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Abstract  The hypergraph matching problem is to bnd a largest collection of dis-
joint hyperedges in a hypergraph. This is a well-studied problem in combinatorial
optimization and graph theory with various applications. The best known approxi-
mation algorithms for this problem are all local search algorithms. In this paper we
analyze different linear and semidefinite programming relaxations for the hypergraph
matching problem, and study their connections to the local search method. Our main
results are the following:

B We consider the standard linear programming relaxation of the problem. We pro-
vide an algorithmic proof of a result of FYredi, Kahn and Seymour, showing that
thg integrality gap is exactly S 1+ 1% for k-uniform hypergraphs, and is exactly
k S 1 for k-partite hypergraphs. This yields an improved approximation algorithm
for the weighted 3-dimensional matching problem. Our algorithm combines the
use of the iterative rounding method and the fractional local ratio method, showing
a new way to round linear programming solutions for packing problems.

b We study the strengthening of the standard LP relaxation by local constraints.
We show that, even after linear number of rounds of the Sherali-Adams lift-and-
project procedure on the standard LP relaxation, ther&-argform hypergraphs
with integrality gap at leaktS 2. On the other hand, we prove that for every con-
stantk, there is a strengthening of the standard LP relaxation by only a polynomial
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number of constraints, with integrality gap at mb*?l for k-uniform hypergraphs.
The construction uses a result in extremal combinatorics.

b We consider the standard semidefinite programming relaxation of the problem.
We prove that the Lovis2-function provides an SDP relaxation with integrality
gap at mosi‘*z—l. The proof gives an indirect way (not by a rounding algorithm) to
bound the ratio between atgcal optimal solution and any optimal SDP solution.
This shows a new connection between local search and linear and semidefinite
programming relaxations.

Keywords Linear programming Semidefinite programming
Hypergraph matchingRounding algorithm

Mathematics Subject Classibcation (2000) 90C05- 90C22- 90C27- 68W25-
05C65

1 Introduction

The hypergraph matching problem, also known as the set packing problem, is a fun-
damental problem in combinatorial optimization with various applications. In general
this problem is equivalent to the maximum independent set problem, and is thus hard
to approximate34]. In this paper we study the hypergraph matching problerk-in
uniform hypergraphs, in which every hyperedge has exdcthgrtices; this is also
known as thé-set packing problem. This is a generalization of some classical combi-
natorial optimization problems, e.g. tkalimensional matching probler8¢,39], the
maximum independent set problem in bounded degree grafi&1[49], and some
graph packing problemd4.9,33]. This is also an important problem in graph theory
[1,2], and has interesting connections to the Santa Claus proltl@jrejnd the partial

Latin square problem2p,32]. All the best known approximation algorithms for the
hypergraph matching problem kruniform hypergraphs are based on local search
methods 10,13,16,30,37].

Mathematical programming relaxations and local search methods are two important
techniques in approximation algorithms, but they appear to be separate techniques with
no known direct connections. A topic of recent research is to study the strengthening
of linear and semidefinite programming relaxations by local constraints, e.g. Lovtsz-
Schrijver hierarchy, Sherali-Adams hierarchy, Lasserre hierarchyfsk&45,48,50]
and the references therein). These lift-and-project hierarchies are considered to be a
strong computational model which captures many known algorithms. For example,
some algorithms obtained by dynamic programming can be captured by the Sheral-
i-Adams hierarchy14,44]. Given that the linear programs generated by the Sherali-
Adams procedure include all the valid local constraints (4&gfpr related work),

a natural question is whether they also capture the local search algorithms obtained
by changing a few variables (as ih(,13,16,30,37]). We study this question in the
hypergraph matching problem.

In this paper we analyze the integrality gaps of different linear and semidefi-
nite programming relaxations for the hypergraph matching problem, and study their
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connections to the local search method. For the standard LP relaxation, we provide
an algorithmic proof to obtain a tight analysis for the hypergraph matching prob-
lem in k-uniform hypergraphs, giving an improved approximation algorithm for the
3-dimensional matching problem. We then analyze stronger linear and semidefinite
programming relaxations, and Pnd some interesting connections to the local search
method. On one hand, we show that the local search algorithm is not captured by
the Sherali-Adams hierarchy, even after linear number of rounds. On the other hand,
extending the analysis of a local search algorithm, we construct a polynomial size
linear program with integrality gap a constant factor smaller than the linear program-
ming relaxations generated by the Sherali-Adams hierarchy. Furthermore, the results
developed can be used to bound the integrality gap of a semidefinite programming
relaxation (the Lovis#-function) for the hypergraph matching problem. This pro-
vides a way to bound th&-function indirectly (although we do not know how to round

the solutions). by using a connection between the local search method and linear and
semidefinite programming relaxations.

We remark that our results (except for 3-dimensional matching) do not improve
the approximation guarantees obtained by the local search algorithms, but we believe
that they give new insights into the strengths of linear and semidefinite programming
relaxations, and also provide new tools and ideas for analysis.

1.1 Our results

Recall that a hypergrapHl = (V, E) consists of a set of verticéé and a set of
hyperedge£ where each hyperedge E is a subset of vertices. A hypergraph is
calledk-uniform if every hyperedge has exactyvertices. A hypergraph is called
k-partite if the set of vertices can be partitioned iktdisjoint setsVq, Vo, ..., Vi,
and each hyperedge intersects every set of the partition in exactly one vertex.

We begin with the standard linear programming formulation for the hypergraph
matching problem. In the following we use the notatiqifr) to denote> ", ¢ Xe for
a subset of hyperedgés E, andd(v) to denote the set of hyperedges incident on
a vertexv.

maximize x(E)
subjectto x((v)) 1 v V (LP)
Xe O e E

We provide an algorithmic proof of a result of FYredi, Kahn and Seyn®fjr [
showing tha}t the integrality gap is exackys 1+ 1% for k-uniform hypergraphs, and
is exactlyk S 1 for k-partite hypergraphs (see Sezfor definition). The results also
hold for weighted problems as i2%]. This yields an improved approximation algo-
rithm for the weightedk-dimensional matching problem (see Sétfor definition)
for k = 3. The previous best known approximation for the 3-dimensional matching
problem is a2 + ¢)-approximation algorithm for any > 0 by Arkin and Hassin4]
and Berman10].

Theorem 1.1 There is a polynomial timék S 1)-approximation algorithm for the
weighted k-dimensional matching problem.
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We then study whether adding local constraints would yield stronger linear pro-
gramming relaxations. For 3-uniform hypergraphs, the Fano plane as shown3%a Fig.
in Sect.3 is an example with integrality gaé. We show that by adding the local
constraintx(P) 2 to (LP) for every Fano pland®,! the resultingFano LPhas an
improved integrality gap for the hypergraph matching problem in 3-uniform hyper-
graphs.

Theorem 1.2 The Fano LP for unweighted 3-uniform hypergraphs has integrality
gap exactly?.

Motivated by Theorem.2and the question stated earlier, we study Sherali-Adams
relaxations for the hypergraph matching problem, which can generate all valid local
constraints om hyperedges aftar rounds of the lift-and-project procedur&g 41].

In the hypergraph matching problem, afterounds of the Sherali-Adams lift-and-
project procedure, given any subseof r hyperedges, we will have the constraint
x(S)  Opts, whereOpTg is the maximum number of disjoint hyperedgesSirFor
example, in the hypergraph matching problem in 3-uniform hypergraphs, all the Fano
plane constraints will be generated in at most 7 rounds. For thekcas®, Mathieu

and Sinclair #5] have shown that the Sherali-Adams hierarchy provides a linear pro-
gramming relaxation with integrality gap at most J% afterr rounds, and their result
coincides with the approximation guarantee obtained lvylacal optimal solution for

the graph matching problerd][ For the hypergraph matching problemkiruniform
hypergraphs, Hurkens and Schrijv87] gave a local searchg + e)-approximation
algorithm for any > 0. In contrast to the result of Mathieu and Sincld#]} we show

that the local search algorithm is not captured by the linear programming relaxations
generated by the Sherali-Adams hierarchy, even after a linear number of rounds.

Theorem 1.3 There are k-uniform hypergraphs in which the integrality gap for the
Sherali-Adams hierarchy ofi.P) is at least kS 2, even aftei2 (n/k®) rounds where
n denotes the number of vertices.

On the other hand, for every constdntwe can construct a polynomial size lin-
ear program for the hypergraph matching problenk-uniform hypergraphs, with
integrality gap smaller than those generated by the Sherali-Adams hierarchy (up to a
linear number of rounds) by a constant facdthe proof extends the analysis of the
local search algorithm ir3[7], and uses a result in extremal combinatorics.

Theorem 1.4 For every constant k, there is a polynomial size linear program for
k-uniform hypergraphs with integrality gap at m&é;{l in the unweighted problem.

Using the results developed, we can show that there is a simple semidefinite pro-
gram (the Lovis2-function [40,42)) that achieves the same integrality gap ddirk,
not just for constark as in Theoreni..4.

1 Although 1 is the obvious constant to write, we use the weaker consk@t 2 in our analysis to
show the integrality gap of the linear program to be 2.

2 |t was known that the Sherali-Adams relaxations may not provide the best linear programming relax-
ations. In the graph matching problem, the linear programs generated by the Sherali-Adams hierarchy are
weaker than the EdmondsO linear program. But the EdmondsO linear program is of exponential size (while
Theoreml.4 gives a polynomial size linear program) and also the Sherali-Adams relaxations provide an
approximation scheme (while there is a constant factor separation for hypergraph matching).
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Theorem 1.5 There is a polynomial size semidefinite program for the hypergraph
matching problem, with integrality gap at md‘é}—l for k-uniform hypergraphs in the
unweighted problem.

We are not aware of any examples with integrality gap Iargerﬂlé@ﬁ) implied

by the hardness result iB6], for both the LP relaxation in Theorein4 and the SDP
relaxation in Theorem.5.

1.2 Techniques

The proof of Theorem.1is based on a combination of the iterative rounding method
and the fractional local ratio method, showing a new way to round linear program-
ming solutions for packing problems. The standard iterative rounding me3@pd|
designed for covering problems: if there is a variable with large fractional value, then
we can round up the value of this variable to one. By doing so, the covering constraints
are still satisped and thus the process can be iterated. However, for packing problems,
even if there is a variable with large fractional value, we could not simply round up
the value of this variable to one, because many packing constraints may be violated.
Instead of using the fractional values to decide which hyperedges to round up, the idea
is to iteratively use the fractional values to debne a Ogood orderingO of the hyperedges
(asimilar ideais also used i@9]). By using the properties of extreme point solutions,

we can debne an orderidg, e, . .., en} of the hyperedges, so that the total frac-
tional value of the hyperedges M[e] { &,€+1,...,€en}is atmostk S 1, where

N[g] denotes the set of hyperedges that intergecthen we can use the fractional

local ratio method as irg] to obtain an efbcient approximation algorithm.

The proofs of Theorem$.4 and1.5 are based on a new connection between the
analysis of the local search method, linear programming relaxations, and semidefinite
programming relaxations. First we extend the analysis of the local search algorithm
in [37] to construct an exponential size linear program with integrality gap at most
k"Tl. The proof shows a direct connection between the local search algoritt8¥in [
and the LP relaxationNthe ratio between any 2-local optimal solution (see &ect.
for definition) and any optimal solution to the exponential size linear program is at
mostklzl. To prove Theoren.4, we use a result in extremal combinatorics to rewrite
the exponential size linear program as a polynomial size linear program, as leng as
is a constant. To prove Theorelrb, we use known results on Lovigzfunction to
show that a polynomial size semidefinite program is stronger than the exponential size
linear program, and thus has integrality gap at n%ét This gives an indirect way to
bound the integrality gap of th&-function, without providing a rounding algorithm.
Previously either the Sandwich theorem or a rounding algorithm is used to bound the
v -function (see below), our results show another way to bound the integrality gap of
the ¥-function.

1.3 Related work

The hypergraph matching problemkruniform hypergraphs is a well-studied problem
in combinatorial optimization. For the unweighted problem, Hurkens and Schrijver

123



Y. H. Chan, L. C. Lau

[37] gave a(5 + €)-approximation algorithm. For the weighted problem, Arkin and
Hassin ] gave ak S 1+ ¢)-approximation algorithm, Chandra and Halld—rs$6jn [

gave a(@ + e)-approximation algorithm, and Bermah{] gave a("LZ1 + e)-

approximation algorithm. All the above algorithms are based on local search, and run
in polynomial time for any > 0. On the other hand, Hazan, Safra and Schwa@ék [

proved that the problem is hard to approximate within a fact@d (fb_lg(;k) For small

value ofk, Berman and Karpinskill?] obtained ag—g S € hardness for 3-dimensional
matching (which implies the same hardness for 3-set packing), while Hazan, Safra and
Schwartz 85] obtained23 S €, 33 S € and3 S e hardness for 4, 5 and 6-dimensional
matching respectively.

The hypergraph matching problem kiuniform hypergraphs is also a well-
studied problem in graph theory. Ryser conjectured that kapartite hypergraph,
the ratio between the minimum vertex cover and the maximum matching is at most
kS 1. Fork = 2, this is the classical result that the size of a maximum matching
is equal to the size of a minimum vertex cover in a bipartite graph.kFer 3, it
has been proved by Aharorii[using a topological metho]. A fractional version
is proved by FYredi24]: he shows that the integrality gap dfff) is at mostk S 1
whenever the hypergraph does not contain a projective plane of krilet (see
Sect.3 for definition) as a subhypergraph, and is at mo& 1 + % for k-uniform
hypergraphs. FYredi, Kahn and Seym@84] extended these results to the weighted
case. We remark that the proofs i24[25] are non-algorithmic, and do not imply
Theoreml.1

Using lift-and-project methods in approximation algorithms was prst studied in the
work of Arora, Bollobts and Lovisa], and since then it has been studied exten-
sively in recent years. The Sherali-Adams hierarchy is known to be stronger than
the Lovtsz-Schrijver linear programming hierarchy, and Lasserre semidefinite pro-
gramming hierarchy is known to be stronger than the Sherali-Adams hieratthy [
Recently strong lower bounds have been obtained for the Sherali-Adams and Lasserre
hierarchies for different problemd47,18,48,50]. For the graph matching problem,
Mathieu and Sinclair have shown that the integrality gap is at mestrllafterr
rounds of Sherali-Adams relaxatiord5]. Charikar, Makarychev and Makarychev
have shown a connection between integrality gaps for Sherali-Adams relaxations for
cut problems to local-global properties in metric spadas. [

The Loviszy-function is an important technique in estimating the independence
number of a graph. It was Prst introduced by Lovisz to bound the Shannon capacity of
a graph #2]. In general the integrality gap of thiefunction could be very large2p)].

It is an interesting open problem whether thdunction provides a better bound for
special classes of graphs, and it has been studied for graphs with large independent sets
[3]and random graph£p,23]. The Sandwich theoren2f,29] shows that the?-func-

tion is sandwiched between the independence number and the clique cover number;
it can be used to bound the integrality gapefunction if this ratio is bounded for a
certain class of graphs. It is remarkable that this is the only known efbcient method to
compute the maximum independent set size for perfect gr@s2d).
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2 Integrality gaps of the standard linear programming relaxation

Our goal in this section is to prove Theordm. In the weighted hypergraph matching
problem, we are also given a weigh¢ on each hyperedge, and the objective is to bPnd
a maximum weighted matching. The weightedimensional matching problem is to
Pnd a maximum weighted matching ikgartite hypergraph. Whdn= 2 this is the
bipartite matching problem. For the analysis of the iterative algorithm, we consider
the following more general linear program, denoted (G, B), where5 denotes

the vector of all degree bounds 0B, 1 for each vertex V. Initially B, = 1
foreachv V.

maximize szXe

e E
subjectto x(§(v)) B, v V

Xe O e E

Our rounding algorithm for weightell-dimensional matching is based on the

following properties of the extreme point solutions ltd° (G, B). Each constraint
x(8(v)) B, debnes a vector iRIEl: the vector has a 1 corresponding to each hy-
peredgee §(v) and O otherwise. We call this vector the characteristic vectd6of
and denote it bys ).

Lemma 2.1 Given any extreme point solution x to linear program (@ B) such
that X > O for each e E there exists W V such that

1. x(6(v))= B, >0foreachv W.
2. The characteristic vectorss,) : v W} are linearly independent.
3. |W|=]E]|.

Proof In an extreme point solutioxiof an LP, it is known that the number of hon-zero
variables is at most the number of linearly independent tight constraints (constraints
that achieve equality); this holds for any LP. Since we assumexthat O for every
hyperedge, there will be no tight constraints of the forxa 0. And so the only tight
constraints come from the degree constraxiésv)) = B,. LetW be the set of verti-
ces where the degree constraints are tight and linearly independex¢ (®.) = B,

for everyv W and no constraint inW can be written as a linear combination of
other constraints illV. Then conclusion 1 holds by the definition\, and the condi-
tion that every hyperedge has fractional vakde> 0. Conclusion 2 follows from the
definition of W. Conclusion 3 follows from the above property of an extreme point
solution, and the condition that every hyperedge has a non-zero fractional value.

Our algorithm for weighte#-dimensional matching consists of two phases. In the
Prst phase we use an iterative algorithm to provide a OgoodO ordering of the hyper-
edges. In the second phase we apply the local ratio method to this good ordering to
obtain a matching with weight at Ieag—1 the optimal. In the following leN[€] be
the set of hyperedges that intersect the hyperegigete thate  N[¢].

To prove the correctness of the algorithm, we show that the iterative algorithm
always succeed in bPnding an ordering with a good property. Then, using the property
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Iterative k-Dimensional Matching Algorithm

1. Find an optimal extreme point solution x to LP(G, B) where B, = 1 for all v.
Remove every hyperedge e with z. = 0. Initialize F' <« (.

2. For i from 1 to |E(G)| do
(a) Find a hyperedge e with z(N[e]) < k — 1.
(b) Set e; «— e and F «— FU{e;}.
(c) Remove e from G.
(d) Decrease B, by x. for all v € e.

3. M «— Local-Ratio(F,w) (shown in Figure 2), where w is the weight vector of
the hyperedges.

4. Return M.

Fig. 1 k-Dimensional matching algorithm

of the ordering, we prove that the local ratio method will return a matching with cost at
Ieastk—é;—l the optimum. First we prove that the iterative algorithm will always succeed
in Pnding a good ordering.

Theorem 2.2 In the k-dimensional matching problem, the iterative algorithiig 1

will always succeed in Step 2(a) in Pnding an ordering of the hyperedgesiMfle}
{6.6+1,....em}) kS 1foralll i m,wherem isthe number of hyperedges
in X with positive fractional value.

The proof of Theorem2.2 consists of two steps. First, in Lemr&8, we prove that
there is a hyperedgawith x(N[€]) kS 1inan extreme point solution toP (G, B).
Since the initial solutiorx is an extreme point solution, this implies that the brst iter-
ation of Step 2 of the iterative algorithm will succeed. Then we prove in Le@wha
that the remaining solution (after removiegand updatingB,) is still an extreme
point solution toL P(G, B). Therefore, by applying Lemm&3inductively, the iter-
ative algorithm will succeed in Pnding an ordering of hyperedggs. . . , em} with
x(N[e] { &.6+1,....em}) kSiforalll i m.Nowwe prove Lemma.3

Lemma 2.3 Let x be an extreme point solution to LB, B) for the k-dimensional
matching problem. If x> Oforalle E, thenthere is a hyperedge e wittiN{e])
kS 1.

Proof Let W be the set of vertices with tight degree constraints as described in
Lemma2.1 To show that there is a hyperedge with the required property, we prst
prove that in any extreme point solutionloP (G, B) there is a vertex itV of degree

at mostk S 1. Suppose, by way of contradiction, that every verteiiis of degree

at leask. This implies that

2o vIs®l 2, wld)]

W|=|E|=
Wl =] E| - ‘

| W,
where the prst equality follows from Lemr@él, the second equality follows because

every hyperedge contains exacklyertices, and the last inequality follows because
every vertex inW is of degree at leagt Hence equality must hold everywhere. Thus
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the brstinequality implies that every hyperedge is contain®d.ihetVq, Vo, .. ., Vk
be thek-partition of V, andW, = WV, for1l i k. Since each hyperedge
intersecta\ exactly once, we have

Z Xs() = Z Xs(v)-

v Wp v W

This implies that the characteristic vectorswh are not linearly independent, con-
tradicting to Lemma.1 Therefore there is a verteyy W of degree at mok S 1.
Lete = {v1, v2, ..., vk} be the hyperedge ifi(v1) with the largest fractional value.
Sincevy is of degree at mo#tS 1, this implies thatk S 1)xe  X(8(v1)). Therefore,

k
x(N[e) D x(@@i) S kS Dxe

i=1

k
> X))
i=2

k
>
i=2

kS 1

The following lemma allows Lemm2.3to be applied inductively to complete the
proof of Theoren®.2

Lemma 2.4 In any iteration of Step 2 of the algorithm#ig. 1, the fractional solution
is an extreme point solution to L(B, B).

Proof Suppose the graph in the current iteratioGis (V, E). Letxg be the restric-
tion of the initial extreme point solutionto E. We prove by induction on the number
of iterations thakg is an extreme point feasible solutionltd® (G, B). This holds in
the prstiteration by Step 1 of the algorithm. ket { v1, vy, ..., vk} be the hyperedge
found in Step 2(a) of the algorithm. L& = E S eandG = (V, E). LetB be the
updated degree bound vector. We prove #atis an extreme point feasible solution
toLP(G, B). Since the degree boundsaf vy, . . ., vk are decreased by exactty,

it follows thatxg is still a feasible solution. Suppose, to the contrary, fats not an
extreme point solution tb P(G , ). This means thatg can be written as a convex
combination of two different feasible solutiogs andy» to LP(G , 5 ). Extending
y1 andy> by setting the fractional value amto be xe, this implies thatxg can be
written as a convex combination of two different feasible solutiorisRgG, ), con-
tradicting thatxg is an extreme point solution. Hengg is an extreme point solution
toLP(G,B).

To provide an efpcient rounding algorithm, we use the fractional local ratio method
as in B]. The following is the basic result of the local ratio method.

123



Y. H. Chan, L. C. Lau

Local-Ratio(F, w) (a recursive subroutine)

1. Remove from F' all hyperedges with non-positive weights.
2. If F =0, then return 0.
3. Choose from F' the hyperedge e with the smallest index.

Decompose the weight vector w = w1 + wg where

wi (') = w(e) if e’ € Nle],
! 1o otherwise.

4. M' — Local-Ratio(F, w2).
5. If M’ U {e} is a matching, return M := M’ U {e};
else return M := M’.

Fig. 2 The local ratio subroutine

Theorem 2.5 ([7]) Consider a linear programminw'x s.t. & b, and let its opti-
mum value be optv). Call a feasible solutiox r-approximate with respect tw if
wTx 1 -opt(w). Supposev = w1 + Wy andx is r-approximate with respect o,
andx is r-approximate with respect w,. Thenx is r-approximate with respect tw@.

Using the ordering in Theorer.2, we prove the performance guarantee of the
approximation algorithm in Fig2. Note that by construction the local ratio routine
returns a matching. It remains to prove that the cost of the returned matching is at least
Ell of the optimum. The following result implies TheoreimL

Theorem 2.6 Letx be an optimal solution to L BG, B) for the k-dimensional match-

ing problem. The matching M returned by the algorithntig. 2 satispesv (M)

a1 WX,

Proof The proofis by induction on the number of hyperedges having positive weights.
The theorem holds in the base case when there are no hyperedges with positive weights.
Let e be the hyperedge chosen in Step 3 of the algorithm in F@.Sincee has the
smallest index in the ordering, by Theore2, we havex(N[e]) kS 1. Let

w, w1, Wo be the weight vectors computed in Step 3 of the algorithm.Metand

M be the matchings obtained in Step 4 and Step 5 respectively. Bi@e> 0 and
wz(e) = 0,wsy has fewer hyperedges with positive weights thanBy induction,
w2(M) &1 - Wz - X. Sincewz(e) = 0, this implies thatoa(M) &1 - w2 - x. By

Step 5 of the algorithm, at least one hyperedgfg] isin M. Sincex(N[e]) kS1
andwi(e) = w(e) foralle N[€] (i.e. the weight vectow; is uniform overN[e]),

it follows thatw (M) Wll w1 -X as the hyperedges M[€] are the only hyperedges

with nonzero weights imw1. Therefore, by Theorei@.5 we havew(M) @11 "W -X.
This shows thaM is a(k S 1)-approximate solution to thie-dimensional matching
problem.

This completes the proof of Theoreinl The same techniques can be used to
prove that the integrality gap ofP) is exactlyk S 1+ % for k-uniform hypergraphs.
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Specifically, for nonk-partite hypergraphs, it is not necessarily true that there is a
vertex with degred S 1 as in Lemma.3 for k-partite hypergraphs. Just using the
fact that there is a vertex with degrkeewe can prove the following weaker statement
asin Lemma.3

Lemma 2.7 Letx be an extreme point solution to L(B, 3) for the weighted hyper-
graph matching problem in k-uniform hypergraphs.dfx Oforalle E, then there
is a hyperedge e withN[e]) kS 1+ .

With Lemma2.7the same local ratio method would work to give & 1+ %—approxi-
mation algorithm for the weighted hypergraph matching problekauniform hyper-
graphs. The analysis is tight, as there are exampl&suoiiform hypergraphs having
this integrality gap; see Se&.

3 Linear programming relaxations with local constraints

In this section we study the strengthenings bP) by local constraints. Before
that we brst see the integrality gap example foP)([24]. Consider a projective
plane of orderk S 1, which is a hypergrapi with the following properties: (1)

it is k-uniform (every hyperedge is of si2@, (2) it is k-regular (every vertex is
of degreek), (3) it is intersecting (every pair of hyperedges intersect), (4) it has
k? S k + 1 hyperedges. It is known that a projective plane of omjexists if g

is a prime power (see e.gifl]); see Fig.5a for the projective plane of order 2. Since
H is intersecting, the maximum matching size is one. On the other hand, dince
is k-regular, by settingxe = % for each hyperedge, this is a feasible solution
to (LP). 1Since it hask? S k + 1 hyperedges, the integrality gap fdrR) is thus
KS1+ .

3.1 Fano plane constraint for 3-uniform hypergraphs

In this section, we show that by adding additional constraints for the Fano planes to
(LP), we can improve the integrality gap for the hypergraph matching problem in 3-
uniform hypergraphs froré to 2, proving Theoreni.2 For every seven hyperedges
that form a Fano plan@, theFano plane constrainstates that the sum of fractional
values in this seven hyperedges must not exceed two.

x(P) 2 Fano planeP.

We call the resulting linear program the Fano linear program, denotétigy-LP.
Actually we can write the stronger and more obvious consteaift) 1 for each

Fano plane, but for our analysis we need to use the weaker constraints. Nevertheless,
this implies an integrality gap of 2 for the stronger constraif®) 1.

We consider a counterexamplte to Theoreml.2 with the minimum number of
hyperedges. The major step is to prove that there is no Fano plane contained as a sub-
hypergraph irH . Then the following result of FYred2§] shows that such a minimal
counterexample does not exist, and thus Thedtehollows.
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Theorem 3.1 ([24]) If H is a 3-uniform hypergraph which does not contain a Fano
plane, then the integrality gap ¢fP) for the hypergraph matching problem is at most
two.

The proof that a minimal counterexampte = (V, E) to Theoreml.2 does not
contain a Fano plane consists of several steps. The key step is in L8rnvhere
we show that there are no tight Fano plane constraints in any extreme point solution
to the Fano LP.

Let M(H) be a maximum matching iil. SinceH is a counterexample to The-
orem 1.2, there exists an extreme point solutigrto Fano-LP ofH such that the
integrality gap is greater than two, ixe(E(H)) > 2|M(H)|. First we argue that iR,
every hyperedge has fractional value & xe < %

Claim Let H be a minimal counterexample to Theor&r@andx is a fractional solu-
tion to Fano-LP ofH with integrality gap greater than two. Then< xe < % for
every hyperedgein H.

Proof Supposexe = 0. ConsideH S e, in which we remove the hyperedgdrom

H. SinceH is a minimal counterexample, we hax¢éE(H)) = x(E(H S e))
2IM(H S e)| 2|M(H)|, contradictingH is a counterexample. Therefoxg > 0
forgverx hypgredge in H. Supposee % Lete = {v1, vz, v3}. ConsiderH =

H S v1 S v2 S vz in which we removeys, vz, vz and the hyperedges iN[e] from

H. Sincexe % we havex(N[g]) = Zlex(é(vi)) S 2xe 2. Therefore we
havex(E(H)) x(E(H))+2 2I[M(H)|+ 2 2|M(H)|, contradictingH is a
counterexample. The brst inequality follows from tkéil[€]) 2, while the second
inequality follows becauseél is a minimal counterexample, and the Pnal inequality
follows becausév(H ) + eis a matching irH.

Similarly, we can argue that every vertextns of degree atleast 3amdN|[¢g]) > 2
for every hyperedge.

Claim Every vertex inH is of degree at least 3, andN|[e]) > 2 for every hyperedge
ein H.

Proof Assume there is a vertex in H with degree 2 and let, f be edges incident to
itwith x(e) x(f).Lete={wv1, vz, v3}. Thenx(NJ[e]) = Z?zlx(zS(vi)) S2% 2
and the rest of the proof of Clai®.1follows. The case when there is a vertex with
degree 1 proceeds in a similar manner.

From now onx is a given extreme point solution of the Fano-LP and that the goal
is to show that there is no tight Fano constraint. This will in turn imply that there is no
Fano plane irH and complete the proof. An extreme point solution is characterized
by a set of tight inequalities. L&D be the set of tight degree constraints of the form
X(8(v)) = 1 and letP be the set of tight Fano constraints of the fott#®) = 2. Inan
extreme point solution the number of nonzero variables is at most the number of tight
constraints, i.elE(H)| | D| + | P|. We will prove that ifH has a Fano plane, then
any extreme point solution will have a hyperedygeith xe % contradicting thaH
is a minimal counterexample by Claignl
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SupposeH has some Fano planes. In the following lemma we show that two tight
Fano planes cannot share more than one vertex; otherwise there will be a hyperedge
with Xe % Note that this proof uses crucially the weaker constraxi®) 2,
instead of the stronger constrai&P) 1. We are not able to argue that the tight
Fano planes share at most one vertex if we use the stronger constraints, so the structure
formed by the tight Fano planes could be more complicated.

Lemma 3.2 Two tight Fano planes in H share at most one vertex.

Proof Letthe two tight Fano planes BeandP . We divide itinto cases by the number
of vertices shared:

1. 2 vertices: in this case the 2 Fano planes do not share any hyperedge. The sum of
degree constraints iR P gives

12 Zer 3-er=12.

v P Peidw eP P

So equality must hold throughout. The brstinequality thus implies that all vertices
have to be tight, while the second inequality implies that there cannot be any other
hyperedges incident to verticesih P . By the Fano plane constraint, the sum
of values of all 14 hyperedges is 4. The two shared vertices will intersect 5 hyper-
edges in each Fano plane and the sum of values of the 10 hyperedges is strictly
less than 2, by the degree constraints on the shared vertices. Therefore there must
exist a hyperedge of value at Ie#m the remaining four hyperedges, which is a
contradiction.

2. 3+ vertices, not sharing any hyperedges: the sum of degree constraidtk) (
would force at least one Fano plane constraint to be non-tight, a contradiction.

3. 3+ vertices, sharing at most 3 hyperedges: if they share 3 hyperedges, let them be
a, b andc. The sum ofx,, X and degree constraints on the vertices gives

4>Xqg+ Xp+ 3

Xa + Xp + Z Z Xe

v Ce §)

= X+ Xp+ Z Xe + 2+ X¢
e P P

so the Fano plane constraints cannot be both tight, a contradiction. The case for 1
or 2 hyperedges shared is similar (leave xubr bothx, andxy in the inequality
above).

4. 3+ vertices, sharing 4 hyperedges: in this case at least 6 vertices are shared. How-
ever, they cannot share 7 vertices because two distinct Fano planes on the same set
of vertices share at most 3 hyperedges.d.dt, c andd be the shared hyperedges
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andu be the vertex irP that is not shared. The sum of degree constraints on the
shared vertices gives

DD I

v P{u}le s(v)

2: D Xet (Xat Xpt Xt Xq).
e P P

Addingxa + Xp + Xc + Xq to both sides gives

8> 2- Z Xet 2-(Xg + Xp+ Xc+ Xq)
eP P

=2-er+ Z-er
e P e P

(sincexa + Xp + Xc + Xg < 2) so the Fano plane constraints cannot be both tight,
a contradiction.

5. 3+ vertices, sharing-b hyperedges: it is easy to see that they are the same Fano
plane.

By Claim3.1every vertex is of degree at least 3. To show a contradiction it sufbces
to show that

> 18w)| = 3(D| +| P (A)

v H

since total degree is 3 times the number of non-zero hyperedges and in an extreme
point solution, we hav¢E(H)| | D]+ |P|. A vertexv in a Fano planeP is an
outgoing vertexof P if v intersects hyperedge(s) not belongingRpnote that an
outgoing vertex is of degree at least 4. The following lemma shows that if there are
many tight degree constraints in a Fano plane, the total degree of the vertices in this
Fano plane must also be higher.

Lemma 3.3 In a tight Fano plane in H, there are at least 4 outgoing vertices if all
degree constraints are tight, and at least 3 outgoing vertices if 6 of the degree con-
straints are tight.

Proof If all 7 degree constraints are tight:

1. The tight Fano plane cannot be isolated (no outgoing vertices) because the sum of
degree constraints would include every hyperedge in the Fano plane thrice. This
sum is 7 which mean3_, p Xe = 4 so the Fano plane constraint is violated.

2. If there is a hyperedgein the Fano plane that does not intersect any outgoing
vertices and all vertices & are tight, we can derive a contradiction as follows.
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Legend

non-tight
® vertex

e g O outgoing
1 Vo T2 vertex

(a) (b)

Fig. 3 Lemma3.3 a (Case3) The sum of degree constraint on the round vertices includes every bold hy-
peredge twiceb (Case 5, 6) To cover the hyperedges that consist of only tight vertices (bold hyperedges),
at least 2 outgoing vertices are required

3.

4.

The sum of degree constraints on the vertices ioicludese thrice and all other
hyperedges once:

3= D> %= D Xt 2
e P

vee §v

Sincexe < % the sum of values of the 7 hyperedges would be strictly larger than

2 so the Fano plane constraint is violated. Since the smallest vertex cover for the
Fano plane is three vertices on the same hyperedge, this rules out the possibility of
only 1 or 2 outgoing vertices, and if there are only 3 outgoing vertices, they must
be on the same hyperedge.

If there are 3 outgoing vertices on the same hyperegigieen we consider the

tight constraint on the remaining 4 vertices: the sum of them (which is 4) includes
every remaining hyperedge in the Fano plane twice (Bd). By the Fano plane
constraint this means = 0 contradictingxe > O.

If 6 of the degree constraints are tight:

The tight Fano plane cannot be isolated. The reason is similar to1Casave,
with the sum replaced by 6 z where 0< z < 1 is the sum of values at the
non-tight vertex.

. When there is one non-tight vertex, there are 4 hyperedges in the Fano plane that

consist only of tight vertices (Fig@b). If there is a hyperedgein the Fano plane
that does not intersect any outgoing vertices and all verticeso# tight, we can
derive a contradiction as in Ca2above. So we need at least two outgoing vertices
to cover the 4 hyperedges that consist only of tight vertices.

. The case of two outgoing vertices is not possible either. Let the hyperedges in the

Fano plane ba, b, E, gand the non-tight vertex hg. Lete, f andg be the three
hyperedges incident tay. Case2 above mandates that the two outgoing vertices
must intersect the remaining four hyperedges( c andd) sovg must be on the
same hyperedge (say) with the two outgoing vertices. Let the sum of values of
hyperedges outside the Fano plane that intersect the outgoing vertizesibe

Zp respectively (Fig3b).
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Fig. 4 Construction of the grap®

The sum of values incident to all vertices in the Fano plane@vexe+ Xt + Xg);

this is equal to 3 times the Fano plane constraint pj@ndz,. Thereforez; + zp =

Xe+ Xf + Xg.

The sum of constraints on the two outgoing vertices give X, + Xc+ Xd + 2Xg

+ 21+ zp = 2. Using the above substitution we haggetr Xp+ Xc+ Xg + Xe+ X

+ 3Xg = 2. Subtracting this by the Fano plane constraint, wexget 0 which is
a contradiction.

With Lemmas3.2and3.3, we prove in the following lemma that there is no tight
Fano plane in any extreme point solution. The main step is to consider a Oconnected
componentO of the tight Fano planes, and use LeBi8ta argue that the total degree
in this component is larger than thrice the number of tight constraints.

Lemma 3.4 There is no tight Fano plane.

Proof Construct a grapis in which the vertex set is the set of tight Fano planes.
Two vertices inG have an edge if the corresponding Fano planes share a vertex. By
Lemma3.2, two tight Fano planes can share at most one vertex, so the Gajsh
simple (Fig.4).

Consider any connected componénof G . Let there ben edges anah vertices
inC,and thalC ={ Py, P, ..., Py }. We want to show that

> 18Il >3mn +|De), (B)

v P Py P,

whereDc isthe set of vertices P; P, --- P, withtightinequalityx(§(v)) = 1.

If (B) holds for all connected componer@sthen this would imply A) because by
summing B) over all connected components, every vertelinovered by tight Fano
planes would be included on the left hand side, and the right hand side would be
3(P + > ¢ |Dc)). For any vertex irH that is not covered by any tight Fano planes,

its contribution to the left hand side is at least as much as the right hand side, since if
it is tight then by Clain3.1it has degree at least 3, and if it is not tight then there is
no contribution to the right hand side.

For|C| = 1thisis implied by Lemm&.3. Since every vertex ifd is of degree at
least 3 (by ClainB.1), this would imply that BE| = >  [8(v)| > 3(D| + | P)),
contradicting thak is an extreme point solution, completing the proof of the lemma.

It remains to prove the claim for a connected compor@ntith |C| 2. The
number of vertices represented Byin the original hypergraphd is 7n S m. So
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thrice the number of tight constraintskhis at most 3|P|+| D|) 3(n + 7n Sm).

On the other hand, the total degree contributed by the hyperedges contained in the
Fano planes irC is at least 3 7 - n since by Lemma3.2 tight Fano planes do not
share hyperedges. Therefore the claim holds if n + 1. SinceC is connected, we
havem n S 1. Therefore it remains to consider the case weis either a tree

(m = n S 1) or aunicyclic graphr = n).

Note thatifthere are at least two non-tight degree constraintsjfjen 7n Sm S2
andthus gP|+|D]) 3N +7n Sm S 2 3(7n S 1), which is less than the
total degree contributed by the Fano planes, and so the claim holds. Henceforth we
assume that there is at most one non-tight degree constraint, and thus each Fano plane
has at least 6 tight degree constraints.

We need to show that total degree is strictly larger thg®B+ | D|). Total degree
contributed by hyperedges in the Fano planes 73 and if there are too manggira
degre® from hyperedges outside the Fano planes, we get the desired contradiction.
First we argue that a Fano plane receives at least 2 extra degrees if the degree of the
corresponding vertex i® is 1. Let the Fano plane . Since every Fano plane has
at least 6 tight degree constraints, by LenBr@& there are at least 3 outgoing vertices
in P. SinceP intersects with other Fano plane only at one vertex, there would be at
least two other outgoing vertices. Therefdteeceives at least 2 extra degrees from
hyperedges outside the Fano planes.

If m = n S1, thrice the number of tight constraints is at ma&r8+ 1). Therefore
to obtain a contradiction it sufbces to have 4 extra degrees. Fifice 2, there are at
least two degree 1 vertices in a tree, and thus there are enough extra degrees to obtain
the desired contradiction.

If m = n, thrice the number of tight constraints is at mo6ir8). So any extra
degree would lead to a contradiction. If@ there is a degree 1 vertex, then we get 2
extra degrees; otherwis®, must be a cycle. So every Fano plane shares exactly two
vertices with other Fano planes. Therefore, by Lenti®each Fano plane receives
at least one extra degree. This completes the proof of the claim.

Hence there are no tight Fano planes. Then the number of tight (degree) constraints
in x is at mostn, the number of vertices. By ClaiBi1the number of hyperedges in
H is at leash. Therefore every vertex is of degree 3. If there is a Fano plaireH,
thereP has no outgoing vertices, and thx@\[e]) x(P) < 2 for any hyperedge
ein P, but this contradicts Clair8.1. Hence there are no Fano planesHn|n this
case the result of FYredi shows tRgE(H))  2|M(H)| for any fractional solution
to the Fano linear program for the hypergraph matching problem.

3.2 Sherali-Adams relaxations

In this section we study the integrality gap of Sherali-Adams relaxationk®and
prove Theorem..3 Sherali-Adams relaxations can generate all valid local constraints
onr hyperedges aftar rounds of lift-and-project proceduré&§,41]. To write thel-
round Sherali-Adams relaxation fdrR), for each original constraiff, 5, XeS 1

0, we have the following constraint for each pair of disjoint subsetk of E with
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Fig. 5 aThe Fano plane is an o

intersecting hypergraph with 7

hyperedges of size 8.The
integrality gap example with
k= 4andq= 2
o } () X O
7 TN
(a) Fano plane. (b) Gap example.
nJ |

e 5(v) i

(Z XeS 1 x [[@Sx) o 1)

Also we have the constraint

HXi H(lé Xj) O
[

for each pair of disjoint subsets J of E with || J| |. We then expand these
polynomial constraints, replace each square b%tny Xe, and replace each monomial
[1; sx by avariableys for each subse® E, to obtain a linear program in the
variables. The objective function of this linear program is to maximize e e} -

We construct the integrality gap example fok-@aniform hypergraph as follows.
Take a projective plan of orderk S 2, we construct a hypergragh as follows: for
each hyperedgeof sizek S 1in P, we havey hyperedgege v$,e v5,....e g}
of sizek in H, wherevf, v§, ..., vg are new vertices of degree 1. Sineds (kS 1)-
uniform and ha&? S 3k + 3 vertices and? S 3k + 3 hyperedges of siZeS 1, the
hypergraptH is k-uniform and hagk? S 3k + 3)(q + 1) vertices andk? S 3k + 3)q
hyperedges. The degree of each verteRiis exactly(k S 1)g. See Fig5b for an
example withk = 4 andg = 2. From the construction, sind®is intersectingH is
also intersecting, and thus the maximum matching sizélfar one. Using the special
structure ofH, the following lemma follows from the results of Mathieu and Sinclair

[49].
Lemma 3.5 In the I-round Sherali-Adams relaxation for the hypergraph matching
problem in H, any feasible solution must havwe=y Oforall Swith2 | § |+ 1

Proof This proof is essentially the same as the proof of Lemma 3.2 in Mathieu and
Sinclair [49]. Let S={e;, e, ..., ej} for somej 2. First we show thays 0.

Take the constrainte, 0 and multiply it by]_[ijzzxel 0, this will give ys =
Hi’: 1Xg O.Infactitis true thayt O for every non-empty subs&t E.

123



On linear and semidefinite programming relaxations

Now we show thatys = 0. SinceH is intersecting andS| 2, there are two
distinct hyperedges;, &2 S having a common verten. Consider the following
constraint in the Sherali-Adams relaxation:

j
Z xS 1 HXQ 0.
2

e §(u) i=

Expanding it and replacingg by xe, the term$S ]‘[i"zzxa is cancelled by the term

Xe, Hijzzxa sincexe,Xe, = Xe,. Therefore the constraint becomes a summation of
monomials, all of them having coefbcient. Sinceyr  Oforall T, allthe remaining
monomialyt inthis constraintmusthawg = 0. In particular, the termis = ]'[i‘= 1 Xg
appears in this constraint, and thys= 0.

Now we show that thé-round Sherali-Adams relaxation fot still has a large
fractional solution. With the lemma the constraints for the Sherali-Adams relaxation
become very simple. For each constraint with 2, all the terms on the left hand
side of () are equal to zero, and thus the constraint becomes trivial. For each constraint
with |I] = 1, the constraint reduces to the constraint gt 0 for somee E. If
[I] = 0, then the constraint will become

> Vet Doy L

e 5(v) jiJ
Similarly constraints of the form[]; , x []; ;(1 S Xxj) 0 will become
D sw JXe 1.SincelJ| I, by setting the fractional value of each hyperedge to

be W, all the constraints in the Sherali-Adams relaxation will be satisbed. The
objective value of this fractional solution is equal to

(k2SS 3k + 3)q
kS g+l

For thel-round Sherali-Adams relaxation, the integrality gap is smaller §18n2

only whenl > k%‘z Consider the case whénis a constant and is much larger
thank. Then the Sherali-Adams hierarchy will requieg|V (H)|) number of rounds

to generate a linear programming relaxation with integrality gap smallerki$&ag

for H. This proves Theorerh.3. Finally, we remark that Theoret3 also holds for
k-partite hypergraphs (without projective plane as a subhypergraph), by replacing the
projective plane by @runcatedprojective plane (see e.g4€)]); we skip the details

(Fig. 6).

4 Stronger linear and semidefinite programming relaxations

In this section we brst show that an exponential size linear program has integrality gap
at mostklzl. Then we show how to construct a polynomial size linear program with the
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— <(k+1)/2 —_—

2-local Integral SDP (Lovész Intersecting
optimum optimum Y-function) family LP

Fig. 6 Relations between various solutions to kaset packing problem

same integrality gap (Theoreh), and a semidefinite program with probably smaller
integrality gap (Theorem.5). We remark that the linear program is of polynomial
size only wherk is a constant, but the semidefinite program is of polynomial size for
all k.

We note that the integrality gap example for the Sherali-Adams relaxations ir8Sect.
actually have matching size only one. Call alseaif hyperedges an intersecting family
if every two hyperedges iK have a non-empty intersection. We consider a strength-
ening of (P) by adding the following constraint for each intersecting fankily

x(K) 1.

Call the resulting linear program the intersecting family linear program. In general this
linear program has exponentially many constraints, and is NP-hard to check whether a
fractional solution is a feasible solution to this linear program (i.e. no polynomial time
separation oracle). Nevertheless, extending the analysis of a local search algorithm in
[37], we can show that the integrality gap of the intersecting family linear program is
at mostkLzl. In particular, the proof directly compares an optimal fractional solution

to a2-local optimal integral solution, where a 2-local optimal solution is an integral
solution where we cannot increase the size of the matching by removing at most one
hyperedge and adding at most two hyperedges (an optimal integral solution is clearly
a 2-local optimal solution). However the proof does not provide a rounding algorithm.

Theorem 4.1 The ratio between any LP solution to the intersecting family LP and
any 2-local optimal solution is at mo%%l. Thus the integrality gap of the intersecting

family LP is at most2.

Proof Let M be a 2-local optimal matching. L&tbe a feasible solution to the inter-
secting family LP, and leF be the set of hyperedges wia > 0. To prove the
theorem we prove that(F) (k+ 1)|M|/2. We letF; to be the subset of in
which every hyperedge iR intersect at most one hyperedgeNh and letF; to

be the subset of in which every hyperedge iR, intersect at least two hyperedges
in M. Note that each hyperedgen F must intersect at least one hyperedgeMin
otherwiseM is not a 2-local optimal matching becausk+ e is a larger matching.
Consider a hyperedgein M. We claim thatFi(e) :={f | f Frandf e=}

is an intersecting family. Suppose otherwise, then there are two disjoint hyperedges
f1, f2in F1. Sincefq, f2  Fy, they do not intersect other hyperedgesvin Hence
MS e+ f1+ fyisalarger matching thall, contradicting thaM is a 2-local optimal
matching. Thereford=1(e) is an intersecting family. So, by the intersecting family
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constraintx(F1(e)) 1,andhenc&(F1) | M|. There ar&k|M| vertices inM since
each hyperedge is of sixe By the degree constraints (a special case of intersecting
family constraints), we have(F,)  k|M| S x(Fy). In fact, since each hyperedge
in F> intersects at least two hyperedgesMn we havex(Fo)  (k|M| S x(F1))/2.
Therefore the lemma follows:

X(F) = x(Fp) + x(F)
X(Fy) + k|M|82X(F1)
_ KIM[+ x(Fy)
- 2
(k+ 1)|M]
—

4.1 Linear programming relaxation

In the following we show how to rewrite the intersecting family linear program by
using only a polynomial number of constraints, as long constant (the polyno-
mial grows exponentially itk), proving Theoreni.4 Observe that in the example in
Sect.3, although the number of vertices and hyperedges in the intersecting family is
large, all the intersections take place in a small number of vertices (in the projective
plane). We will debne the concept of kernel as follows. &et V be a subset of ver-
tices. For each hyperedgewe debnes := e S, and for a subse of hyperedges,

we debneKs = {es| e K}. Given an intersecting famili, we saySis a kernel

of K, if Kgis an intersecting family. In the example in Segtthe projective plane

of orderk S 2 is a kernel with a small number of vertices. The following result from
extremal combinatorics states that every intersecting family has a small kishel [
The point is that the size of the kernel is a functiorkohdependent on the number

of vertices; the current best boun@i[51,52] show thatf (k) = ® ((2kk))

Theorem 4.2 ([15]) For every k there exists an(k) such that for every k-uniform
intersecting family K there is a kernel S of cardinality at mogk)f

Now we show how to use this result to add only a polynomial number of constraints
so that each intersecting family has total fractional value at most one. For each subset
S V, we create a new variabbgs if Sis a subset of a hyperedge E(H). We
add the constraints = > ..g o Xe SO thatxs represents the total fractional value of
the number of hyperedges containiBgTo enforce that the intersecting family con-
straints hold, we enumerate all possible subsets of ver8adssize up tof (k). For
each such subs& we enumerate all possible intersecting famikesformed by the
new variables contained i@ (each new variabl& is a subset of some hyperedges in
H, and a new variabl& is contained irSif T S). Then for each such intersecting
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family K s we write the following kernel constraint:

Z XT 1.

T Ks

There arey /% () nf®*1possible kernels. For each kerr@bf sizel, there are

at most 2 new variables (the number of all possible subset$)afontaining inS,

and thus there are at most 2ntersecting familieKs (the number of all possible
hypergraphs irS) induced inS. There is one constraint for each such intersecting
family, and so there are at mast®*1.22'“ kernel constraints. Therefore, for every
constantk, there are at most a polynomial number of kernel constraints. It follows
from Theoren¥.2that each intersecting family constraint has a corresponding kernel
constraint, and thus each intersecting family has total fractional value at most one.
Therefore, the intersecting family linear program can be rewritten as a polynomial
size kernel linear program for any const&ni his proves Theorerh.4.

4.2 Semidefinite programming relaxation

In the following we show that the Lovis?-function captures all the intersecting
family constraints, and thus provides a polynomial size semidefinite program with
integrality gap at mos¥§—l, proving Theoreni.5 We remark that the proof follows
directly from known results about thiefunction [29,40], but it seems that it is the brst
use of these results to give a nontrivial bound on the integrality gap df-flo@ction.

To see the connection it is more convenient to view the hypergraph matching prob-
lem as an independent set problem. For any hypergkhpive construct a grap
where each vertex ifs represents a hyperedge lih and two vertices irG have an
edge if and only if the corresponding hyperedgeslimtersect. It follows thaH has
a matching size of sizkeif and only if G has an independent set of sizéAlso, the
intersecting family linear program for hypergraph matchingd ihecomes the clique
linear program for independent setsGnin which there is a constrait’,, - x, 1
for each cliqueC in G. The clique linear program is known as QSTAB in the
literature R9,40], and Padberg has shown that the clique constraints dePne facets for
the hypergraph matching problediq]. The Lovisz?-function is debned as follows:

0(G) = maxei
i v
s.t. Z(cTui)zxi 1, ¢, ONR{uj} (TH)
Y
IXi 0, iV

wherec ranges over all possible unit vectors, dugl} ranges over all possible ortho-
normal representatior§ONR) of G. TH(G) is debned to be the set»that satisfy

3 An orthonormal representation (ONR) of a graphis a systemvy, va, ..., vp) of unit vectors in an
Euclidean space such thatif j) E(G) thenv; andv; are orthogonal.
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(TH). It is known thatTH(G)  QSTAB(G) [29,4Q]; that is, the®-function is a
stronger relaxation than the clique linear program.

Lemma 4.3 ([29]) Any feasible solution to th&-LP (TH) is a feasible solution to the
clique linear program.

Proof This proof is from R9]. To prove this lemma, we prove that every constraint of
the clique linear program is a constraint in the_P (TH). For any cliqueC of G, we
debne the following orthonormal representatiorGofLet | be thej-th row of the

n x nidentity matrix!. Then

Lo [l ifiC
"7 11;, otherwise

Note that this is indeed an orthonormal representatio@ abecause ifi, j) / E,
thenu; -uj = 0, and thus orthogonal. We set 1,. Hence ffi C, thenc'u; = 0,
andifi C,thenc'u; = 1. Thus

Z(cTui)zxi = in.
i v i C

Therefore the clique constraint is present in#heP (TH), and so the lemma follows.

It is also known that the}-function is equivalent to the following semidefinite
program, which is called the OthirdO face ofitHenction in [29,40,43).

63(G) = max > wi W
ij Vv
st.wi-wj=0, (,)) EG

n

> =1

i=1

wi R", i V (TH3)

Therefore, by Theorem.1 and the above known results irfunction, it follows
that there is a polynomial size semidefinite program for hypergraph matching with
integrality gap at mos!(;—l for k-uniform hypergraphs. This proves Theorérb.

5 Concluding remarks

In this paper we analyze different linear and semidefinite programming relaxations
for the hypergraph matching problem. Our results show a new connection between the
local search method and linear and semidefinite programming relaxations. Also they
show that the SDP relaxation is strictly stronger than the LP relaxations. We believe
that further investigations of the SDP relaxation is a promising avenue to improve
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the approximation guarantees obtained by the local search algorithms. As mentioned
earlier, we are not aware of any example with integrality gap at &kt logk) as
implied by the hardness result iB¢]. It would be interesting to obtain a rounding
algorithm for the SDP relaxation.
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