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Perceptron Algorithm (F
Rosenblatt, 1958)

* One of the oldest machine learning
algorithm

* Online algorithm for learning a linear
thre oivaion I
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Perceptron Algorithm (F
Rosenblatt, 1958)

e Goal: find a linear classifier with small
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. Initialize wg = 0
- fort=1,2,... do
Observe x; and predict : = sgn(w/_;x¢)
Update
e Ifwl xyy: <0, then wy = w;_1 + X1
e Otherwise w; = w;_1
end for

If no error, keeping the
same; otherwise, update.




Perceptron Mistake Bound

« Consider w* separate the daif#:>0

. . The larger, the
 Define ma !'QW more confidence
MW X,
y — OLE|
|W* w Norm of x: the
: larger, the larger
mistake bound

* The number of mistakesperceptron
makes {3 at most




Proof of Perceptron Mistake Bound
[Novikoff, 1963]

Proof: Ll Dbe the hypothesis before
the k-th mistake. Assume that the k-th
mistake occurs onxdie input exampiewx|
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Problem of Perceptron

e Mistake bound

(R/v)?

R = max
1<s<t

v = min
1<s<t
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How to Incorporate Second-order
Information?

* [ntuitive idea: Whitened perceptron
- Construct the correlation mem = S a2
- Run standard Perceptron on
(M=%, 1), (MY 2@, ya), ..., (M~ 22, yr)
* Properties

- Not incremental (instance available, label is
hidden)

12, = S Ig;lf—ri —1/2
- Make correlation mat;(” ) (%) 2 M ey M
to identity ~
— Mistake bound annroaches ?
1 R*°T —~2T

—5 max (:r: M~ act) ( Tﬂ-[u) =1+
RO S el = 2T



Second-order Perceptron: Basic
Form

 Algorithm
Parameter: a > 0.

Initialization: Xg=0: v¢ =0;: k = 1.

ELOPE RO = Ty o e Not a linear-threshold
L. get instance x; € R™; predict~- (
LK gINnIn

2, 886 Sp= | Xp 5 95| T wi=onmi
3. predict 7; = SGN(w/ ;) € { 1,+1},

where| w; = (uI + S 5T) Vi_1l:
4. get label y, € {—1,+1};

if|y: # y¢| then:

2
5 (e voior)

seMg_y

o

Xk: store the mis-classified =~ 0k = Yk-1 T Vit

instances X = O,
E— k4 1.




Analysis

e Theorem

THEOREM 3.1. The number m of mistakes made by the second-order Perceptron
algorithm of Figure 3.1, run on any finite sequence S = ((x1,y1), (x2,92),...) of
eramples, satisfies

: :15
m < inf min M—l (a+u'X,Xu) Zln + X;/a)

>0 J|ulj=1 g

where A{,..., A, are the eigenvalues of X,, XT

D (w; (z,y)) = max{0,y —yu'x}

D (u;S) = 2321 D~ (u; (1, 1))
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Sketched Proof

Let Ag = al, and Ay, = al, + X, X,/
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Extension-Kernel

THEOREM 3.3. With the notation of Figure 3.1, let y, be the k-component vector
whose first k—1 components are the labels y; where the algorithm has made a mistake
up to trial t — 1 and whose last component is 0. Then, for all x; € R™. we have

ol (al, + 5. S]) @y =g, (alp + G (S] @)

where Gy = S;' Sy is a k x k (Gram) matriz and Iy is the k-dimensional identity
matrix.

COROLLARY 3.4. The number m of mistakes made by the dual second-order Per-
ceptron algorithm with kernel K, run on any finite sequence S = ((x1,vy1), (T2, y2),...)
of examples, satisfies

: . D, (f:S) 1
m < 1nf min ikt AL Rt A a —+ )3 In(1+ XA;/a

! t E _.'"\/[

The numbers \; are the nonzero eigenvalues of the kernel Gram matric with entries
K(x;, x;), wherei,j € M and M is the set of indices of mistaken trials.
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Extension-Adaptive
Parameter

Initialization: Xg=0: v =0: k = 1.
Repeat fort =1.2,...:

1. get instance x; € R"™;

2. set S; = [ Xg_1 & ;

3. predict ; = seN(w, ;) € {—1,+1},
1

where wy = (agfl, + 5S¢ S) ~ vr—1;
4. get label y; € {—1, +1}:
5. if y¢ # vy, then

Vi = Vg—1 + Yt Ty,
K= S
k—k+1.

; Wi ag 0 B= L e
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Extension-Pseudoinverse

Initialization: X, = 0: 1}0 =3 | =
Repeat fort =1,2..

1. get Instance x; € R”

2. set 5;5 [Jﬁ:k_l Tf].

3. predict 3, = saN(w, =) € {—1,+1},

where w; = (St SfT )+ Ve
4. get label y, € {—1,+1}:
. if Y # y¢, then:

i

Vi = Vk—_1 + Yt Tt,
X = 8,
E«— k- 1.




Simulations

* Linearly separable Gaussian data
with 100 attributes

- Correlation matrix: a dominant
eigenvalue, eight times bigger than
the others T e

- Data 1: hyperplane is orthogonal to
the eigenvector with the dominant
eigenvalue

- Data 2: hyperplane is orthogonal to

the eigenvector with the first

non-dominant eigenvalue




Simulation

* Procedure (Randomly repeat 5 times)
- Train two epochs on 9,000 examples

- Test on 3,000 examples

* Results
Algorithm Mistakes, 1st dataset Mistakes, 2nd dataset
Perceptron 30.20 (6.24) 29.80 (8.16)
second-order Perceptron, a =1 9.60 (2 94) 5.60 (2.80)
second-order Perceptron, a = 10 10.60 (2.58) 3.20 (1.47)
second-order Perceptron, a = 50 14.00 4 36) 10.40 (6.05)




Conclusions

 Second-order Perceptron algorithm

- Online binary classification exploiting
spectral properties

- Prove the best known mistake bound
for kernel-based linear threshold
classifiers

- Two variants for replacing inverse of
correlation matrix



Q&A



Lemma

LEMMA D.1. Let A be an arbitrary n X n positive semidefinite matriz, let x be
an arbitrary vector in R™, and let B=A —xx'. Then

(D.5)

detz(B) _ 4 if © € span(DB),

r At x = {1 if @ ¢ span(B),
~ detz0(A)

where detxo(M) denotes the product of the nonzero eigenvalues of matriz M. Note
that det—g(M) = det(M) when M is nonsingular.
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