Homework # 1 Solutions

Instructor: John C.S. Lui

1. We have three coins: two nickels (5 cents coin) and one ifde€ents coin). Each coin has two sides: one is
head and the other side shows the worth of the coin. You palyt$Gnter the game to toss these three coins.
You will receive those coins which fall heads up.

(&) What is the sample spa&eof this problem?

(b) What is the probability of each sample pointif
(c) What is the probability of winning some money?
(d) What is the probability of losing some money?
(e) What is the probability of breaking even?

Solution: We mark the coins so that we can distinguish betwiee two nickels. The nickels are given numbers
1 and 2, and the dime is given number 3.

(a) The sample spaceds= {(1H,2H,3H),(1H,2H,3T),(1H,2T,3H), (1H,2T,3T),(1T,2H,3H),
(1T,2H,3T), (1T, 2T, 3H), (1T, 2T, 3T)}.

(b) The probability of each sample pointdhis % since each of the outcome is equally likely.

(c) LetE; be the event of winning some money. Théh,= {(1H,2H,3H), (1H,2T,3H),(1T,2H,3H)}.
Thus,P(E;) = 2.

(d) Let E, be the event of losing some money. Thén, = {(17,27,3T),(1H,2T,3T), (17,2H,3T)}.
Thus,P(E;) = 2.

(e) LetEs be the event of breaking even. Thety, = {(1H,2H,3T), (1T,2T,3H)}. Thus,P(Es3) = 2 =
1
Z.

2. We keep tossing a coin until it lands head up.

(&) What is the sample spa&@
(b) What is the probability of only tossing the coin once?
(c) What is the probability of only tossing the coin twice?
Solution:
(a) The sample spaceds= {0, 1,2, ...}, where each element denotes the number of tails before shbdiad
appears.
(b) The probability of only tossing the coin oncefi§{0}) = 1.
(c) The probability of only tossing the coin twice ’{({1}) = i.

3. We want to count the number of car accidents in Hong Kongyieea. What is the sample spase

Solution: Note that the number of accidents is not necdgdamited by the number of cars in Hong Kong. A
car can be involved in more than one accident. The samplespac{0, 1, 2, ...}, where each element denotes
the number of accidents in Hong Kong in a year.

4. | see an opened can of coca-cola, and want to find out thebildp that it is less than /3 filled. What is the
sample spac§ of this problem?

Solution: Suppose the volume of the carVis The sample spacg = {v|v € R,0 < v < V'}, wherev is the
volume filled at the observation point.

Another way to view this problem is to define the sample sgce {¢|¢ € R,0 < ¢ < 1}, whereq is the
fraction of volume which is filled in at the observation point



5. LetA = {1,2,3,4,5}. Considerds is a 3-element subset df.

(@) What are all possible elementsA§?

(b)

If A hasn distinct elements, what is the size of the sub$sgtwherek < n?

Solution:
(a) The possible elements ity are:{1,2,3},{1,2,4},{1,2,5},{1,3,4},{1,3,5},{1,4,5}, {2, 3,4},

(b)

{2,3,5},{2,4,5},{3,4,5}.

The size of the subsety is () = mrigy-

6. Four people are randomly seated in a row, we want to find tbbability that you are sitting beside your
girlfriend (or boyfriend).

(a) What is the sample spa&@

(b)
(©

(d)

What is the probability you are sitting next to your lovee@

Instead of four people, we have ten people sitting in a Mfat is the probability you are sitting next to
your love one?

Instead of ten people sitting in a row, we have ten pedfilagin acircle.

e What is the state spaceof this problem?
e What is the probability you are sitting beside your love one?

Solution: (Note that there can be different angles to view pioblem. The sample space may not be identical.
The following is only one possible solution.)

(a) We denote the positions in the low by number 1 to 4, and tdethe four people by A, B, C and D. The

(b)

(©

(d)

sample space is all possible arrangement to seat peopléhmtiour positions. The size of the sample
space ist! = 24.

Suppose you are A and your love one is B. Denfgias the event that you sit next to your love one. To
sit next to each other, you and your love one need to choosaéighboring positions first (the number
of possible choice iﬁ’)), then arrange the positions of you two (the number of ptssitoices is 2), and
lastly arrange the positions for the rest two people (thelmemof possible choices is 2!). In all, the total
number of outcomes i}, is (f) x 2 x 2 =12. Therefore P(E,) = 12/24 = 0.5.

Similar to previous, define the sample sp&cas all possible arrangements of the ten people. The size
of the sample space is 10!. Dendie as the event that you are sitting next to your love one. Tl tot

9
number of outcomes i, is (7) x 2 x 8!. Therefore P(E,) = (1)T02!X8! =1

DenoteFE,; as the event that you sit next to your love one in a circle. Wedgtfine the sample spacg
as all possible arrangements of the ten people. The sizedample space is 10!. Different from a row,
when we consider all possible arrangements that you sittoextur loved one, we can find 10 pairs of

neighboring positions(1, 2), (2, 3), ..., (9, 10), (10, 1). Therefore, the number of outcomes that you sit
(P)x2x8! 4

next to your love one i§'’) x 2 x 8!. P(Ey) = ~X— = 2.

7. Assume in the CSE Department, the probability that a caenps of Window OS or Mac OS is equally likely.
You have three computers in front of you.

What is the state spaceof this problem?
What is the probability you have exact one computer with M&?O

Assume that the probability that a computer is of Window O8.%sand Mac OS is 0.1. You have three
computers in front of you, what is the probability of havingetly two computers with Mac OS?

Solution: Denote by¥ a computer with Windows OS, and By a computer with Mac OS.

Define an outcome as the three computers in front of you, ftardft hand side to the right hand side.
The sample spac® = {M MM, MMW, MW M, MWW, WMM,WMW, WWM, WWW}.

The outcomes in the sample space are equally likely. Theréhaee events in the sample space to have
exact one computer with Mac OS. Therefore, the probability ave exact one computer with Mac OS
is 3/8.

The probability of having exactly two computers with Mac Qi = (;) x (0.1)% x 0.9 = 0.027.



