proof. O

Remark A.2. We discuss the regret of Algo.3 in Corollary 6.3 in the following special cases. In the case where
the total variance is small, i.e., Vi = @(1), assuming K2 > d, our result becomes O(d2/3B}</3K2/3 + d1/5K7/10)7
when d* B > K, it becomes O(d2/3B;</3K2/3)7 better than all the previous results Cheung et al. (2018); Zhao
et al. (2020b); Wang et al. (2023); Wei and Luo (2021). In the worst case where Vx = O(K), our result becomes
O(d*> B> K4/5).

B Additional Experiment Setup

For Restarted-WeightedOFUL™, we set A = 1, Bk = 10, w = 1000, and we grid search the variance parameters

a and +, both among values [1, 1.5, 2, 2.5, 3]. Finally we set a = 1, and v = 2. For Restarted SAVET we set

w = 1000, Bk,g =271 and grid search L from 1 to 10 with stepsize of 1 and finally choose L = 6. For SW-UCB,

we set A =1, w = 1000, B = 10. The Modified EXP3.S requires two parameters & and 7, and we set 7 = 0.01
1

and & = T

To test the algorithms’ performance under different total time horizons, we let K vary from 3 x 10* to 2.4 x 10°,

with a stepsize of 3 x 10%, and plot the cumulative regret Regret(K) for these different total time step K. We set
Bg =1,10,20,and K'/3 to observe their performance in different levels of By-.

C Proof of Theorem 4.1

We prove the lower bound in Theorem 4.1 here. We need the following lemma from Zhou et al. (2021).

Lemma C.1 (Modification from Lemma 25, Zhou et al. 2021). Fiz a positive real 0 < 6 < 1/3, and positive
integers T,d and assume that T > d?/(26). Let A = \/d6/T/(4\/2) and consider the linear bandit problems L,,

parameterized with a parameter vector p € {—A, A} and action set A= {—1/v/d,1/Vd}? so that the reward
distribution for taking action a € A is a Bernoulli distribution B(6 + (p*,a)). Then for any bandit algorithm B
such that

dvTé
By vniff—a,aye [Regret(T, L,,)] > V- (17)

Here Regret(T, L,,) represents the regret under algorithm B on the instance L,,.

Next we prove Theorem 4.1.

Proof of Theorem 4.1. Let T < K be some constant to be defined. Let § be a constant satisfying 26 < d?/T.
We create w = K/T number of linear bandit instances with the linear parameter pq, ..., t,, where p; ~
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{-A, A}, A = /d5/T/4v/2. Our nonstationary instance L, . ., consists of £,,,,..., L, , where at the step
i T+1,...,0-T+T, L, ..y, follows £,,,. Then by the independence of u;, we have

dvTé K
sy ;LU,NUnif{fA,A}dRegret(Ta E”lgu-,ﬂw) = ZEHinnif{fA,A}d [Regret(Ta ‘Clh)] Z W . ? (18)
=1

Next we calculate the total variation and total variance for instance L, .. ... For each step, the reward
distribution is a Bernoulli distribution B(d + (u;,a)), whose variance is

(0 + (mia))(1 =0 — (pi,a)) < (5 + (s, ) < 26, (19)
where we use the fact VdA < §. Therefore, the total variance over K steps is bounded by
V <2K6. (20)

Next, for the total variation, we have for any k, k + 1 belong to the same p;, the variation of p is 0. Note that for
any two different p;, p;, their difference is at most ||p; — p;|| < 2vd - A2, then the total variation is bounded by

2A\f Vdé/T)( 4[— 2Vd = d% (21)

Then we select 6 and T as

Vic KVid*\'? . dK /5§ 42
0=—,T= —_— d*K tisf 2K < <Bg, T>—. 22
5K max{< 1652 , /Vi}, satisfying < Vg, Wi w, T2 55 (22)
We have the lower bound as
Epur oo Unit—a.ayeRegret(T, Lo, ) > QAPBPVEP KV A V). (23)
Therefore, there must exists pf, ..., p;,, satisfying
Regret(T, Los s ) > QAP BV PKY3 A Vi), (24)
Finally, combining (24) with the lower bound result in Wei et al. (2016) concludes our proof. O
D Proof of Lemma 5.1
For simplicity, we denote
A A2 2 2 2 R
= 12\/d10g(1 “’Qd/\)log(m(log( + 1)“’7) +30 log(32(log( ) + 1)“’7)— +VB. (25)

It is obvious that 3 > By for all k € [K]. We call the restart time rounds grids and denote them by g1, g, . . 9Ky -1
where ¢;%w = 0 for all i € [[g} — 1]. Let 4 be the grid index of time round k, i.e., g;, <k < g +1-

For ease of exposition and without loss of generality, we prove the lemma for k € [1,w]. We calculate the
estimation difference |a' (8 — 0;)| for any a € RY, ||las < A, k € [1,w]. By definition:

k—1 k—1

+
A A A riag A aia Ot g€y
0r =3 b, =3 ?):Ekl(z ;2 + ?)7 (26)
t=1 1 t=1 t t=1 ¢
a, aT
where 35, = AT + Zt —g., ot
Then we have - s
N a1 aa; — a6 -
O =0, =31 (0 -0+ ) ) — A0 (27)
t t
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Therefore

k—1
o ata At€
a' ! —5 (00— 01)| + a5, 1IIX: Hz: o Alallg 13 204, (28)
t=1 1

laT (0, — 01)| <

where we use the Cauchy-Schwarz inequality.

For the first term, we have that for any &k € [1, w]

R k k-1 .
aTzlz Z tat (6: — 6y) <Z| T$— IZ| :z (2(05—05+1))| (triangle inequality)
t=1 t=1 s=t
k—1 a a
SZ"“TE'?l&f"”&f”Z ||Z — 0,112 (Cauchy-Schwarz)
= a k-1
A Ay ~
< gDaTzklgg 1D (s = O551)2 (laell < 4, 53¢ > )
s=t
k: 1 s
k—1 s
NS TS 20— 0l (S = )
s=1t=1
AT N e a, T _jay
s - Za X al - — X, —| - |0s — 0s41]]2  (Cauchy-Schwarz)
« Ot Ot
s=1 t=1 t=1
Ak71 s
=% 1 {;aTEkla} ~d- 105 = Osiall (%)
s= =

k 1

< Alale 75 Z 116 = 6.l s (571 < )

dw =
7 Z ||05 - 03+1||2 ) (29)
s=1

where the inequality (x) follows from the fact that > 7, 2t E 1at < d that can be proved as follows. We
have Zf 11 2 Toota - 5;11 (?t ) Iy 12—2) =tr (2 Zk aa ) Given the eigenvalue decomposition

k &4 t=1 o; o¢

rlacacT — diag(Ay,..., M) T, we have 3 = diag(A\ 4+ A,...,Aa + A) T, and tr (f:,;lzf;f @gT) —

Ot Ot gt Ot
d X
Dim1 ﬁ <d.
For the second term, by the assumption on ¢, we know that
lex/ok] < R/av,
lex/Tk] - 5-1/0k < R/Y,

Elex|aik, €1.6-1] = 0, E[(ex/a1)?|ark, €1:6-1] < 1, [|ag/Fr]l2 < A/a,

Therefore, setting Gx, = o(ay.k, €1.k—1), and using that oy is Gp-measurable, applying Theorem H.1 to (xk,nx) =
(ar/ok, €r/0%) with e = R/y? , we get that with probability at least 1 — §, for all k € [1,w],

k—1
ae; (k%w)A? (K%w)? y? (k%w)?, R
(30)
For the last term
1
Mlalls- o 20, < Malls- 3> 2|| 10kl2 < Mlallg - ——=——==10kll2 < \fABHaHg;lv (31)

)\min(zk)
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where we use the fact that )\min(flk) > .

Therefore, with probabilty at least 1 — §, we have
a” (6x — 6]

A% [dw 52
=\ ; 10 — Oyl

+ Jalls, (12\/ dtog(1 + EX02) 1o 320108 L + 1) EX) L 30105320108 L) + ) X B 3

dw
\/ ZH@t 9t+1llz+ﬂkllallzl, (32)

where By is defined in Eq.(5).

E Proof for Theorem 5.2

For simplicity of analysis, we only analyze the regret over the first grid, i.e., we try to analyze Regret( ) for

K € [1,w]. Denote &£ as the event when Lemma 5.1 holds. Therefore, under event &£, for any K € [1,w], the
regret can be bounded by

M

Regret(K) = [(a; — ax, k)]

=~
Il

1

M

[(a, 0, — Ok) + ((af, 61)

s1) — (@, O) + Billarl|s )
k=1
+ {an, B — 04) + Bullanllzs — Aulagls1]

)+
42 K k R
\/>ZZ: |0t—9t+1||2+22min{ ,A 2;1}, (33)

k=1

where in the last inequality we use the definition of event &£;, the arm selection rule in Line 7 of Algo.1, and
0 < (aj,0") — (a;, 0%) < 2.

Then we will bound the two terms in Eq.(33).

For the first term, we have

2A2 dw LSl
~ DD 16: = Ouialle
k=1 t=1

242 dwK ' &

=V DD 16— 6ipall2
t=1 k=t

242 [dw K2

< — W Z 0: — 01|z (34)

To bound the second term in Eq.(33), we decompose the set [K] into a union of two disjoint subsets [K] = Z; UTs.

ak

:{kemzn%uﬁgly}, Igz{ke[f(]:| 3 (35)
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Then the following upper bound of |Z;| holds:

. ag
7, = {1, 2k
ml= Y win {1, 2

2

E*}
kel
<me{1 |2k ||2 }

< 2d., (36)

where ¢ = log(1 + d/\ag) the first equality holds since ngz—l > 1 for k € 7y, the last inequality holds due to
Lemma H.2 together with the fact ||22[; < 4 since 53, > and laglle < A.

Then, we have

M=

min {1, Bk“aknﬁ:;l}
1

= Z mln{l UkﬂkH—HE } Z mln{l Jkﬁk”THE }

x>~
Il

kETy kET>
_ 5 Ak
< {Z 1} + Z UkﬂkH&*ka;;l
kETy kET>
<2dt+ﬁzokllf\|z . (37)
k€Zs Tk

where the first inequality holds since min{1,z} < 1 and also min{1,2} < z, the second inequality holds by

Eq.(36), and the fact the 3 > fj, for all k € [K] (3 is defined in Eq.(25)). Next we further bound the second
summation term in (37). We decompose Zo = J; U Jo, where

jlz{k61210'k:0kU0'k:a}, jgz{kGIQtO’k:’}q/”ak”ﬁkl}.

Then ;7. 6k|\;—’;\\2;1 = ke &k||§—i||2;1+zk632 L_TkH;—’;Hﬁ;l. First, for k € J1, we have

_ Ak .
> oul s < 3 (o amin {1,125, |

ke ked

é(awa me{l 12 s }

IN

IN

K a

. k
E mm{l,”& ||§:_1}
k=1 ko =k

<2 Ka2Vdu, (38)

where the first inequality holds since o < o) + « for k € J; and | 25| g

C 7, the second

inequality holds by Cauchy-Schwarz inequality, the third inequality holds due to (a + b)? < 2(a? + b?), and the
last inequality holds due to Lemma H.2.



Zhiyong Wang !, Jize Xie 2, Yi Chen 2, John C.S. Lui !, Dongruo Zhou 3

Finally we bound the summation for k € Jo. When k € J5, we have g;, = v?|| 2% ”2‘ Therefore we have
ZUkll ||21—ZW||
kET> k€T
< Zv mm{l 12405, |
< 272dL, (39)

where in the first inequality we use the fact that [|22[|5-1 < 1 since k € J> € 75, and in the last inequality we
k
use Lemma H.2.

Therefore, with Eq.(33), Eq.(34), Eq.(37), Eq.(38), Eq.(39), we can get the regret upper bound for K € [1, w]

\/> Z 10k — Os1 |2 + 48V de Z 02 +wa? + 4diy? B + 4de. (40)

kE[K]

3
w2

Regret(K

Therefore, by the same deduction, we can get that

L 2% § [aselt X X
Regret([gi, gi+1]) Z 10k — Ory1ll2 + 43V de Z 0} +wa? +4diy? B + 4de, (41)
k=g; k=g;

where we use Regret([g;, gi+1]) to denote the regret accumulated in the time period [g;, gi+1]-

Finally, without loss of generality, we assume K %w = 0. Then we have

51
Regret(K) = Z Regret([gi, gi+1])
i=0
1 1 571
2A2'LU% git1- gi+1 4dL K 4dKL
b ol SR RN S S TR
=0 k=g, g

IN

_ K _q ) .
2423 dK ! . K git1 M2BK adKe
\/:Z||9k—0k+1||2+46\/a EZ(Z o2 + wa?) + v:B n
k=1

w w
i=0 k=g;

4diy? K 4dK
n vy n L
w w

IN
\

)

where in the second inequality we use Cauchy-Schwarz inequality, and the last inequality holds due to
>reir—1) 10k — Ort1]l2 < Bk

F Proof for Theorem 6.1

Recall that we call the restart time rounds grids and denote them by g1, 9o, ... grE_1s where g;%w = 0 for
all 7 € [[%1 — 1]. Let i be the grid index of time round k, i.e., g;, < k < g;,+1. We denote \i/k’g ={t:te
[gikak_ 1] Et :g}

For simplicity of analysis, we first try to bound the regret over the first grid, i.e., we try to analyze Regret(K )
for K € [1,w]. Note that in this case, for any k € [K] with K € [1,w], we have gip = 1,80 Upp:={t:t e
1,k —1],6, = ¢}.

First, we calculate the estimation difference |a” (8¢ — 8})| for any a € R?, [|afa < A. Recall that by definition,
S = 2720 + Zte\y wlasa), by = Dici,, w?riay, and

Ok,t’ = Z]:’ebk,g = E,:é( Z wiriay) = XA],:%( Z wiaa, 1o, + Z wiage;) .

tE\i/kye teﬁ/k,z tE‘I’k,Z
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Then we have

Ore— 0k =0 5( > wiaa (0, —0x) + Y wiae) — 2%, 16 (42)
tely teWy, .

Therefore, we can get

A A A L1
@™ (Bkr — 0)| < 2"} Y wiaa] (6, — 64) sl D wiaelsos +27 a5 157 0ll2, (43)
teWy, teWy o

where we use the Cauchy-Schwarz inequality.

For the first term, we have that for any &k € [1, w]

k—1
aTZA),;; Z w?asa, (6, — 6;)| < Z la's ﬁwtat| lwea, (2(0 —0511))| (triangle inequality)
tely,, teWy, s=t
k—1
< Z \aTE,;}wtaﬂ Nwiag|z - | Z(GS —0.11)|l2 (Cauchy-Schwarz)
tely,, s=t
<A Y TS jwa | Z —0u)le (Jal < A we = 2 < 1)
teWy bt
< AZ Y laTS w10 — 0,44
s=licdy ,
k—1
< AZ [ Z aTEk ea { Z wtatTﬁﬁwtat 1105 — Os41]|2
s=1 \ teWy . tely,,
(Cauchy-Schwarz)
k—1 7
< A Z aTﬁ];}a <d-||0s — Os41]]2 (%))
s=1 tely, . -
k—1
< AalVAY [0S 8-l (S < = 2)
s=1 te\i'k,é
k—1
< A22€\/%Z ||95 - 05+1||2 ) (44)
s=1

where the inequality (x) follows from the fact that Ete\i/k , wtatTﬁlg’%wtat < d that can be proved as follows.

We have Zte\i/k s wtatTﬁ] WAy = Zte‘l/k , (wtatTﬁlgﬁwtat) = tr (ﬁ];% Zte% s w?atatT). Given the eigen-
value decomposition 3, g, , w?aza; | = diag(Ay, ..., )T, we have 3, = diag(A, + A,...,A¢ + AT, and

—1 N 2 TY _ d Aj
tr (Ek,e Zteqju wiagay ) =1 vy <d.

For the second term in Eq.(43), we can apply Theorem H.3 for the layer £. In detail, for any k € [K], for each
t € Uy ¢, we have

||wtat||2;; =27" Ew?e|F] < wiE[|F] < wio?, |wier] < le] < R,

where the last inequality holds due to the fact that w; < 1. According to Theorem H.3, and taking a

mll tH -1
tt
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union bound, we can deduce that with probability at least 1 — §, for all £ € [L], for all round k € ¥ 114,

4w’ L

_ 4w? L _
[ Z wfatetﬂia <16-27* Z wio? log(T) +6-27“Rlog( ). (45)

te\i/k,e te‘i’k,l

For simplicity, we denote E.onf as the event such that Eq.(45) holds.
For the third term in Eq.(43), we have

1

27" lal|51 |35 POl <2 “lallg 113 *210kll2 < 27 “Jlalls-— 10kll2 <27 “Bllallg-,  (46)

min(zk K)

)

where we use the fact that )\min(ﬁ]k,g) > 9272

For simplicity, we denote ¢* = [ log, log (4(w 4+ 1)2L/6)] + 8. Then, under Eone, by the definition of Br.e in
Eq.(9), Lemma H.4 and Lemma H.5, with probability at least 1 — §, we have for all £* +1 < /¢ < L,

A w?L 4w’ L
Bre>16-270 | 3 wio?log(Rel) 462 Rlog( 2L

5 5+ 27‘B. (47)

tG‘IJk,[
Therefore, with Eq.(43), Eq.(44), Eq.(45), Eq.(46), Eq.(47), with probability at least 1 — 34, forall £*+1 < ¢ < L
we have

k-1
2T (Ore — 01)] < A%2Vdw Y110, = Osallz + Brelalls : - (48)
s=1 v
Then for all k£ € [K] such that ¢* +1 < ¢, < L, with probability at least 1 — 3§ we have

(ak, Or) < m[1n]<aka0k o)+ A%2Vd Z 105 — Osi1l2 + B, ellaglls

s=1

< AQQL@Z 110y — O41][2 + lrg[ig]<a;, Ok.0) + Brellaills

< A28V dw Zne —05+1|\2+m[m<ak,ou>+ﬂu||ak|\z !
s=1
k—1

< A”25Vdw Y 105 — sy ll2 + @k, Ok 1) + Bros aklls (49)

-1
s=1

where the first inequality holds because of Eq.(48), the third inequality holds because of the arm selection rule in
Line 8 of Algo.2.

We decompose the regret for K € [1,w] as follows

Regret(K) = Z ((ak, Or) — (ax, Or))

ke[K]
— Z Z ((a}, ;) — (ay, 0;)) Z Z ((ar, Or) — (ax, Ok))
el ke, , LN kel gy,
+ > ((a,0k) — (ak, 0k)). (50)
ke"i’fwrl,LJrl

We will bound the three terms separately. For the first term, we have for layer ¢ € [¢*] and round k € ¥ R Ve
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have

> (@, 07) — (ar, 07) < 2|Vl

ke‘i}f(-#l,z
— 22€+1 Z Hwkak”%gt

kE‘I/f(_*_l,Z

w 2
4( 4:51) L) Z

kE‘Ilf(_'_l‘e

4 1)L 226 A?
%).leog(pr kil

—0(d), (51)

< 2-128%log(

< 2-128%log(

where the first inequality holds because the reward is in [—1, 1],

27% holds for all k € U1 4, the second inequality holds due to the fact that 20" < 128\/10g (w + 1)2L/5)
the last inequality holds due to Lemma H.2.

Therefore 3
Yo > (8 0k) — (k. 0i) = O(d). (52)

et keWp
For the second part in Eq.(50), we have

oY ((a6k) — {ar6n)

N b, ,

< Z Z <<ak7ék,l—1>+3k,l—1”ak|ﬁ)kle1

Ce[LN[E] kel gy ,

+ A2258/dw Z [10s — Osi1]]2 — <ak,9k>)

kE\Pf(_Hye

+Aaw YYD 2LZH0 — Ol (53)

(el ke, , LN ke,

where the inequality holds due to Eq.(49), the second inequality holds due to Eq.(48). We then try to bound the
two terms.

For the first term in Eq.(53), we have

Z Z Bk,zfﬂlakHi;LlS Z Z Brp—1-27"
Ce[LNIE] ke, ' Ce[LNE] heig,,
< Z 51{@ 1'2_6“1’[(4-1,@‘
Le[LI\[€¥]
=Y e Y wadi
NG —_— '
22€KA2
< -2%. 241
S Z 51{@ 1 og(1+ p
ce[L\[e*]
=0(d-2" By,
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where the first inequality holds because by the algorithm design, we have for all k£ € \ilf(_H o lakllg-r < 2L
’ k,f—1

the second inequality holds because for all k € ¥ K410 Bk,g,l <p i.0—1; the first equality holds because for all
ke \ilf(+1 o ||w1<;ak||22,1 = 272%; the third inequality holds by Lemma H.2; the last two equalities hold because by
’ k.t

Lemma H.4 and Lemma H.5, we have BKZ—l = O(Zz(\/ Zle o+ R+ 1))

For the second term in Eq.(53), we have

AVdw > > 2LZ|I0 — 0412 < A28 Vdw Z ZH@ — 012

Ce[LN[ ) keb gy, , =1 ke[K—1] s=1

A2fw% K-
Z 10k — Orr1]]2 (55)
k=1

Therefore, with this, Eq.(53), and Eq.(54), we have

AQ\fw% Rl ~
> > (af,6k) — (ax, 0i)) < ||9k_0k+1||2+0<d(

US TN IS k=1

Finally, for the last term in Eq.(50), we have

> (ap ) —(an b)) < Y

€V i1 141 k€Y i1 141

>

k€W 1,041

>

ke\l’k+1,L+1

o 24%dw? 2A2\/dw3

(07

k-1
(ax, Or.) + Br. LHakHz} L + A%28V/d ZH@ —93+1||2—<ak,9k>)

s=1

IA

k—1
A . 20L+1 _
2Bilacly, + 472 Va3 . 0S+1|2>

k-1
27L+1/6A)k,L + A28 dw Z 1605 — 05+1|2>

s=1

IN

/N 7 N N

M”’

||9k —Oella+ > 27 Bg

kEV g1 ny1

ol
Il
_

Nz

2A2V/dw3

o ||9k*0k+1||2+w 200 ﬂKL

IA
i

NJ

2A2\fw%
= o ||0k0k+1||2+0<w04 (
1

(57)

=
Il

where the first inequality holds due to Eq.(49), the second inequality holds due to Eq.(48), the third inequality
holds because by the algorithm design, we have for all k € W, ;i [Jagfs—1 < 27L the fourth inequality
’ k,L

holds due to the same reasons as before, and the fact that B R 2 ﬁAh 1 for all k € B &.1; the last inequality holds

due to Bf(,é—l = O(a(\/ Zkf(:l o} + R+ 1))

Plugging Eq.(56), Eq.(57), and Eq.(52) into Eq.(50), we can get that for K € [1,w]

(58)
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By the same deduction we can get

Regret([gs, gis1]) = O Z 16 — Opt1l]2 + (wa? +d) - (

k=g;

A2Vt &
(s

Finally, without loss of generality, we assume K%w = 0. Then we have

Regret(K) = > Regret([g:, g:+1])

K
3 K14
A2V dw? ¥ .
a

i=0 k=g;

||0k — 0k+1”2 + (wa2 + d) . (
k=1

(
(

where the first inequality holds due to the Cauchy-Schwarz inequality, the last inequality holds because Zf:_ll [10r—
Or11ll2 < Bk

G Proof of Theorem A.1

With the candidate pool set P designed as in Eq.(10), Eq.(11), Eq.(12), and H = [d3 K 3], we have |P| = O(log K),
and for any w e W, w < H.

We denote the optimal (w, o) with the knowledge of Vi and By in Corollary 6.3 as (w*, a*). We denote the best
approximation of (w*, a*) in the candidate set P as (w™,a™). Then we can decompose the regret as follows

K K iH
Regret(K Z (a;,0r) — (ar, 0;) = Z (a},0r) — Z Z (a;(wT,a™),0)
k=1 k=1 i=1 k=(i—1)H+1
(1
[ iH

+ Yo (awtat),6y) — (ar(wi,aq), 0) - (60)

i=1 k=(i—1)H+1

(2

The first term (1) is the dynamic regret of Restarted SAVE™ with the best parameters in the candidate pool P.

The second term (2) is the regret overhead of meta-algorithm due to adaptive exploration of unknown optimal
parameters.

By the design of the candidate pool set P in Eq.(10), Eq.(11), Eq.(12), we have that there exists a pair

(wt,at) € P such that wt < w* < 2w™, and a™ < a* < 2a™. Therefore, employing the regret bound in
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Theorem 6.1, we can get

5]
(1) <Y OWdw*'B;/at + a™2(H + VJwt HV;) + d\/HV;Jw+ + dH/w")
i=1
) P P
< O(Wdwt' By Jat + at? (K + wH— Z Vi) dy| H > Vijwt +dK/wh)

=1 =1

O(WVdw*r' By Ja™ + at?(K + VJwtKVi) 4+ d/KVig Jwt + dK/wt)

O(Vdw ' ®By Ja* + a**(K + Vw*K Vi) + d\/K Vi Jw* + dK Jw*)
= O(d"* VY B K*5 + d*P B K23, (61)

where we denote B; as the total variation budget in block i, V; is the total variance in block ¢, the second
K K

inequality is by Cauchy—Schwarz inequality, the first equality holds due to er :1111 B; = By, er :Hl] Vi = Vi, the

second equality holds due to wt < w* < 2wt and o™ < a* < 2a™, the last equality holds by Corollary 6.3.

We then try to bound the second term (2). We denote by £ the event such that Lemma H.7 holds, and denote by

R; = ZZZ(¢71)H+1<at(w+v a™),0;) — (a;(w;, a;), 0;) the instantaneous regret of the meta learner in the block 4.

Then we have

=

S
i
=
™
=

=l
e

1%
:E[ RJS}P(S)—#—E{ZRAE]P(E)
< O L/ 7 1P1) - (1 2)+0(K) - &
= O(VHPK)
= O(d5K10), (62)

where Lyax := Max; (K7 L;, the first inequality holds due to the standard regret upper bound result for Exp3

Auer et al. (2002), the third equality holds due to Lemma H.7, the last equality holds since H = [d%K %], and
|P| = O(log K).

Finally, combining the above results for term (1) and term (2), we have

Regret(K) = O(d"/5VZ/° B/  K*/5 + 3B K?/® + ds K0). (63)

H Technical Lemmas

Theorem H.1 (Theorem 4.3, Zhou and Gu (2022)). Let {Gr}72, be a filtration, and {Xx,nk}x>1 be a stochastic
process such that x;, € RY is G,-measurable and Nk € R is Giy1-measurable. Let Lyo, \,e > 0, p* € RY. For
k>1, let yp = (*,xk) + nx and suppose that ng, X, also satisfy

ElnklGe] = 0, E[7|Gk] < 02, |mk| < R, [Ixx]l2 < L. (64)

Fork>1, let Zy = M1+ Zle x;x; , by = Zle YiXi, Uk = Z,;lbk, and

Br = 12y/02dlog(1 + kL2/(d)))log(32(log(R/€) + 1)k2/4)
+ 241log(32(log(R/¢€) + 1)k?/6) 1r£11a§)<k{|77l| min{1, ||xi||z:l}} + 61og(32(log(R/e) + 1)k?/d)e.

Then, for any 0 < § < 1, we have with probability at least 1 — ¢ that,

k * *
Vk > 1, HZi:lxim-HZ;l < Brs e — ¥z, < Be + VAl
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Lemma H.2 (Lemma 11, Abbasi-Yadkori et al. (2011)). For any A > 0 and sequence {x;}5_, C R? for k € [K],
define Zy, = NI + 21 L xix; . Then, provided that ||xi|l2 < L holds for all k € [K], we have

K
. 2 2
;mm{l, ||xk||Z;1} < 2dlog (1+ KL?/(d))).

Theorem H.3 (Theorem 2.1, Zhao et al. (2023)). Let {Gr}7°, be a filtration, and {xi, Nk }r>1 be a stochastic
process such that X, € R? is Gy-measurable and ny € R is Gy 1-measurable. Let L,o,\,e > 0, u* € R%. For
k>1, let yp = (", Xx) + i, where ng, Xy, satisfy

k
EllGr) = 0, Il < R, Y EW7(G] < vk, forV k> 1

i=1

Fork>1, let Zp = NI+ Y8 xx], b = S0 yixi, g = Zy 'y, and
Br = 16p+/v log(4w? /) + 6pRlog(4w?/6),
where p > supps1 || Xk||z—1 . Then, for any 0 < § < 1, we have with probability at least 1 — ¢ that,
= k—1
VE > 1, ||Zf:1Xi77iHZ;1 < B, [l — ¥ |z < Be + VA1*]|2.

Lemma H.4 (Adopted from Lemma B.4, Zhao et al. (2023)). Let weight w; be defined in Algorithm 2. With
probability at least 1 — 20, for all k > 1, £ € [L], the following two inequalities hold simultaneously:

Z w?o? <2 Z w262—|— RQlog(411)2L/(5)7

iE‘i’k+1 ¢ lE‘I’kJrl ’
7
Z wie? < 5 Z wiol + gRZ log(4w?L/0).
zE‘I’k+1,z 1E‘i’k+1,z

For simplicity, we denote &y as the event such that the two inequalities in Lemma H.4 holds.

Lemma H.5 (Adopted from Lemma B.5, Zhao et al. (2023)). Suppose that ||0*|2 < B. Let weight w; be defined
in Algorithm 2. On the event E.ons and Ey (defined in Eq.(]5), Lemma H.4), for all k > 1, £ € [L] such that
2¢ > 64/log (4(w + 1)2L/6), we have the following inequalities:

R 2
STkl <8 3wk (ri— (Branean)) +O6Rlog(d(w+1)°L/5) + 272 B2,

3 _
Z w2 (m <0k+1g,al)> §§ Z w202+ R210g(4w2L/5)+2 22,

€W, i€Wri1,e

Lemma H.6 (Freedman (1975)). Let M,v > 0 be fized constants. Let {x;}1' | be a stochastic process, {G;}; be a
filtration so that for all i € [n], x; is G;-measurable, while almost surely

E[2i|Gi1] =0, |a:| < M, ZE G <

Then for any § > 0, with probability at least 1 — &, we have

ixi < +/2vlog(1/6) +2/3 - Mlog(1/9).
i=1

Lemma H.7. Let N = [%] Denote by L; the absolute value of cumulative rewards for episode i, i.e.,
Li: ZH(,L 1)H+1Tk’ then
) H K 2 K 1
P |Vie [N],L; < H+R\/2log (K(ﬁ+1)) +§'R10g (K(E+1)) >1- I (65)



Zhiyong Wang !, Jize Xie 2, Yi Chen 2, John C.S. Lui !, Dongruo Zhou 3

Proof. By Lemma H.6, we have that with probability at least 1 — 1/K

iH i H
Y a<.2 Y olog(NK)+2/3- Rlog(NK)
k=(i—1)-H+1 k=(i—1)-H+1
R2
< 2Hzlog(NK)+2/3~Rlog(NK)
H K 2 K
gR\/21og(K-(H+1))+3-Rlog(K-(H+1)), (66)

where we use union bound, and in the second inequality we use the fact that since |ex| < R, we have o7 < R{.
Finally, together with the assumption that r; <1 for all k& € [K], we complete the proof. O
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