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Priority Systems Mean Value Analysis

Priority Queueing System (for M/G/1 queue)

@ There are P different classes ; indexed by subscript p with

(p=1,2,...,P).
@ Define
P Py
P— Z)\p and X = ij_p
p=1 p=1
pp = ApXp
P Py ;P
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P
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Priority Systems Mean Value Analysis

Finding average waiting time

Let

@ W, = E[waiting time for jobs from class p].
@ T, = E[response time for jobs from class p] = W), + Xp
@ Waiting time:

@ Delay due to the job found in service upon his arrival;

@ Delay he experiences due to jobs he finds in the queue upon his
arrival;

© Any delay due to job who arrives after he does.
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Priority Systems Mean Value Analysis

Derivation of each components

Consider non-preemptive system :
@ First componenet (Ws):

P 2 P 2

X AjX¢

_ Y 12
Wi=2 _pi 2% 2
i=1 i

i=1

where x2/(2X;) is the mean residual service time seen by a
Poisson arrival.

@ Second componenet (Ws): Let N,-p=average no. of job from group
i found in the queue by one "tagged" job (class p)

p p
We =Y XiNp=>_ X\W,
i=1 i=1
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Priority Systems Mean Value Analysis

@ For third component (W3), let Mj, = Average no. of job from group
i who arrive to the system while our tagged customer is in the
waiting queue

p—1 p—1
Wi = Z XiMijp = ZYI[AI Wol

p—1
W, = W1+W2+W3—W1+ZX,>\W+ZX,)\ W,
i=1 i=1

p p—1 p
Wi + Wi
Wy = W1+Zp,-W,-+Zp,~Wp: DY “O' p=1,...P
i=1 i=1 1= o

Triangular equations: compute this starting from p = 1.

John C.S. Lui () Computer System Performance Evaluation 7/13



Priority Systems Conservation Law for M/G/1 Priority Systems

Conservation laws

No work is created or destroyed within the system

@ distribution of waiting time depends on the order of service.

@ As long as the queueing discipline selects jobs in a way that is
independent of their service time, then the distribution of the
number in the system will be invariant of the order service.

@ by Little’s result, the average waiting time is also invariant.
Therefore,

(1-p)(1-2)

A2) =B -\ g 77

@ The M/G/1 conservation law: for any M/G/1 and non-preemptive
work conserving queueing discipline. The follows must hold:

P

4%
> Wo=1 7 Pl
e oo p=>1
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Priority Systems Conservation Law for M/G/1 Priority Systems

o Wy = Z,’; p,-g—; = expected residual service time found by arrival

@ Weighted sum of the waiting time w, can NEVER CHANGE no
matter how sophisticated the queueing discipline.

@ Proof: Let u=expected unfinished work

P P P
O = Wi+ E[NoIXp =W+ MpWpko =Wy + > ppWp
p=1 p=1 p=1

@ Since u is independent of order of service,we use FCFS result
where average waiting time (which we know) is equal to average
unfinished work:

x2

U = E[Waiting Time] = - _2p
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Priority Systems Conservation Law for M/G/1 Priority Systems

@ What is x2?

P P —~ D
- Ap - 2\pXp X2 2W
2 _ Apy2 pXp Xp _ 2WVi
2= RE 2% A
p=1 p=1
__AE) -
e = Wi+ ppWp
p=1
p P
ST Wi =2 oW
p=1
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Priority Systems Conservation Law for M/G/1 Priority Systems

@ Therefore, from M/G/1 conservation Law:

P
> W= %VW
—p
p=1

@ Reducing W) will increase W, of other classes !! However, the
weight is different.

@ Special case: Xp = X (class independent of service time)

P -

_ A A

P
p=1 p=1
@ But \p W, = E[Np], therefore,

P
S EN] = Y constanti!
P 1—
p=i g
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Priority Systems Conservation Law for M/G/1 Priority Systems

@ The average no. of jobs of different classes waiting in the queue is
constant.

o Let 37 | E[N,] = N, by Little’s result,
Ng _yy_ M

W = = constant!!!
3 T, constant

@ The average waiting time is constant.
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