CSCb5420: Computer Systems Performance Evaluation

-

.

‘Another notation for transform.

e Given a discrete r.v § with g; = Prob|g = i]

1. G(Z) =312, 9:. 7"
2. 23] = £, 2 Probg = i] = £, Zig:
Therefore, E[Z9] = G(Z)

e Given a continuous r.v & with fz(x)

L Fy(s) = [, fala)e " da
2. Ele™*] = [~ e 5 fz(x)dx

X

~
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/ ‘ Residual life ' \

Al A2 A3 An-1 An

T L, T3 T1 T, time

e Interarrival time of bus is exponential w/ rate A\ while hippie

arrives at an arbitrary instant in time

e Question: How long must the hippie wait, on the average, till
the bus comes along?

e Answer 1 : Because the average interarrival time is 5, therefore

1
0
1

N /
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e Answer 2 : Because of memoryless, it has to wait %

e General Result:

_ _ zf(x)
fx(x)de = kxf(x)dx = ™ o f (2)dz
oy~ L= Fy)
F*(s) = mf
r L Mp41
T (n+1my
Particularly, vy = %

.
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/ ‘ Derivation '

Plx < X <zxz+dx] = fx(z)=kzf(x)dr
/ fx(x = k/oo cf(x)der = 1= km,
xz=0

Therefore,
fx(a) = —af(a)

fy(y) =71
PlY <y|X =2a] = %

Ply<Y <y+dy,z < X <zx+dx] = (iy)(x‘gx))dx
1

.
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fy(y)dy = /OO Ply<Y <y+dy,z < X <x+ dx]
=y 1 mi
fry) = ! _mlj@) since f(y) = —dFd;w
_ 1-F(s)
B S

.
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4 ‘M/G/l' N

Alt) = 1—e M t>0
a(t) = e M t >0
b(t) = general

e Describe the state
[N (), Xo(t)]

N(t): The no. of customers present at time t
X,(t): Service time already received by the customer in service

at time t

e Rather than using this approach, we use "the method of the
imbedded Markov Chain”

\_ /
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/ Imbedded Markov Chain [N (), X,(t)] \

e Select the "departure” points, we therefore eliminate X, (t)

e Now N (t) is the no. of customers left behind by a departure

customer.

1. For Poisson arrival: Py (t) = Ry (t)

2. If in any system(even it’s non-Markovian) where N ()

makes discontinuous changes in size(plus or minus)one, then

rr = di = Prob|departure leaves k customers behind]

e Therefore, for M/G/1,

pr = di = T

\_ /
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.

NG

° @f

oy = Problk arrival during the service of customers]
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OszP[

N
|l
St
|l

7=7nPand ) m =1
Why not 7@ =0, m; =17

.
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Two cases:

/ ‘The mean queue length'

.

L. gni1 =qn — 1+ v for qn > 0
Cn Cn+1
qn qn+1

cerver “ AN N
: t

n Cn+1
queue : -

] ]

Cn Cn+1

~
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/2. Gni1 = Upy1 for

.

qn =0
Cn Cn+1
U4h=0 ‘ qn+1‘
server A A \ =t
Cn Cn+1
queue + "
| A
Cn Cn+1
1 fork=1,2,...
Let Ak =
0 fork=0
n+1 = 4n — Aqn + Un+1
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(&

.

[gn+1] = Elgn] = E[Aq, ] + Elvn 1]
e Take the limit as n — oo, E[§] = E|[§] — E[Az] + E[7]
e We get,

E[A;] = E[v] = average no. of arrivals in a service time

e On the other hand,

E[A;] = ) APlG=F
- A_OP[Q‘ =0+ A P[g=1]+
= P[>0

e Therefore E[A;] = P[¢ > 0]. Since we are dealing with single
server, it is also equal to P[busy system|=p. Therefore,

Elo] =p
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Since we have

Qn+1 = qn — Dy, +Upp1

%27,+1 — %21 T A(Q;n T Ui+1 — QQHAqn + 2¢nVn4+1 — 2Aqn”0n+1
Note that : (A, )* = A, and ¢,A,, = qn

lim Elg,.,] = lim {E[g;] + E[A]

n—oo n—oo

] [ n—l—l]
2E(qn] + 2E[qnvn+1] — 2E[A, vn11]}
q

-
|

E5*] — E[7]

Bl = r+ =50,

Now the remaining question is how to find E[9?]

.

~

E[Ag] + E[0°] — 2E[q] + 2E[§n] E[0] — 2E[Ag] E[9]

/
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.

o Let V(Z) =52, Plo = k] Z*

viz) = 3 /O h (AZ? e b(z)de ZF

o Look at B*(s) = [~ e~ **b(z)dx. Therefore,

V(Z) = B*(A = \Z)

Prof. John C.S. Lui, CUHK
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e From this, we can get E[?], E[0?],...

dV(Z) dB*(A—=\XZ)  dB*(A—-)\Z) . d(A—\2)
daz dZ dA=)2) dZ
_ 48y
dy
dV—(Z) — _ M — T =
iz |, Ay =0 +AZ = p

.
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GM =02 — 7, since V(Z) = B*(\ — \Z)

V2 — 5= \N22 = 02 =70+ N2

Go back, since

i = ps 2B
Elg] = p+2af1)
_ (14 CF)
= pTp

\\ 2(1 - p)

2
*v(z) _ _jLL_AdEV%yH____AdzB*@D<h/
dz? 4z dy dy?
d*V(Z) 2 dB* (y) 2 (2
d72 z=1 = A dy? |y=0 = \?B*l )<O>
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This is the famous Pollaczek - Khinchin Mean Value

Formula.

.
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/o For M/M/1, b(x) = pe ** & = %;372 =

.

o
N2z 22 .2
2(1 = p) 2(1 — p) 2(1 — p)
q = ﬁ:Nin M/M/1
o ForM/D/L@::E;xé:xz
_ 1 0 pz
2
20=p) 1=p 2(1-p)
— It’s less than M /M /1!
e For M/H>/1, let
b(z) = zAe™ 2 + 1 (2N)e i3 = ghia? = g%
5 5
7l 64 _ B
- h =\Z = —;§=1.79
q P+2(1_p> where p T=2id

~
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/ ‘Distribution of Number in the System.

Gnt1 = Gn — Ay, + Vnt1
Zadn+1  — an_Aqn +vn 41
E[an—}—l] — E[an_Aqn —l—vn+1]

— E[an_Aqn . Z'Un—|—1]
Taking limit as n — oo

Q(Z) = E[Z7%] E[Z2'] = E[Z7 2]V (Z) = (1)

E[Z97 24 = Z°%Problg =0] + Z Z*=1 Problq = k]
k=1

= 2°Problg = 0]+ ,[Q(2) ~ Plg = 0]

= Problg=0]+ [Q(2) - Plg = 0]

.

~

/
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-

1

Q(Z) = V(Z)(Problg = 0]+ —[Q(Z) — Plg = 0]))
But Plg =0] =1 — p, we have:
_ L-p)A-2) _ . 1-p)(A-2)

This is the famous P-K Transform equation.

.
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Example:
QZ) = B'(A-A2) Bf(; - ><A1Z;_Z>Z
For M/M/1 - ngzzsﬁu
) o (1-p(-2)
Q<Z> T <)‘_)‘Z+N>[(/\_/\MZ_|_M)

Therefore,

This is the same as

.

[—Z 1-pZ 1-pZ
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.

~

Qz) = B*(A—AZ);(;?SZ;?Z
Lo 1A 3 20 TAs+ 8N
For M/Hz/L = BUs) = 0 Y s hon ~ 105+ (s + 20
(A =p)A—=2)[8+7(1—2)
Q2 = S - —40=906-2
_ (=-p)ll - £
[1—%2][1—%2]
= (=Pl + ]
Wherep:)\a_fzg
P, = Prob[g = k] = ;—Qé)k + 39—2<§)k £=0,1,2
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/We know g¢n411 = qn — Aqn T Un+1

From the r.v. equation, we derived:

- a2 5 (1+ C?)
T T T ) .
Wheresz‘;—g
Q(z) = V(Z)“_p)(vl(Z_)E)
/2
B*(A\—\Z) — Z
because V(Z) = B*(A—\Z)
Q(z) = S*()\—)\Z):B*()\—)\Z)Bg(;f)g\lZ;_Z)Z (3)
- W)= 3G
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Jo —
c,! A
V*(z) = B*(A—\z)
S*(A=AZ) = B*(A—)\2)

/ ‘Distribution of Waiting Time I

Q(z) = S*(A = Az)
(1—p)(1—2)

Letsz)\—)\z,thenzzl—i

500 = B0 S

.

B*(\—\Z) — Z

What is W*(s)?

~

/
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/For M/M/1,

S*(s) =

Sy ey
1 s(1—p)
[3 —i—,u][s — )\—I—)\Siu]
s(1—=p)
| ][32 + sp — 3)\]
spl—p) _ pd—p)
sls+pu—A  s+pu—X\
p(l —p)
s+ p(1—p)
p(l—p)e =PV -y >0
1 — ¢ 1(1=p)y y >0
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I L)
_ s(l—p)(s+p) _ (A—p)
sls +p = A S+ pu—A
= =) sAilu__pL =(1L-p)+
w(y) = (L= puoly) + A1 = p)e 1=
W(y) = 1- pe—ﬂ(l—p)y y >0
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/ o Let U(t) =the unfinished work in the system at time t

u(t),

e Y; are the i’ busy period; I; is the i*" idle period.

only requirement to this statement hold is the server remains busy

\ where there is job.

e The function U(t) is INDEPENDENT of the order of service!!! The

~

/
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/o For M/G/1

o Let

the rescue.

= Plt,<t]l=1—-e?* t>0
& PlX, <7

= 1idle-period distribution

= PlY, <y]

= busy-period distribution

Fly)=1—e t>0

e G(y) is not that trivial! Well, thanks to Takacs, he came for

/
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‘The Busy Period I

Figure 5.11 in Kleinrock’s book

e The busy period is independent of order of service

e Each sub-busy period behaves statistically in a fashion

identical to the major busy period.

.
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/ e The duration of busy period Y, is the sum of 1 4+ v random \

variables where
Y =01+ Xg11 + X5+ + Xo

where x; is the service time of C7, X511 is the (0 + 1)th
sub-busy period and v is the r.v. of the number of arrival

during the service of (1.

e Let G(y) = PlY <y| and G*(s) = fooo e *YdG(y) = Ele*"]

Ele™*Y|z) =2, 0=k] = E[e *@TXentXat+Xo)]

= Ele **|E[e” 5**+1|Ele” 5%*] . . Ble™ 2]
= e )

g

Ele™Y|vy=2] = Y Ele*Y|z; =2,0=FkP[0=k
k=0

\_ /
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Ele™*Y |z = 2]

Ele Y] = G*(s)

.

_ Ze—sm[G*(S)]k( 33) 6—/\:13
k!
k=0
— e [s+A—=AG™ (s)]

oo

Ele Y |21 = x]dB(z)

©.@)

e—a:[s—i—/\—/\G* (s)] dB(ZC)

S—

G*(s) = B*[s + A — AG™(s)]

Prof. John C.S. Lui, CUHK
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Since,
g = E[Y*=(-1DFG*"(0) and 2k = (-1)*B**™(0)
o = (DGW(0) = ~B*(0) L [s + A~ AG* ()]l
= —B* D (0)[1 = AG* D (0)]
g = (14 Ag1)
o Therefore g, = % where p = A7

e The average length of busy period for M/G/1 is equal to the
average time a customer spends in an M /M /1 system

g2 = GO (5)]uco = LB O 4 2= A (9L~ A6 (5)]
S

_ B*(2)(O)[1 B )\G*(l)(O)]2 n B*(l)(O)[—)\G*(2)<O)] —

.
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E[ZNvr |6 = k]
(where M,
E[ZNvr |§ = K]

.

/ ‘The number served in a busy period'

o Let Np, = r.v. of no. of customers served in a busy period.

=
I

Prob| Ny, = n]

F(Z) = E[zZNw]= anzn

E[Zl+Mk+Mk—1+°°°+M1]

= mno. of customers served in sub-busy period)
= BlZ)B(2"]--- B[2") = ElZ)(E[2")"

= Z[F(2)]"

~

/
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.

F(Z) = ) E[Z"7|5=Fk]P[5 =k
= Y Z[F(Z)]*Pl = k]
~ ZV[F(2)

= F(Z) = ZB*(\ — A\F(Z))
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