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Little’s Result
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let

total area between these two curves up to t represents the
total time all customers spent in the system (in units of
customer-seconds) during interval (0,t)

denote by
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Little’s Result (Cont...)
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Tt = system time per cust. avg. over all customers in (0,t)⇒
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General Equilibrium Solution
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Assume

If counter flow into/from subset 0 through k-1:

(Birth-Death Process)

⇒

⇒
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exist (prob. of finding birth-death
equil. prob. of finding k cust’s in the system

The change in input and output flow at the lim is 0
or input flow = output flow ⇒ conservation of flow
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Can apply conservation of flow to any subset of states
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General Equilibrium Solution (Cont...)
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From above can guess that general solution is

⇒ ��� �
���

� � ��

⇒

� 	 
 �� 
 � � 
 ��� 
 � � �� � � ��� � �

� � � �� � � � � �
� �

� �  � � � �  � � ��!  !

" # $
%�& %�'

(& )' $ %*' )' + %*' )' + (�, ) ,

-�. /
0�1 0�2

32 3 . -1⇒

⇒

465 7
8�9 8�: ; ; ; 8 5 < :

=: =�> ; ; ; = 5 49 (can verify with pk+1)

⇒ ?A@ B ?DC
@ E F

GIH C
J G

KGL F

M B NPO Q O R O S S S

from⇒ T
U T V W ⇒ XDY Z

[

[ \ ] ^`_ba c d _fe cg a Y hji kil m



6

Existence of Steady-State Probabilities
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Existence of steady-state probabilties pk

For above expression to represent a probability distribution,

usually require p0 > 0

More formally/precisely

⇒
⇒

⇒
require that system empties occationally
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Existence of Steady-State Probabilities (Cont...)
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Conditon for ergodicity is met whenever seqence⇒
� ���
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remains below unity for some k onwards, i.e.,
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M/M/1 System
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To be ergodic (and hence pk > 0)
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M/M/1 System
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M/M/1 System (Cont...)
 CSC5420

 Copyright © John C.S. Lui

ρ = Ratio of the rate at which work enters the system and
the max rate at which the system can perform this work

⇒

utilization factor

Single server⇒
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Multiple servers⇒
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now work capacity of system is m sec./sec. then

can do this work at rate of 1 sec./sec.
avg: λ cust. arr. per sec.

⇒

(Note: above time of service rate is indep. of system state)
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M/M/m System
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Condition for ergodicity is

for
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M/M/m System (Cont...)
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Solve for p0:⇒
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M/M/m/m System
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(m-server loss system)
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Homework
 CSC5420

 Copyright © John C.S. Lui

Derive pk, p0 for: - M/M/1//MHW: ⇒ finite cust. population

- M/M/∞//M ⇒ and inf. server

- M/M/m/K/M ⇒ finite pop., m-servers,
finite storage (K)

assume M > K > m


