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Method of Stages: Erlangian Distribution E,,.
= Let service time density function
Recall: expo.
b(x) =pe ™ x>0
I . 1 5, 1
B*(s) = BT = —0, = —
Decompose S+ p H H

service time

f ] 1 2
onto structured ,@ . @ @

expo. distributions

service facility

P

B*(s) = /Ooo e **b(x)dx
Hi(s) = [ e*Ub(y)d

/0 PN y+y
B*(s) = [H"(s)]’

H*(s) = 24 >B*(3) = (8?2“)2

s+2u

1 1\?
h(y) < 2pe™ y > 0 E[j] = —; 0% = <_>
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more general
than birth-death

one customer
in this box
at atime
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Erlangian Distribution E,. (Cont...)

= From transform table

A\ Az
X*(s) = = A >0k >1
= Therefore:
b(z) = 2u(2uz)e * x>0
1 1
Elzx|=FEy +Ey =—+—=—
o] = Bl + Bl = 5 + 5=
, 2 1

ind. r.v. HW: can verify through transform or density func.

mean same as expo.; var. half of expo.
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E,: r-stage Erlangian distribution
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1 1 1 1
= — ; 0= 5 E[gj] —r— = —
T (rp) T
2
1 1 1
= T (H) = m ; Cy = W coeff. of var.

S+ ry

T r—1
B [ T ] N b(;]j') _ T//L(T,uxl) ' e—rﬂx T 2 0
(r—1)! Erlang distribution

S

J
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MI/E,./1 System

a(t) = de M

ru(rpz) 1
b(ilf) — M( /LZTJ) e—ruw
(r —1)!
# of stages to do for customer in service
= State description: [k,s,] transform to [s] where s is the total
number of stages yet to be completed by all customers.
= |f the system has k customers and when the i stage of
service contains the customers.
5 = number of stages left in the total system
= (k—Lr+(r—i+l)=rk—i+]1
= Let P; be the probability of j stages of work in the system.

Since j=rk-i+1, we have:

x>0

pr = Problk customers] = Z P k=12,
j=(k—1)r+1

/8
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MI/E,./1 System (Cont...)

rg ry rp rp rp rk I rp ry
= Let P=0 forj<0.
APy, = rubP,

()\"‘TM)PJ' AP, +rpuPiy,  7=1,2,---

= Define P(z) = 5 P; 2

Z)\—f—r,u )Pz = Z)\Pj TZJ—FZT,UF)J_HZ

j=1 7=1

A +ru) [P(z) = Py] = A" [P(2)] + 2 [P(2) — Py — Pi2]
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MI/E,./1 System (Cont...)

Fo [)\‘H"M_ (%)] + ruh
Arp— A" — ()
Porp(l — 1)

AT — A" — (F)

= Since P(1)=1, therefore, using L’ Hospital rule, we have

P — A A
TR0 , therefore, Py = ila A
T — AT g 7

Ppo = Py O so still same notion of util.

1 =

= Define p = A/“, we have

ru(1 = p)(1 - 2)
rp 4 AzmH — (A4 rp)z

P(z) = O try for r=1I to match

M/M/1 solution

1/
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MI/E,./1 System (Cont...)

= For general r, look at denominator, there are (r+1) zeros.
Unity is one of them; we have

(1=2)rp— Az + 22+ +2")]
Therefore, we have r zeros which are z, 2z, ..., 2,. We can

arrange them to be

wfi-2) (-2 (1-2)

We have

PR = (-9 12

o
Need to resolve this by partial fraction expansion.

= For E, /M/1 system, derive it at home.
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Bulk Arrival Systems

= Let g, be the probability that the bulk size is i, fori > 0.

Ag, |
AD» é \/ A5
........ @@ l‘\/@
H H H W
ARy = ph
k—1
A+ )Py = pPep+ ) g k>1
i=0
00 oo k-1
A+p)>. P2* = ZPk:HZ DY griP2"
k=1 k=1 1=0
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Bulk Arrival Systems (Cont...)

A+ 1) [P(2) — P] = g [P(2) — Py — Pi2] + )\P(Z)sz)
pPo(1 — 2)

P — ransform for
? (L = 2) = A2l = G(2)] Zlistri].c of bIlIk

= Using P(1) = 1 and L’ Hospital rule sizes
_ul-p)(1-2) G(z) =Y 9o

Pz) = p(l —2) = Az[1 — G(2)] k=1

where __~avg. bulk size
MG (1)

p p—
7
= For bulk service system, try it at home.
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Parallel System

b(x) = aquie " + aguoe M x>0

* 1 2
B*(s) = « + «
) 1<3+M1) 2(S+ﬂ2>

= |n general, if we have R parallel stages (hyper-exponential):
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Parallel System (Cont...)
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Series and Parallel System
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e i} a
= e )
'R
|- ,
b(z) aTzMz(gzﬁzf;:_ eTT 1> ()
B'(5
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Series and Parallel System (Cont...)

= (Generalization of series-parallel server
Q remove restrition that each stage within the same branch
has same service rate
0 p; O service rate of i"" branch, j* stage

~ BY(s ZO@H( i )

S+:uzy
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Series and Parallel System (Cont...)

= Another way to create series-parallel effect

Bz B B3 B Bi+1 B
Oz as aj Ai+1 ar 1

\ 4

az

\i \ 4 \ 4 \4 A 4

\/

Q Before entering i stage, indepedent choice
& with prob. B; proceed to i expo. service stage
& with prob. a; depart
=0+ =1 1=1,2,---.r
& after r™ stage depart with prob. 1

= B*(s) =a1 + Y_[1Sa- - Bicip H ( St
i—1 J

(Cox showed that more complex transmons in above do not give more general

service distributions.)

(If permit complex values for r;|;, then can syntherize any rational func. j
15

of s;, can approx. non-rat. func. can be approx. arb. close.
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) where a1 =1




